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AN ARITHMETICAL DUAL OF KUMMER S OỌOVART SURFACE.” 
By E. T. BELL. 


1. We shall use the well-established notations a > £ to signify that a 


aa 6, and œ = £6 to express the fermal equivalence of aw and ĝ, viz. 
a> Band B > a Consider the eae algebraic equation 
a P(x, yY, z, w) = 0. 


When z, y, z, w are the homogeneous coérdinates of a point, (A) is the 
equation S’ of a surface §. Tf a, y, z, % are assigned any other mterpreta- 
tion J, (A) is then called the equation ©’ of the equivalent Æ of S with 
respect tol. ES = LE’, we shall call S, $ duals of each other with respect 
to J; and if I is arithmetical, Æ is defired to he en arithmetical dual of S. 
Let E be an arithmetical dual of S, and suppose that all the properties 
of integers Implicit in Æ are transposed into a set P of properties of potat 
configurations lying in a lattice space of the appropriate number.of dimen- 
sous.| Ho now P > K, then E, § being arithmetical duals, P > S’; and 
conversely S’ d P. Hence since P = S we may regard § in continuous 
point space as the equivalent or image of P’ in the discrete lattice space. 
Another image of § will be glanced at in $10. Clearly all of these con- 
siderations can be readily modified to hold for anv system of cquations 
representing loci in any space. 
The most interesting of these duals appear to be these of the non- 
tional plane algebraic curves and the hyperelliptie r-folds in space of 
rir + 1)/2 dimensions. Obvious geometrical properties suggest oor 
relations which dualize into interesting properties of numbers haying ma 
applications to the arithmetic of systems of higher forms. ‘Thus we have 
anew application of gcometry to numbers. 
Here we briefly consider an arithmetical dual of the quartie surface with 
sixteen nodos, carrying the develeopmert up to the point of providing an 
inmediato means for translating all the geometry of the surface directly 


— men m e e tr 


* Read before the San Francisco Section of the American Math. Soc., June 17, 1920. 
t The Ẹ of Kummer’s S considered in this paper can be interpreted in terms of lattice 
configurations lying upon two concentric spheres in a space uf sixteen dimensions, but this 
`: not develuped here. This interpretation will he sufficiently evident from $ 7 on applying 
the isomorphism there established to the Sona) ized forin of the equation of S as given in 
Borchardt, Crelle, 33 (1877), p. 238; or Kauso, Die Transi. Hyperell. Funtt. erster Ord. 
(Letpsig, 1886), p. 38; or Hudson Auneners Quartie Surfece (Cambridge, 1904), p. St. 
CRs parametric representstiuns of $, Math. Annalen, 15 (1874), p- 215, based upon the 
> transtormation of the second order, give two more arithmcucal duals distingi from s. 
ae f 1 í 
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into arithmetic, the translation being reversible, so that from it the geom- 
etry can be recovered. Thus, for example, the 15, configuration of node 
and tropes is equivalent tò a remarkable interlacing of properties of se 
of three integers constructed from the decompositions of a pair of Arbitrary 
integers into two sums of four squares, and conversely thése imply the 
existence of the configuration. 

3. Henceforth all letters /, m, n denote integers S 0 unless further 
specified; the Ves are always even and the ws odd. W vite? 


[E m= [au ne, e e 
J= 
and let cither of these symbole denote 1,7, — 1, —i i = V— 1) according as 


y + 


>, n = Q, 1, 2, 3 mod A, 


j=l 


From tke definition we hare 


[ny m2, «--, aw] = J] Fr]; = (= 1); o, [m] = i 1), 
goal 


so that the symbol represents a real or imaginary unit according as the 
number of odd n; is even or odd. We define F(z, y, 2) to be an arithmetical 
function if it exists and is single valued for a, y, z sunultaneously integers 
= 0, and otherwise is whclly arbitrary. Hf further conditions are imposed 
upon F it is called ee and unless the contrary is expressly noted, 
throughout the paper F(x, y, z) denotes an unrestricted arithmetical func- 
tion. An immediate consequence of this definition is of importance later’ 


($ 10). 
If 


> Fij, 2295, sis) = Za SF Cry’, > fas n nak J 


j=l =l 


then r = s, and in some order the triads (11;, naj, %3;) are identical with the 
triads (mik, nak, man), tro such being identical when and only when* 


& 


Ney = ni (4 = 1, 2, 3). 
4. Let f, go, hi, he denote constant integers = 0, and write 2n; + g; = -r 
(j= 1,2). Then the generai f-function is defined by 
` : (204, na) * 
fry Vy) = f Ha = hvi, hove Fr, Vy Piva. 
rile z 
® 
* The = here means algebraic idertity. There can be no confusion between this 
and the sign of formal equivalence, as in each case the context indicates which is meant. 
The [ ] notation is merely to avoid the printing of compliented exponents. 
7 If a formal proof of this proposition is cesired, it can easily be constructed fon 
section II of “Arithmetical Paraphrases,” to appear shortly in the Trans. Am. Math. Soc. 
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: Mgal ay z ; 
he symbol if 4 is the mark of this f, andis even or odd according as 
yho 


1+ gels is even or odd. Accordiag as its mark is even or odd, f is 
gh steven ov yiasi-odd. If the f just written is quasi-even, the function 


7 (ry, Ra) : 
y on, Yo) = o | fi] ga hwi hove |E (0, Q, vira) 


's the quusi-constant corresponding to... The integers vi, ve are the param- 
eters of f or œ. 

For gı, ge, fi, he = 0, 1 there are zhus 16 marks, of which 10 are even 
and 6 odd. Corresponding to these warks are 16 distinct f-functions which 
f all into sets of 4 each according to the residues mod 2 of the variables v1, vz: 


(vi, V2) == dli, l), (Mmi, ai (hs Ma), (Ma, Ma). 


Transposing the entire theory of doubk theta masks to the present subject, 
we name each reduced mark, excluding (00), by the particular dyad of odd 
marks to which it is congruent.” If Low (2j) is any one of the 16 reduced 
‘aarks, (00) included, the f(#1, v2) whose mark is (7) is denoted by fy v2), 
ar simply by fy; and if (27) is even, the corresponding quasi-constant Is 
wui Vo) OF gogy. In this notation the order of 7, 7 in the suffix is Indifferent. 
‘We thus have the following system cf 16 f-functions in which the parity 
of the variables is indicated by the /, n notation ($ 3): 
` Q 


foo = Fh, be, hb), fos = [ds lf 0, fas = [do If o Jie = (h, l |f 20; 

f 2 = F (Mi, lz, Maila), fiz PE Cmi lfi 36 = [le fis, tee a [ mu, lo |fi2; 
fos =f (li, 1225 limo), fis R Ea 56y fas a [ me If BGs fis aii |h, ne IF, 563 
fsa = F(any, me, mmo), foa = [mi] fsa fa = [m fo Jos = Din Mme Ife. 


The six quasi-odd functions are 


fis fis fas _ 3B) fos, fis; 


and the ten quasi-constants are 


000) C12, P56) P34) 238s Plh Pab, 36, Poy P25. 


Henceforth in all functions of /’s and ¢’s, the ¢’s are regarded as being of 
degree zero, so that in determining th: deyree of any expression invaluing f’s 
and gs the œs are to he considered as absolute constants. Thus gif? 
+ gfi = 0 is a homogeneous lirear relation between squares of f- 
functions. . 

5. The arithmetic-geometric trans.ations mentioned in § 2 depend upon 


am eea m e e a i e e 


*See Harkness and Morley, “Treatise ən the Theory of Functions,” ch. 8; whose 
notation we shall follow throughout: also Weber, “Uber die Kummersche Flichs,” u.s w., 
Crelle, 84 (1878), especially pp. 332-334. 


4 BELL: Kummer’s Quartie Surface. 
a form of symbolic pruduci, ue Henceforth simply product, of (r =- s) f-,' 
functions and s quasi-constants, 0 = s =r. These products are taken 
with respect to a pair of integers m1, 2. > 0 of preassigned In inear forms 
mod 4: 

n; = t; mod 4; t constant, (j = 1, 2). 


Let all the g, 4 denote constants, cach of which is one of the numbers 
O, 1. Write 


He a = (i), nat ge =o G= I, 2), 


hy, lizi 


and suppose that precisely ¢, of the gu: each = 1, so that precisely é of the 
n are odd, and similarly for iz and the gz; ve; The f’s or »’s for the marks 


(i), (#) are j e 
fias Voz) = . = hits Vii laiva E (ve: seni Vises), 
Ox (Vik, var) = s [Pi kV ik, hopvas ll (0, 0, Vinva) 
@=s-+i,es+2,---,7; k= 1,2, +--+, 8). 

Put 

T r Pr 

A= 2 (havu + hwD S12 = S nma G= $ va G=1, 2). 
i= i=: CERES 


Then, the X extending to all »;; 3 0 such that / 
a 
n= nyit tte mo G= L 2), 


the product with respect to nı, na of the s quasi-constants and (r — 8) f- 
functions just written is defined by 
IT’ Pi (Vii Voi) II’ fi (ri, v) = m D[A]F (E, E Eo, E19), 
ims l 
and the type* of this product is {tp te}, = {ft ti}. The accent in W 
indicates-that the multiplication is purely symbolic. 

Note that the sum on the right consists of only a finite number of terms. 
For if N,(n, s) is the total number of representations of n as a sum of r 
squares precisely s of which are odd and occupy fixed positions, the number * 
of terms is N, (n, t1) N, (2, ta). Note also (cf. $3) that if 4 + t is even, 
|A] is real. In the products connected with Kummer’s surface it will be 
seen at once:that each fa p occurs an even number of times. Hence in 
these products [4] is always reel, and we need not again refer to this. 

When a; of the marks (1), (2), «++, ($) each = j, and by of the marks 
(s + 1), (s + 2), -++, (r) each = k, the product is written gi”g +++ fy'fe"2 

-; and clearly the order of the factors g1”, +--+, fit, ++: in this is im- 


a eter 


———. 





* The type is not important for this paper, andl is included here merely for completeness. 
ns plays an essential part in the detat.ed discussion of the arithmetical nodes and tropes 
n Æ, ef. §9, second footnote. 
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material. Hence such multiplication o? ¢’s and f’s is commutative. Wê 
*shall “not be concerned here’ with its associative and distributive aspects. 
By definition ¢/, f = 1; and unity in this multiplication is to have all 
the formal properties of unity in ordinary multiplication, so that unit 
factors may be suppressed. 

The parameters of the product are ni, ne. These ultimately play a part, 
in one geometrical interpretation of tke arithmetic, analogous to that of 
01, %, the parameters of a point on the Kummer surface; cf. §9. Any 
product p; being a sum with respect te given parameters, the meaning of 
Lap: where the a; are absolute constants is evident. Note that 


dipi F api = lai + aj)pi 
when and only when both p; are with raspect to the same parameters. ' To 
indicate that each p; in the sum is with respect to nı, ng we write ni, ne | 2a;:Pi. 


If now 
(1) -ny na| Jap: = 0, 


it follows at once from the definitions zhat we may replace n; by n,’ where 
n; = t; mod 4 (j = 1, 2). For each pair (n1, m2’), (1) gives a relation 


(2) E ny’, to’ | Dap: = 0 


between products. To signify that w2 are considering the totality of rela- 
tions of the form (2) for all (m1’, ng), we shall write (1) without the ni, ne}, 
thus, 

(3) Daip = 


It is important to note that (3) is of the form P(f, ¢) = 0, where P(f, ¢) 
is a polynomial in f’s and ¢’s. | 

Consider now R(f, ¢) = 0 where E(f, ¢) is a rational algebraic function 
of f’s and g’s. As yet this relation has no significance. By purely formal 
algebraic reductions R(f, ¢) = 0 may be written P(f, ¢) = 0, P(f, o) 
as above, and we define this to be the meaning of R(f, p) = 0, again 
emphasizing thé significance of the omission of m, n|. Thus in all that 
follows, R(f, ¢) = 0 and P( f, g) = 0, its polynomial equivalent, are re- 
_ garded as identical. 

6. Denote by R(@,.c) = 0 a rational algebraic relation with rational 
coefficients =0 between the sixteen double theta functions 6@,; and the 
related souetante® Cyj- 

* The notation is that of Harkness and Morley, loc. cit. The restriction that R be 
rational is merely to shorten the following >roof. By a zew simple changes the theorem 


may be restated for R algebraic with algebraic number coefficients, but this is not re- 
quired for the dual of Kummer’s surface. 
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By algebraic reductions R(0, :) = 0 may be cast in the form P(0, c} = 0, 
where now P is a polynomial with integral coefficients 20. We shall’ 
regard R(8, ce) = 0, P(6, c) = 0 as identical statements. In these replace 
Oiz, ei; by fi, gy respectively, and denote the results by R( fs v) = 0, 
P(f, ¢) = 0. It is not immedietely evident, o? course, that P(f, ©) = 0, 
or its formal] equivalent Rf, o) = 0, is true. The fundamental theorem Is: 


(P, c) = 3} = {P(f, 9) = 9}, 


(the sign = being, as in the next section, taak defined in § 1), or what is 
the same thing, 


(RO, ) = 1} = IRC, 9) = 0}. 


No doubt it is easy to prove tius from first pr “neiples. It is less tedious, 
however, to proceed as follows. . 
7. Clearly P(f, ¢) = 0 is a fimite sum relationeo* the form 


Dial (vx, Bu, Yr) = Q, 


in which dr, ax, Bx, Ys, are integers and 1t is easily seen that if g(2, y, z) is any 
restricted arithmetical function such thet g(a, y, D = — g(— g, — y, — 2), 
then Y+g(t 2, Hy, 42x X +p) is not identically zero. In each f, ¢ 
replace F(a, Bx, Yr) by sm (axe + Bry + yrz), waere g, y, z are parameters, 
and denote by Pii f, ¢) = 0 what P(f, ¢) = 0 becomes under this substitu- 
tion; and similarly for (az, Br: yx) replaced by cos (axa + Bry + 22), 
giving Po( f,¢) = 0. Write Ps(., ¢) = ¢Pi(f, ¢) + Pol f, e), @ = V— 1). 

We shall be concerned with zhe implications of the five propositions 
defined by 


a= {P(f,~)= 0}, = {R@, 0) = 0}, of = {PG ¢) = 0}, G =I, 2, 3), 
and will show that i 
| (4) a> as, (6) a3 > P, 
(5) 8 > as, (7) ag > a; 


whence from (4), (6) it will rollow that & > 6, and from (5), (7) that 
8 > a, and therefore from these œ = 8, which is the theorem. 

From the definition of F ($3), (4) is obvious. To prove (5) and (6) 
we observe that P3(f, ¢) is the coefficient of p;"p2" in RO, e) = 0 when 
the expansion of the general theta function ) 


y (jr, YIT, dry. 22] nr, tray) . , 
142 
’ fea i (z ai aT 12/2), 


= 


is written in the form | 
Ep p [hws hava | exp (rye + Poy - ving). (Dp; == €Xp int;;), 
the ÈZ referring to all vn; = 2n; + g; G = 1, 2). 
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To prove (7) consider two restricted arithmetical functions (ef. 39 
Wi, vo, the only restrictions upon them being 


yilu, v, w) az (= Di~ U, m vp — w), (3 = l, 2), 
and consider the propositions a,’ defired by the formal equivalences 


= (2 anpil 8k, Yk) = 0}, (3 a Ls 2). 


Then it may be shown without diffculty” that 
(8) aj 3 oe; g di l, 2). 


Now choose for the y; the restricted arithmetical functions defined by 
2y;(u, v, w) z F(u, V, w) ia (= = U, T 0, — w), © =, 2), 
which obviously satisfy the restricticns imposed upon the y¥;. Substitute 
these values of the yai the a,’ respectively, getting a;’’. Then from (8) 


(9) aj 2 aus", (3 = L, 2). 


If now ta; denotes the result of replacing sin (apa -H Bay + yra) in a 
by 2 times itself, we have ta, > aj, and hence from (9) 


(10) La ~ a” i and Qg 2 a”. 
But obviously ; 
(a! and œ”) > a,, also (tœ; and a2) = a3; 
while from (10), > 
(ia and as) > (ay” and œz”). 


Hence a3 > a, which is (7). 

8. The theorem of § 6 enables us o transpose the entire theory of the 
rational algebraic relations between the 9,;, ¢;; to the present subject. In 
particular there is here a system of 13 Rosenhain hexads of which one ist} 


fis, fass fiss fos; fas; fos 


such that there is a linear relation (cf. § 4 end) between the Squares of any 
four f-functions belonging to the same hexad; also the sixteen f; fall into 
60 Göpel tetrads, the four f-functicns in a tetrad being connected by a 
homogeneous biquadratic relation. Again, between the squares of any 
five f-functions, no four of which belong to a hexad, there is a linear relation; 
and we may state the general theorem* that the squares of four f-functions 
are linearly related when and only when their marks belong to a Rosenhain 

* This is included as a very special case of a theorem proved in “Arithmetical Para- 
phrases,” Part I, Sec. II, cited in § 3, footnote. 

tł The complete system’ may be written down from the table in Harkness and Morley, 


loc. cit., pp. 353-354. 
į Harkness and Morley, loc. cit., p. 368 
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hexad, and the squares of any five f-functions no four of which are in one 
hexad are linearly related. AH of chese results have immediate arith-* 
metical interpretations in terms of representations of nı, ng either as sums 
of four squares (for the quadratic relations), or as sums of sixteen squares 
(for the biquadratic). The subject being extensive we shall not go into it 
here. 

By the theorem of §6, the Gépel relations for theta kion (and 
constants) are formally equivalent to the same for f-functions (and quasi- 
constants), so that the Kummer surface gives in this way 60 arithmetical 
duals. We shall sketch a means for translating the arithmetic into terms 
of configurations of lattice points in S, (space of r dimensions), a lattice 
point being one all of whose coördinates are integers. Finally it will be 
shown that the lattice properties in S, can be mapped onto a point con- 
figuration in Ss. In each case the configuration is formally equivalent to 
the arithmetical dual, which in turn is formally equivalent to the equation 
of the surface, so that the existence of the point configuration implies that 
of the surface, and conversely. 

9. Let va, va’ be the parameters (§ 3) cf the f whose mark is a, and con- 
sider the tetrad T = (fa, fos fe: fa). As the eight parameters vg, va’, t5; 
va, vq’ take all their possible values, we shall say that T generates a spread. 
The totality of all spreads obtained by choosing a, b, c, d and F (cf. § 3) 
in all possible ways is called f-snace, and each T for constant values of the 
eight parameters involved is a point in fispace (or the codrdinates of a 
point in f-space). The analogously defined (ga, bs Ye ¢a), in which the 
g’s are quasi-constants, is a singular point of f-space. ‘The codrdinates of 
a general point in f-space are (fa fo» fey fa), in which all the parameters are 
general. In the same way we define the general f-line (fu, fi, fos far fer Fa); 
a, +++, g being any six marks, and similarly a singular f-line on replacing f’s ` 
by ¢’s when àll the marks are even. We remark that, the p’s being products, 
(pis Pe, Pa, Pa) is Clearly an f-poirt; and likewise for hexads of products and 
f-lines. The analogies between f-points and lines and the points and lines 
of S3 are obvious, and need not be further elaborated. , 

Suppose now that between the coördinates (fi, fo, fs, f) = (æ, Y, Z, w) 
of an f-point there is a relation of the form (A), §1. Remembering that 
by § 4 (end) quasi-constants are to be considered as being of degree zero, 
and that by § 5(3) each product in (A) is with respect to the same param- 
eters ni, ng which are general, we shall call (A) the equation of the surface 
E (§ 1), in f-space, « = fi, y = fo, 2 = f}, w = fa the parametric equations 
' of E, and ny, ng the parameters of a point on Æ. Replacing f-functions 
throughout in the above by quasi-constants, we similarly define singular 
surfaces in f-space. The singular surfaces have no immediate geometrical 
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‘analggues; their interest is arithmetical, and need not be considered here.* 
"° In the same way is defined the line-equation of an f-surface or of a singular 
f-surface. As one parameter varies, the other being constant, the asso- 
ciated peint on the surface traces out what may be called an f-curve; and 
the analogy with geometry may obviously be continued step by step. Thus, 
to define a node on the f-surface E, we equate to zero the four formal partial 
derivatives with respect to the f-coérdinates. It does not follow, of course, 
that any one of the four new relations thus derived between products Is 
true. „But if it be possible in the four derived relations so to replace the 
variables ( f-functions) 2, y, z, w by quasi-constants 91, #2, #3, 4 respectively 
that the relations become simultaneously true, (¢1, ¢2, Q3; p4) is defined 
to be a node on &. ‘It follows from § 7 that the E of Kummer’s S has sixteen 
nodes, and it is sufficiently evident that the geometry of nodes on S can 
be transferred to a ‘geqmetry’ of ‘nodes’ on E, and conversely.t All of 
this geometry on E has a simple interpretation in S3 which we shall briefly 
consider next, showing how the translation.is effected in a general case. 
It is not the most general case, for we have excluded the possibility of 
imaginary [4], but the perfectly general case presents no difficulty, and is 
treated in essentially the same way. In the case considered we end with 
the identity of two point configurations in a lattice space of three dimen- 
sions; in the mest general case the final result is that two pairs of point 
configurations are thus severally identical. The case treated appears to 
be the more important. It includes the E of Kummer’s S. 

10. Consider three fixed points U, Vi; V2 and two concentric spheres 
o1, 02, centers at the origin of the respective radii a, a in S, ($9), and let 
T; denote the tangent plane (tangent S,_1) at the point P; ono; G = 1, 2). 
Let 6;, 612, 59; denote the respective perpendicular distances from U to T;, 
from P; to T: and from Pz to Tı. It is easily seen that 


21501 + a; = a2012 + Ae”. 


With reference to rectangular axes in S, the point Pie whose coérdinates 


* Interpreted similarly to the non-singular surfaces in § 10 (end), they give point 
configurations lying in one plane. 

f The equivalent arithmetic is obtained in an obvious manner. For example the 
the theorem that a particular set of six nodes is in one plane is formally equivalent to a 
theorem that six products (§ 5), in which r = s = 2, are linearly related. The six products 
are sums of terms of the form [A ]F'(é:, t2, £12), where the #s refer in this example to all the 
representations of the parameters 71, ne in two sums of four squares, either 2 or 4 of which 
are odd and the rest even. ‘The number of odd squares, also the [A], are not the same for 
all sets of six coplanar nodes. Finally, as in the equivalent theta theory, all these relations 
between (symbolic) products can be summed up in the statement that a certain matrix is 
orthogonal, cf. Hudson, los. cit., chs. ITI, XVI. 
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are either of the identical triads 


n e 
(4161 + a1", dod. + az, A601 + ay”), (161 + ay”, Gia + Qe”, Aeb12 + a), 


is called the image through U of the pair Pı, Pz, cr when U is understood, 
simply the image of P, Pe. . 

Let ô; denote the perpendicular distance of V; to T;. Then it is readily 
seen that if the squares of the radii a1, az are integers, and V;, P; lattice 
points, h;, defined. by 


h; = a;6;’ + af, h = hı + he, (3 = I; 2), 


are integers. We shall call è; the index of P;, and h the index of Py. 
Henceforth Pı, Pz are lattice points. Images Pi. are new segregated into 
four classes K; (J = 0, 1, 2, 3}, all images in „K; having their indices 
= ymod4. We shall consider henceforth only Ko and Kə. A configuration 
Cy of images in S3 is called even when all its images belong to Ko; if all the 
images of C belong to Kə, Cy is odd. Several even Cos together are 
regarded as forming a single Cy; likewise for C2’s, so that the C; is the logical 
sum of all the images in the several C,’, C;’’, ++, 


O,= Of FO" +--+ G=1,2). 


If in C; a particular image Py. occurs precisely k times, Pip is multiple of 
order k in C;; and if all the images of Cy coincide with all those of C2, Co 
and Cz are identical when and only when images occupying the same 
positions in both are of equal multiplicities. 

© Returning to § 5 we shall consider only the case in which A there defined 
is even, so that [A] is real. In the notation of § 5 choose for the radii of 
71, 2 of this section, Nna, Ana, let the origin be the common center, and take 
for U, V;, P; the points Í | 


U = (0,0,:--,0,1,1.---,1), (s zeros, r — s units), 
V; = (his hio, A. hjr): (3 a l, 2), 
P; = (Viis Vj2, ttt; Vir); G = i 2). l 


Assume r 5 4 (the only cases of importance), 30 that, any integer > 0 
being in several ways a sum cf four integral squares, c; always passes 
through lattice points P;. For the U, V;, P; as just defined, it is easily 
seen that Pi, the image through U of Pı, Ps, is, in the notation of § 5, 
(E, £z £12), and that A as there defined is its index. Hence to each term 
| h Ii &, £12) of the product in § 5 corresponds en image of odd or even 
index, and to all the terms in the product correspond am even and an odd 
` configuration. 

Suppose now that we have a homogeneous algebraic relation H = 0 


s 
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of degree (r — s) (cf. §4 end) between i such products. The k even 
configurations corresponding respectively te the & products form a single 
Co; likewise the k odd configurations form i single Cz, and by § 3 (end) we 
see at once that H = 0 is formally equivalent to the statement that these 
single odd and even configurations are idenacal.. 

It should be of interest, for physical resons, to find the corresponding 
discrete image of the special case of Kumm-=1’s surface known as the wave 
surface. ‘The arithmetic for this case appears to be less elegant than that 
for the general surface. 


INCIDENCES OF STRAIGHT LINES AND PLANE ALGEBRAIC 
CURVES AND SURFACES GENERATED BY THEM. 


By ArNotp EMcu. 


1. IntRODUCTION. 


According to Liiroth* the analytic method of investigating problems of 
. this sort, as indicated by Clebsch,t on account of its complexity, is not 
practicable. Thus, even for the simple problems connected with incidences 
of straight lines and conics in ordinary space, Ltiroth prefers to use a 
purely geometric method for taeir solution. nd 

Some of these problems, involving merely the number of solutions in 
each case, have subsequently elso been solved by the methods of enumera- 
tive geometry. But, without wishing to detract from the great value of 
this geometry, it must be said that the applications of its processes are 
purely mechanical and do not aflord a clear insight into the geometric — 
organism. For example, enumerative geometry does not teach how to 
get the solutions effectively, or constructively; it is satisfied with getting 
their number. á 

In this paper I shall show that the particular problems considered by 
Liiroth, and more general ones, can, after all, be so.ved by a relatively very 
simple analytical method. 


2. INCIDENCE oF POINT, STRAIGHT LINE, PLANE, AND SURFACE. 


Let (a) = (a1, de, @3, a4) and’ (b) = (by, be, ba, b4), be two points determin- 
ing a straight line J (hereafter we shall use simply the term line, meaning 
straight line). The homogeneous eoérdinates of this line are 


PPis = 1b}, Arbi; i, k = 1,22, 3, 4; 4 =F k, 
so that the p;,’s satisfy the identity 
PrP 34 -+ Prsag + Pipes = 0. 


The line J intersects a plane (œ) 


Oy + ate  argtg + a, = 1) 


* “Ueber die Anzabl der Kegelschnitte, welche acht Geraden im Raume schneiden,” 
Creile’s Journal, Vol. 68, pp. 185-192 (1868). 
f Ibid., Vol. 59, p. 1 ff. 
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. În aepoint (a) = (ti, 2, 23, %4), Whose codranates are easily found as 


pr, = 0 H Q&Pı2 F X3Pı3 + 4Ps, 
(1) . pt = — AiPi2 + O + 43723 “+ OX4P 24; 

prt3 = — 1713 — œp} + O + O4P345 

pt, = — AyP14— aP — xapa t+ O0 


Incidentally, it is noticed that this represemi s a singular null-system, whose 
determinant is the square of the lefthand ade of the identity satisfied by 
the coérdinates of the line, and.in which to every plane (œ) not passing 
through / corresponds its point of intersectien with 1. 

If we now substitute (1) in the point eqzation of a surface S, of order n 


(2) f(%1, 22, z3, v4) = O, 
we obtain an equation 
(3) i F (æ, M&2, 3, a4) = 0, 


which is homogeneous and of order n in the =’s, and also in the p;,’s, and of 
order 1 in the coefficients of (2). The vakes of (1) which satisfy (2) are 
evidently the codrdinates of a point on the surface Sn, but, being in the form 
(1), they are evidently also the coérdinates of a point on l and (a), and, 
consequently, the codrdinates of a point o7 intersection of l and Sa. Any 
plane (a) which passes through a point c? intersection of / and S,, will 
therefore satisfy (3). Conversely, every solution (£) of (3) represents a 
plane through one, of the points of intersection of./ and S,. This follows 
immediately from the identity 


F(u ‘Be, Bs, Bs) = J (Bpi + Epis + Bapus, th 


in which the point pa, = 0 + bzpı12 + Bap : + Bapu, -+> evidently lies on 
Sa, (8) andl. From this follows that the .2ithand side of (3) resolves into 
n linear factors in the a’s, which, set equal to zero, represent the equations 
of the intersections of l and Sn, or the bundl=s of planes through these points. 
(3) is therefore a necessary and sufficient condition for the incidence of 
point, line, plane, and surface. 

When a plane (a) passes through / then its coérdinates expressed by the 
coordinates of l, and a parameter A are 


pay, = — P34 
pa = AD34, 

4, 

(9 pas = Apa + Pis 
pa, = pos — Pis- 


For these values of the a’s, the coördinates of (x) given by (1) vanish iden- 
tically, 1.e., the point (x) as the, intersectizn of (@) and / is indetermined. 


A 
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As (2) is of degree n, and as each z in (2) vanishes when the a’s have the 
values (4), it is evident that jor every set of values (4), determined by X, 
(2) vanishes to the nth order;!!in other words, every plane, determined by N 
in (4), is an n-fold plane of tle (degenerate surface (€) of class n. This is also” 
geometrically evident. (8) consists of the n bundles of planes through the 
n points of intersection of / with Sa, anc a plane through ¿is common to all 
n bundles, and is therefore n-fold in the totality of bundles as given by (8). 


3. APPLICATION TO PLANE n-ICS IN SPAZE CUTTING A FIXED INDEPENDENT 
PLANE n-IC IN n POINTE. THe SURFACE £. 


Considering general curves and surfaces, if not stated otherwise, a 


surface S, of order n which passes through a fixed plane n-ic C,° depends on 


(n+ Wnt 2(v-+ 3) _ 1 mnt 8) 
| 6 ) 


9 
parameters. Let C, be another plane n-ic cutting each of [n(n + 3)/2] — n 
lines /, and the C,’ in n collinear points. If 8, is also made to contain Cn, 


the number of independent parameters _eft for-the complete determination 
of S,, is 


(n+ 1)(n + 2)(n +3) nwt 3) a+) _ m Dnn+ 1) 
I A E a E ARE E E E a 

— 6 2 2 6 
Choosing this as the number of fixed points P thrcugh which S, shall pass, 
imposes upon Sn (containing OR) À 


mto e uati. nin + 38n+ 8) © 
G 


given conditions, so that there are 


ntDMHYMEI ,_ nOk+3n4+8) nati) 
3 6 2 


independent parameters left. Hence there are [a(n + 1)/2] + 1 linearly. 
independent surfaces ¢1, 2, $s, ***: Pinayp through C, ° and the 
n(n? — 1)/6 fixed points P, and the oe S, may be written in the form 


(5) | agi + Gade + Asha + tes + amtayi D ninti = 0. 


Every. plane (æ) cuts the C,° and the a(z + 1)/2 lines Lin points of a plane 

n-ic Ca which together with C,° and the fixed pcints P determine an Sa- 
uniquely. But when (a) passes through one of zhe points P, the corre- 
sponding.S,, degenerates into the plane (a) itself, end an (n — 1)-ic. 


Now let Im be one of [n(n + 1)/2] + = independant lines l, and denote its’ ` 
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, homageneous coördinates by px”. Substituting these values in (1) gives 
" “the codrdinates of the ue of AET (x) of the line lm with the plane 
(a). Let pi”, do”, $3”, «++ be the result of the substitution of the coördi- 
nates of (x) in ¢4, $2, EN -++: then 


(6), ap + azp” + asp” ores F apinn inana = O 


is the condition that the point of intersection of ln and (x) lies on Sa. Re- 
peating this process for all lines lm, m = 1, 2, 3, ---, [a(n + 1)/2)+ 1; 
and the same (a), leads to [n(n + 1)/2] + 1 equations of order nin the a’s, 
whose consistency is assured when the determinantal equation 


or pa $3 Es Din n+) 2 
Qı Pe $3 oo Pinoi 
D., a ; Soi = 0 
+ o 


i f 1¥2]4+1 
di n{n+1)/2 +1 do n(n+1) $2]4+1 pylinath 2i+1 eee pint eT l 


is satisfied. This is an equation of order 


m n (OED) iE 
S 2 

in the a’s. But the bundles of planes through the fixed points P, deter- 
mining degenerate S,’s must be subtracted, so that the degree of the equa- 
tion proper is 

ntet 2n n(n?— 1) _ n(2n? + 3n + 7) 

I 
Every plane (a) of the reduced equation (7) cuts the C,° in n points and 
the [n(n + 1)/2] + 1 lines / in points which lie on a plane n-ic Ca. Hence 
TuroreM 1. The planes, each of which cuts singly each of [n(n + 1)/2]+ 1 

lines l and an independent plane n-tc C,° together in a system of points which ` 
lies on a plane n-ic Cn, form a surface E of class | 


n(2n? + 3n t 7) 
6 


4. DEVELOPABLE SURFACE D WuHoskt PLANES Cut a FIXED PLANE n-Ic 
AND [n(n + 1)/2] -+ 2 INDEPENDENT LINES IN Points OF 
PLANE 7-ICS. ' i 


Let E, be the surface determined by the lines 


A lo, ie. clan s Entne1)/23 linnti; 
Ex the surface determined by the lines 


l, la, ls, neg la(ntD [2s Un (mb1)/2}+23 
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‘according to theorem (1); E, and Hz have a developable surface D* ofsclass | 


eens ee | 
6 


in common. But through each of the nin + 1)/< lines common to both Æ, 
and E there is a pencil of planes, whose planes cat the remaining lines and 
Ca? in points which lie on an n-ic for each such plane. These planes are ° 
each n-fold in Æ, and Ez, and as they all contain x-ics which cut one of the 
lines / improperly, each pencil of planes through the lines common to Ei 
and E, must be deducted n2-fold from D*. This leaves for the class of the 
developable surface D proper the number 


Ee + 3n-+ 7) | = mnt) n*(4n* + 12n? + 19n? + 24n + 2A 
6 =< 38 
Hence T 
THEOREM 2. The planes, each of which cuts sinely each of n(n +. 1)/2]-+ 2 
lines l and an independent plane n-ic Ca? together cn a system of points which 
lies on a plane n-ic Cn, form a surface D of class 


n? (4nt + 12n? + 192? + 24n — 49) | 
36 


5. NUMBER OF PLANE n-Ics CuTTING SincLy Eacan or [n(n + 1)/2] + 3 
Lines l AND A FIXED PLANE n-Ic IN n POINTS. 


The surface D determined by the lines 
li, le, bs, ° t” laine inind1)/2j+ l- nint) 
according to theorem (2), and the surface E determined by the lines 


h, l, ls, tog lnfn4i) ies linin t tH 
according to theorem (1), have 


n (4ni + 12n? + 19n? + 24n + 49) n 2m + 3n +7) 
36 6 


common solutions, including the improper ones. To get the number of 
the latter we must take into account that the-e are n(2n?-+ 3n-+ 7)/6 
planes through each of the n(n + 1)/2 lines common to D and E, of which 
each cuts the remaining [n(n -+ 1)]/2 + 2 lines of a plane n-ic belonging to 
both D and Æ. Each of these planes is a multipl plane of order n in both 
surfaces. The number of. proper planes cutting s.ngly all [n(n + 1)/2}.+ 3 
lines in points on plane n-ics is therefore 


n2(4nt + 12n? fe 19n? +- 24n + 49) nan? + 3n — 7) 
36 6 
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i; 7 a“ pa tet. re i 


OÑ E(BnE + 36n5 -+- BOn! + 99n3 -+ 1283n? + 89n + 343) | 
216., 


Denoting this number by N, the result may be PET im 
l THEOREM 3. There are N plane n-ics which cut singly each of [n(n + 1)/2] 
+ 3 lines and which cut, in each case, a fixed plane n-ic in n points. 


- 


6. A CERTAIN SURFACE GENERATED BY PLANE n-ICs. 


Given a fixed plane n-ic Cp? and n(n + 1)/2 independent lines!. Consider 
the pencil of planes through another independent fixed line s. Every plane 
of this pencil cuts C,,° and the /’s in points on an n-ic Ca. As the plane 
describes the pencil through s, the corresponding plane n-ic C, describes a 
certain surface, whose order is determined by the number of points in which 
any other independent line, say binta} cuts the surface. Now we know 
the class of the surface & determined by hy, ly, ls, +++, lnneaya, brane. 
The number of plane n-ics through s cutting all these A -+ 1)/2] + 1 lines 
l is, of course, equal to the class of E. Hence l atnisy/ej41 cuts the surface 
in a number of points equal to the class of E, and we have: i 

THEOREM 4. The plane n-ics, whose planes form a pencil, and which 
cut a fixed plane n-ic in n points, and which cut singly each of n(n + ) [2 
lines, generate a surface of order 

nn? + 3n + T) 
6 4 


an which the axis s of the pencil is an . 


| “ee + 3n + 7) | _ n(2n? + 8n-+ 1) 
a a ae n pec unauna nmam 
6 6 
fold line. 
The last part of this theorem i is obvious, since a plane through s cuts 
the surface, outside of s, in a plane n-ic only. 


7. EXAMPLE OF CIRCLES. 


Let the surfaces Ĵa be spheres, so that the fixed plane n-ic C,,° is the 
imaginary sphero-cirele (absolute) at infinity. In this case (as well’as for 
any other conic as C,°) [n(n + 1)/2] + 3 = 6, N = 175, and theorem 3 
assumies the form of a corollary: 

There are 175 circles cutting singly each of 6 independent lines. 
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8. GENERALIZATION oF LÜROTR’S. PROBLEM. a 


In the paper referred to in the introduction Liiroth investigates inci- 
dences of conics and lines and certain surfaces enveloped by the planes of 
such conics, or generated by such conics. His concluding theorem states. 
that there are 92 conics which cut singly each of 8 independent lines in 
space. I shall generalize this result by establisking the number of plane 
n-ies which cut singly each of [n(n + 3)/2] + 3 independent lines in space. 

The key for the solution of this problem is again furnished by the estab- 
lishment of the class of the surface & formed by the planes of the n-ics 
cutting singly each of [n(n + 3)/2] + llinesl. For this purpose I shall follow 
briefly a line of reasoning entirely similar to that for the surface E in § 3. 
Accordingly it is found that there are (n? + n + 2)/2 linearly independent 
surfaces p1, $2, z, -+*+ of order n which pass thugh n definite fixed lines 
l and (në — 3n? + 2n)/6 independent fixed points P.- Hence any surface Sn _ 
of order n through these fixed elements may be represented by a linear 
polynomial 


Sn = didi + aap» + aps + +> 


in the ¢’s. The condition that a plane (a) shall cut (n? + n + 2)/2 other 
independent lines / in points which lie on an S,, is equivalent with the same 
number of equations of the form 


aig" + azp” + asda + ++: = 0. 


This leads to a determinantal equation of order n(n? + n + 2)/2 in the a's. 
But, again, the bundles of planes through the points P must be deducted, 
so that a reduced equation of degree 


n(n? + n + 2) n — 3n + 2n _ në + 3n + 2n 
2 6 6 





in the æ’s is left. Thus, in analogy with theorem (1) we have 
THEOREM 5. The planes each of which cuts singly each of [n(n + 3)/2]+ 1 
independent fixed lines in space in points which he on a plane n-ic is a surface 
E of class i 
n> + 3n + 2n , 


o 


By Liiroth’s method, extended to the case of n~ies, and in analogy with 
the procedure in §§ 4 and 5, it is found that the class of the developable 
surface D, formed by the planes which cut [n(n +:3)/2] + 2 lines / in points 
on n-ics, 1s 

n?(2n* +- 12n3 + 17n? — 3n + 8) z 
18 , 


£ 
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, case of conics, n = 2, this number, as shown by Liiroth, has to be eded 


by 10, so that for conics the class of D is 34. 
Finally the number of plane n-ics cutting [n(n + 3)/2] + 3 independent 


lines in space is 
n3(n* Eo 3n + 2) (nt + 6n? + An? — lin + 4) 
27 


Forn = 2 this number is reduced by 20 (Liiroth, loc. cit.) so that the number 
of conics cutting singly each of 8 lines is 92. 


ON THE THEOREMS OF GAUSS AND GREEN. 
By Vincent C. Poor. 


Part I. 


The Cwergence of a Vector. 


Definitions.—Among the cefinitions for the divergence of a vector, we 
have the following: 


t 


div u = Lim ae, da 
where u is a continuous vectcr poirt function whose scalar product u X n 
with the outward unit normal n cf the surface'o is integrable over the 
boundary of the region 7, or over the bounding surface of any sub-region 
of the region r. This definition may be looked upon as a differential form 
of Gauss’s Theorem: 


(1) Jadivudr= fux nds. 


In the elements of vector analysis, Burali-Forti and Marcolongo give 
the following definition: 


div u = {grad (u X a) — fot (u A a)} X a,” 


where a is an arbitrary constant vector. The symbol, A, read vec, is 
Burali-Forti and Marcolongo’s symbol for the vector product of two vectors, 
and the abbreviations, grad and rot, are the gradient, and the rotation or 
curl of a vector respectively. 
The former definition is not convenient for proving jie such ` 
theorems as 
div mu = m div u + grad m X u, 
divuA7= u X rotv— vX rotu 


and the uniqueness and existence of the limit might be difficult to establish 
without resorting to a codrdinate system. The second definition seems very 
artificial, to say the least, and not of a form to be readily remembered. 

Some of these objections are obviated through the following definition, 
which, expressed in the notation of Burali-Forti and Marcolongo, reads as 
follows: 


(2) divu-dP X ôP'A oP = da X bP ASP + buX OP AdP-+ uX dP ABP, 


where the point differentials 1P, ôP, dP are any three n@necouiplanaE vec- 


* Elements de Calcul Vectorial, Burali-Forti et Marcclongo,” p. 71, article 3. 
20 x 
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„tors.e This form.is both natural and convenient; natural, since it may bè 


easily seen to be a differential form of Gauss’ Theorem, and convenient 
because of the differential operators involved. The expanded forms of 
div mu and div u Av are readily deducible. By certain changes this form 
of definition may be deduced from Burali-Forti’s definition* for the first 
invariant of a particular homography. 

‘Gauss’ Theorem.—Also from this definition the integral form of Gauss’ 
Theorem may be established. To show this, the region r, bounded by the - 
surface o, may be divided into cells by passing planes parallel to the planes 
determined by the arbitrary vectors dP, ôP, 2P, taken in pairs. The right 
member of (2) is the resultant flux of the vector u, through the surface of 
each cell. The resultant flux of u through each face common to two 
adjacent cells is zero, sincethe outward normdls are of opposite sense. Upon 
applying the fundamental law of the integral calculus. the right member in 
the limit is seen to be the flux integral of the vector u through the surface 
og, and Gauss’ Theorem follows. - 

_ Uniqueness.—To prove the uniqueness of the idea defined by (2) we 
can, in the usual way, assume another operator operating on u, div’ u. 


Then by definition 


(3) div’u-dPX éPA dP = Hx SP AP + bux aP \dP-+ du xX dP A òP. 
Subtracting (3) from (2) we have ` 
(div u — div’ u)dP X ôP A SP = 0. 
But since the volume element dP X ôP A êP is arbitrary, 
div u = div’ u. g 
Ezxistence.—The existence of div u depends on the existence of du, 

which in turn exists if Oo 

cco u(P + hdP) — u(P) 

hme Q h 
exists. | 


- Or, if uis a function of the distance r, we may write 
div u dr = dr x 3P ABP + oe tr X oP AdP + --- 
= 2 (grad r x dP) X sPASP+ + 
= gradr X E x one ap + =X oP AdP-é6P 
+58 dP ASP. oP | 
= grad r X SE. IP X ôP A dP, 


* “Transformations Linéaires, Burali-Forti et Marcolongo,” p. 23, Article 3. 
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since the vector dP X ôP A VF. (du/ dr) is expressible linearly in terms of the, . 
vectors dP, 6P, and 4P, in th2 form given ia square brackets. Hence, 


; ou 
div u = grad: x T 
Thus div u is seen to exist if ðu/ðr exists. Or, in rectangular coördinates, 
we may say that the divergen<e of the vectcr u exists if the partial deriva- 
tives of u, with respect to 2, } and z, exist. “a 
Ezxample.—Let us apply tke definition (_) to the vector point function 
r = P — O, O being a fixed pcint. We thus have, since dr = dP, 


div redr = dP X ôP A cP + èP X 8r AdP + OP X dP ASP. 


Since each of the scalar triple >roducts in the right member is the same and 
equal to dr, this right member becomes 3dr, so that div r = 3. 


Part II. 


Green’s Theorem. ° 


A General Form.—Turning from the elements to the more advanced 
part of. vector analysis, we find in the “Transformations Linéaires”’ of 
Burali-Forti and Marcolongo the divergence of a vector defined as the first 
invariant of the homography* du/dP, written 


¢ 


dwu= 1 (2). 


From this definition for div u, the following theorem may be obtained: 


(4) ce ee i (« T) ET E T 
dP} 
where Ka is the conjugate o° the homogrephy a. We are now able to 


demonstrate the following very general form of Green’s Theorem: 
_dgrad B _ d grad œ 
Sl (Ke oo — pa ETET) dr 
= f (Ka grac 8 — KB grad a) X n da, 
where a and £ are homographées. 


(5) 


* A homography is defined as eny linear operator which transforms a vector into a 
vector. i 

In rectangular coördinates, the romography 
l Q11 Qiz &13 
Qal Qz Q23 
Q31 G32 A33 


c = 


asasi 








operating on the vector 
: u = urn + uj + wk 

` changes the vector u into the vector . 

au = (am, + Qiri + aigus) + (Gaver + Geos + Gests)j + (asus + Gz + azsus)k. 
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Rroof —It we ibue (4) in Gauss’ Theorem (1), we will have 
(6) Shas ap) dr — Sou XxX nde = — f grad Ka X u dr. 


If we now take u = grad Kf, (6) becomes 


SL (« oe) dr — fa grad KB X n do 


=— f grad Ka X grad KB dr, 


(7) 


a form of Green’s Theorem. Since the right member of (7) is symmetric 
in æ and £, the left member is likewise, so that a and 8 may be interchanged 
without affecting the truth o equation e Thus: 





SL(8 erate dr — SB grad Ka X nde 


(8) dP 
= — fgrad Ka X grad KB dr. 


Subtracting (8) from (7) and transposing, we have 


i ‘dgrad K8 „d grad Za) 
gy 7 (« dp ap) 
= f (a grad KB — B grad Ka) X n do. 


Equation (5) is true for any tw6 homographies. It is therefore true if we 
replace a and 8 by Ka and K8. If we make this substitution in (9) and 
remember that KKa = a we obtain equation (5). 

Special Forms.—The operators Iı and K are linear operators, changing 
a homography into a homography. Thus 


ly (ma) = ml, (a), 


if m is a scalar point function. Also K(m) = m. If, then, we replace 
` the homographies a and £ by the scalar point functions o and Ņ, equation 
(5) reduces to 


S | el (“ | — wv, (< grad 2) |e = fo grad y — y grad ¢) X nde. 





dP 
If we denote div grad by A this last equation may be written 


JS (vAy — YAg)dr = S (o grad y — y grad ¢) X n de, 


the well-known form of Green’s Theorem, which appears as a special 
instance of the more general equation (5). Further if œ is taken as unity 
and grad § as the vector u, (5) reduces to Gauss’ Theorem as it should. 
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Another theorem, closely allied to these, bit which may better be. , 
classed with the theorems in a previous Daper™ by the writer, will be given 
without proof. The proof may follow the lines suggested by that paper. 

THEOREM.—If a is a homography srmmetriccl in P and M such that 
da/dM = — (da/dP) and tf uis independent of P, tie point of integration, then: 

da 


7 _ pail 
S (Gp) xdr = Su X 2 ax do JO pii 


* Bulletin American Mathematical Society, Vol. 22, J an, 1916, p. 174. “Transforma- _ 
tions in the Theory of the Linear Vector Functicn.” 





AN EXTENSION OF THE STURM-LIOUVILLE EXPANSION. 
By CHESTER CLAREMONT CAMP. 


Introduction. 


- In 1836-7 C. Sturm’s formal development of a more or less arbitrary 
function f(x) in terms of solutions of the self-adjoint equation 


d du\- 
(EGE) O- Du = 0 


and the Sturmian boundary conditions eo 
aula) + a’u'(a) = 0, al +H |æ] # a 
Bu(b) + B'u’(b) = 0, B'| # 0 














was considered by J. Liouville,* who undertook ‘the problem of showing 
that the series converges and that its value is f(x). - His work is important 
although it did not satisfy all the requirements of modern mathematical 
rigor, but in two remarkable papers A. Kneser} completely settled all the 
more fundamental questions concerning the development. It remained 
for Haart several vears later to give the solution finality. 

In 1908 Birkhoff || extended the theory not only to equations of the 
nth order of the form 


- deu Gray, i _d 
Ton + Ph ai a n i ee F Banat ga F (Pn + Ag)u = 0, 


but to systems no longer self-adjoint and conditions no longer Sturmian. 

The theory is capable of extension in several directions. Bécher§ 
considered a system of two homogeneous linear differential equations of the 
first order and studied the roots of a solution without regard to boundary 
conditions. Schlesinger§ took a system of n linear equations of the first 
order with coefficients which are rational in x and obtained the asymptotic 
forms for a solution. 

The object of this paper is to discuss an extension of a sible recently 
considered by Professor Hurwitz, namely the simultaneous expansion of two 

* Tiouville’s Journal, Vol. 1 (1886), p. 253; Vol. 2 (1887), p. 16 and p. 418. 

1 Math. Ann., Vol. 58, p. 81 and Vol. 60, p. 402. | 

t Goettingen dissertation (1909) reprinted in Math. Ann., Vol. 69 (1910), p. 381. Also 
a second paper, Math. ANN., Vol. 71 (1911), p. 38. See also Mereer, Phil. Trans., Vol. 211 
(1911), p. 111. 

|| Trans. Amer. Math. Soc., Vol. 9, p. 373. 


§ Trans. Amer. Math. Soc., Vol. 3 (1902), p. 196. 
T Math. Ann., Vol. 63 (1907), p. 277, 
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_tinueus second derivatives for 0 =a 1; and the coefficients -of u, v, in 
(2) are real constants such that the matrix* 


Cy Bi Yı O1 
a2’ Bo Ye Oo 


` 














is of rank two and 


(aß) = (yê) # 0 (3) 
where 
ee aa Bx ; 
(aß) Ton Qe Bo 








The solution u(x) = v(x) = 0 is called the trivial solution of (1), (2). 
All other solutions are termed non-trivial. 

Studying non-trivial solutions of (1), (2) we derive the following lemmas. 

LEMMA I: If (Um, tm), and (Un, tr) are two solutions of 


Ny(Uxdern) = No(uxdsdx) = 0p 
then ; | 


[ tm () Un (a) — Un (Tml) E=0 | 

= (Am — Xn) S07 Um(S)Un(8) + Um(s)on(s) lds. (4) 

By hypothesis l | 
Un(2) — [Am + a(x) Jom) = 0, 

- Um(%) + [Ap + blæ) Jun) = 0, 
Un(%) — On + a(x) ] onle) = 0, 
m + En + B(x) dun (2) = 0.2, 


p we multiply these equations by Onl), — Un(x), — Um(2), and umla) 
respectively, add, and eae from 0 to 2, we obtain the equation (4): 
required. _ 

Lemma IT: If haw) satisfies N, : 1 = o, Na = y, where œ, y are functions 
of x continuous 0 € z 5S 1, and (U, V) satisfies Ny = N = 0 for the same 
value of d, then 


Cul) kla) — U(2)v(2) = SELV (8) (3) — UVa) Tas. (5) 
By hypothesis . 
u' (a) — [A+ a(x) pa) = g), 
v(x) + [A+ bæ) Jul) = (x), 
U'(x). — [+ a(x) V(x) = 0, 
V(x) + D + ba) JU (a) = 0. 
* If the matrix is of rank less than two the conditions (2) are not independent. The 
condition (ef) = (yë) is somewhat analogous to the condition of self-adjointness for single 


equations of order two. The case in which (ef) = (yé) = 0 can obviously be reduced to 
the problem considered by Professor W. A. Hurwitz. 
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Multiplying respectively dy V(x), — Uia), — ola), ula); adding and, 
integrating as before we get equation (5) above. 

Lemma IIT: Two pairs o functions u(x), ola; U(z), V(x): TE 
U, = U: = 0, satisfy also the relation : 


[u(a) P(e) — v(x)U (2) ]} = 0 - © 


when (3) ts satisfied. 

‘We are given | l 
ayu(O) + Rw) + vil) + 821) = 0, 
agu(0) + Ew(0) + youll) + dee(1) = 0, 
aU (0) + BF (0) + yxU (1) + ôV 1) = 0, 
æU (0) + BeF(O) + 72U(1) T ae = Q.: 


S 


, Since (ap) < 0, oe 
u(y = — HM) + 0D Ba), 
148) youll) + d20(1), Be 





and 





0(0) ae Í Xis yu(1) T dy0(1) ; 
GB) | an, vul) + da) 


also U(0), V(0) are similar functions of U(1), V(1). . 
Substituting these values in (6) we get for the condition necessary mt 
it be satisfied 
(aß)? = (88. (yo) + (78)Ta8) = (08) (78) 


which is evidently true by (3. : 
Lemma IV: Jf (uy, 21), (te, 2) are two nearly independent pairs f 
functions of x, continuous 0=2 = 1, then 


ee p= aD (12) 
7 (21) (22) 





. as real and greater than zero, there 
(rs) = ene + iia 


and w(x) represents the conjugate of u(x). 
Obviously Gi = Gy, i.e., Ge is real. 








Let ett ` a 
ae I1) wile) 
, Pe) = bony mfa) 
_.|(l1) vis) 
1) =| (01) ain) 

l.e., i 


pizi = ceulx) + eus), 
gizi = cyv1(z) + evle). 
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Galculate , 
Spele) + qlee) de = 
Then 
See)? + ge) de = silva pe + g(a) q(x) Jde 


= a ilp ie) + qae) da + & Silpi) + gee) Jde 
== CoGe 2 0. 


If G = 0 and & = c + 0, then p(x) = g(x) = 0 and (t, 21), (us, 22) 
will be linearly dependent. 
If Ga = 0 and ĉ& = Q0, then since 


o = (1) = Allal)? Jol) de = 0, 


u = v, = 0 and they will again be linearly dependent, thus violating the 
hypothesis. 
Hence 


(11) (b)i 
(21) Wl 





0,if k= 1, 
Go, if k = 2, 


G> 0 (7) 


since ĉ& > 0, and the lemma is proved.* 
Lemma V: If (8) is satisfied, then 


[ (v8) + DP S Eey) + (68)? + Elas) + (8) F. (8) 
(8) can easily be shown to be equivalent to 
a (yi (ab) = ay)? = (80) = (ab)? Taer. (9) 
u 
(ay) + (88) = 2(æy) (Bd), 
and i 


(a8)? + (By)? = — 2(a8) (By). 
Hence-the right member of (9) is - 
= 2(æy) (Bë) — (aô) (BY) 


= 2(æß}(yô), or by (8) 
; = (ab? + (yò). 


Since (9) is true, (8) is also. 
LEMMA VI: If (8) holds, it 1s impossible : the coefficients i un 2) to satisfy 


i (a6) + (8) = = i 
* The lemma admits of the following generalization: If (us v), (Uz v2), +*+* (iin, Un) 
are n linearly indepgodent pairs of functions of g, continuous 0 =z = 1, then 
(11) (12) +--+ (In) 
vem (2D (22) ves (2n) 
(n1) (n2) e. (nn) 


is real and greater than zero, n being a positive integer. 
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* By (3) Eas ‘ 

| (af, — (yd) = 0. 
If then we assume (10) true, by squaring and adding all these equations, 
we have 


(ary)? + (88)? + (a6)? + (vB)? + (xB)? + (78)? — 2iaæy) (Bô) 
_ + 2(28) (Y8) — 2(a8) (78) = 0. 
The sum of the last three terms of the first m=mber vanishes identically 


so that if (10) holds, each of the six determinants must vanish. Since 
this violates (3) the proof is ccmolete. 


Section II. Properties of Solutions of the Homogeneous and Non-homo- 
geneous Systems. , 


Lemma I: A necessary and sujficuent condat.on for the existence of a 
solution (u, v) of (1), (2) ts that the determinant 


uy (44101) C 1 (Uot) 
Dalt) Uuta) 


DN) = (11) 





vanish for some value of N, where (%1, t1), (ue, v2) are solutions of (1) defined by 


aa =i (0) =), 


=O 0S. (12) 


By the existence theorem we snow that a solution either of (1) or of the 
corresponding non-homogeneous system 


Ni = ¢, N= Y, 


where ø, y are functions of x, continucus ) =a = 1, will be entire in \, 


provided it is defined by 
u(0) = ĉis 
(0) = ea, 


‘in which the ¢’s are independent cf A. Clearly Di d) will also be entire in À. 
Any solution of (1) is expressible in the form : | 
ulz) = uUum (2) + Ouka), D 
olx) = ul) vle) + 20) ve). i 
In order that u(x), v(x) satisfy (2) it is necessarr and sufficient that u(0), 
v(0) be determined so as to satisfy 
| Uu) = Ur(cyes)ut0) + Ui(uyv:)0(0) = 0, a4) 
Ulu) = Ua (uwm) u0) = Us(ugv-)v(0) = 0, 


or if u(x), v(z) is to be a non-trivial solution, the determinant of coefficients 
of u(0), v(0), which is D(A), must vanish. ‘This is obviously also. sufficient. 
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~ Lgmma II: -The roots of D(A) are all real and the ‘solutions of (1), (2% 
may be taken as real. 
Let A = Xx be a root of D(A). Then (téz,0;,) satisfies Ni(wz0,Ax) = 0; 
Naluro = 0 and (&, 5,) will satisfy the same conditions for \ = Xz. 
Hence by Lemma I, Section I | 


[tnx pas urr ly = (Ap = Aa) Sall urls) K =P |v.,(8) |?)ds. 


Moreover (ihr, Bi) satisfies Ulu) = U2(u) = 0 so that by Lemma III, . 
Section I : 


Xe — aS ual? + [orld = 0. 


Tf As Æ Da, (Ux, va is a trivial solution which we have excluded. ‘Therefore, 
Ee = = Àk and dz Is real. ; 
Since each equation of*the system (1), (2) i is linear and ey b(x) are 
real, any solution of the system if complex may be.broken up into real and 
imaginary parts which will separately satisfy the same system. When 
D(X) vanishes the ratio of u(0) to v(Q) or of (0) to u(0) is-determinable* and 
by the existence theorem the solution w(x), v(x) is then uniquely determined 
except for a constant factor. Hence the coefficients of the real and imag- 
inary parts constitute two solutions which are linearly dependent. It is 
therefore clear that we may restrict ourselves to real solutions of the system. 
A similar discussion will show that we need consider only real solutions 
of the system e i 
N= ¢, Ne = y, (15) 


where o, y are real functions of x and A is restricted to real values, a restric- 
tion which we shall henceforth make. i 

A value of \ which makes D(A) vanish is called a principal parameter 
value and the corresponding solution of the EEEE system (1), (2) 
is known as a principal solution. 

Since D(A) is an entire function it cannot hee more than a finite 
number of roots in any finite interval of the d-axis, so that we may designate 
the roots of D(x) by An, m2 = 0,+1,+2,--- 

THEOREM I: A sufficient condition for the existence of a solution (ù, d) of 
(15), (2) analytic for all real finite values of d is that 

Un{s) g(s) 


f (s) ws) 


for every (Un, Un) satisfying (1), (2) for A = Mm n = 0, = 1, = 2, + 
We shall consider in turn three kinds of values of X: 
Case I: Those for which the matrix of (11) is of rank two; 


* If the matrix of (11) is of rank zero (Case III below), then this is found by the eval- 
uation of an indeterminate form. 


ds = 0 (16) 








~ 
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Case II: Those for which zhe matrix is of rank one (at A = Ma); `. 
Case III: Those for which it is of rank zero at A = Ax). 
Take a solution of (1), 


(17) 


ES ulz) = cyt ai + Catal), 
(2) = C04 (2) -4 Cato (7), 


which is identical with (13). provided u(0) = e-, of0) = ces. This solution 

will satisfy (2) if (14) is satisfied and will be non-trivial provided c1, ce are 

not both zero. For Case I at least two of the elements of D(X) must be 

different from zero. Without loss of generality assume that U;(uv.) =Æ 0, 

‘then by continuity it will not vanish for values of > nearby. Put 

cy = — Ulta), c2 = Uiluwd. Then Ui(w) = 0, and Ue(w) = DOAN). 
Define another solution (U, V) of (1) bys, 














Uta) == — eguh) + 61h (2), (18) 
Via) = — C201 (2) -+ Gal). 
Then (u, 0), (U, V) will >e linearly indepencent since 
= u0) 20) = Ci Cj a2 2 
-IUO FO) | — Cp Cy ere a 
Consider a solution (a, v of (15) defined by 
ulz) = ule) + be) + 22U (2), (19) 
v(x) = vle) + bwl) + aV (2), 
where (uo, v) is a particular solution of (15) such that 
w(0) = v0) = 0. 
Then = z 
U (wo) = U(r) - dW, (20) 
U» (uv) = U.: (cote: - bi U (uv) -+ De 60 V J 
and (ù, v) will satisfy (2) if 
TE U 1(uovo) ' ° 
2m Wp E 
(21) 
TE as — U(r) UUV) re U (Uovo) wW 
Em W Utu 3) 
U Ute U Ux UV U. W 
y ia) = ae i ) + si) ic a 1(Ugvo) ene oa 2 (Uoto) ula), 
2 
~ Eo Datur V F(x Ulu) Ua UF) — ) = Unlu) W (æ) (a) 
TN volw) Do a 3 


since Ua(uv) = DN. — 
Hence if the matrix of (11) is of rank two, (22) determines a solution 
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,(u, 0} analytic in A for that range for which U1(u v2) + 0. For other ranges 
of values of A within which U;(uev2.) vanishes we choose in its place another 
element of the determinant D(\) which differs from zero throughout that 
range: This process determines bı, bon a different fashion. Clearly since 
the roots of Ui(ueve) and of every other element of D(A) are isolated, each 
element being entire in h, the.solution (u, v) determined in either way for 
points of the A-axis at which U:(wex) == 0 and some other element, e.g., 
Uo(urv1) Æ 0, will be identical since there is one and only one such solution 
by the existence theorem. .'. The proof is complete for Case I. > 
Case II: Let us first show that no root of D(A) is double for this case. 
Assuming that Uy(uer,) >£ O for A = A, and defining c1, c2 as before, we have 
by differentiating as to A, since u(x), v(x) of (17) are entire in ` and 
satisfy (1): . . T 
AUNA) = AT), 
a UDA) = — uw). a 


If DON) has a double root A = An, then for this value of X 


U2(wv) = 0, Ulun) = 0; Ni(uvr) = Ne(uord) = 0; 
U lw) = 0, Ulu) = 0. 


Whence by Lemmas I, ITI, Section I 
SLUT + [o(s)P)ds = 0. 
This is impossible since a = — Ur (tists) Æ 0. Therefore D (A) has no 


double root. 
For values sufficiently near ^n, DN ~ 0 and the solution (ù, 2) of (15), 
(2) analytic in A is given by (22). And by Lemma II, Section I 


[wo(a)o(x) — uwv) If = SorLo(s) ¢(s) — u(s)p(s) lds, (24) 

[uo(a)V (a) — Uxola) ti = So7LV(s) els) — Uly) lds. (25) 

The left members vanish at the lower limit since uo(0) and (0) are equal 
to zero, hence solving we obtain 


£ 


ulg) - U(x) 0 
u{s) U(s) g(s) 
o(s) Vs) ws) 


ds, ` (26) 


ula) = en ee 








0 








i zlo) Vla 0 
wla) = = & a uls) Ul) gls) (27) 
Jo} vs) V(s) ls) | 
If A — An, u(x) apprcaches the value 
ð 
À =| Ulum) Ua(UV) -+ Ua(Utovo) W] 
1 (Uovo ") |OX 
wa) + TO Ta) — BEI (28) 


AzzAy 
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‘provided only E: ` oe as 
f Uy (up) Uz UV). — Uatun) Wyma, = 0 (29) 
since D'A) £ 0 
Again if (29) holds, v(x) will anproach a lirait as À > An dn such a 
case (ù, v) will be continuous if put equal to the limit approached at A = A, 
and therefore analytic for all A in the interval. 
Since W = — U (UV), from (26), (27) it follows that (29) is equivalent to l 
ivatal), UCF) nUUJ+AV A), UUY)] 0 
yutsa), ULF)? Uti a), UUV)? 2G 
fol ug Ue) fs) OO 


o(s) V (e) ¥(8))rman 
(30) 











The first element of the large determinant is the same as 


yiu(l) + wll), vU) — 4%) | °. 
you(1) + 6001), ye) — ôF i1) 





= au(Q) + Bw0), aU (0) + 8V (0) 

axu(0) + Bxv(0), œU (0) + BV (0) 
since for \ = Xa Ulun) = Ulun) = 0, or simplifying further, this element 
reduces to (yW — (ap) W = 0. 

Thus a sufficient condition for the existence of a solution (u, v) of (15), 
(2) analytic for all A when D(A) is of rank one is that (16) be satisfied for all 
n such that Dn) = 0, and the theorem is proved for.Case IT. . 

Case III. When every element of D(\) vanishes for some \ = Xz, it 
is obvious that D’(A;,) also vanishes. Let us show that D’’(Ax) = 0 for 
‘such.a case. — 

By the same reasoning as was used to prove D’(\) # 0 for À = ùnn 
Case II we show that it Uwn) and Ualuron) both vanish at A = Xx, ` 


then 
| Saua)? + a Pda = 4 


which is impossible since u,(0) = 1. Hence Uian and U(t) can- 
not both vanish at X = Ap. Similarly U, (tzv) and Ue(wsve,) cannot both 
vanish there. Without loss of generality we may assume ° 


Oy (ten 2,) = 0, A= New (81) 
Now define a solution of (1) by | 





| wie) = ula) + ue, 
| ia | (32) 

vie) = v:(2) + Ž we, 

&. 2 aoe CQ" 
and choose 
So ty Uum) 


a Sem «GY pmennernmnmmnnmnmnnenninn È 


7g _ Oy (ug) 
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For values of A sufficiently near Az, Ui(uere) Æ 0, otherwise (31) would 
be violated by Rolle’s Theorem. Hence for all à in the interval considered 


U (ur) = Uy (av) — Ulum) U: Ga =; 
i U luzta) 
Consequently for all such A, Ui(uv.) = 0. 
Again 2 | 
= ei — D PO) 
| U2(uv) = Usury) — Gas) Oo (uav) = Talus) (ug) A Æ Np 
At A = Ax, 
D'A) 
U = — oe ! 
e U (2t2,¥2y) ' 
And . : 
D'N) D(A) U1 (21202) 
U. = e e a et A Æ Ax. 
2(UV) U; (usva) + | U1 (use) P Æ k 
For A = Àx, i 
Uo(uUy%») Sees ae D'N) D(x) U (tay ,Verr) T D'N) U (uy) . 
U7; (uot) © 2U (uzv) 71 (eye) 


‘This vanishes if D”) = 0. at A= As. Applying the argument a third 
time we obtain l i 
Sil + dg = 
which is absurd since by (32) u(09 = 1. 
DO(A) % 0 at X = Ax. 


Since for Case ITI when A = A, every solution of (1) satisfies (2), if we 
define a solution of (15) by 


ex = w(t) + baad + bzw (2), (33) 
v(x) = v(x) + binl) + bovla), 
where uo(0) = vw(C) = 0 defines a particular solution of (15), then 
Uun) = U luov) and Ua (uv) aa U» (Uoto). If these vanish bi, bo will be 
arbitrary. Again by using results similar to (24), (25), (26), (27) we have, 
since | l 
a aO) 
u0) 320) 








1| yitx(1) + ôl), TATE 0 
Ulug) = — s | w (s), ua(s), (s) | ds, 
a. en . t(s), °° w(s), ws) 
[vat (1) + ô (1), Youe(1) + Sev(1), 0 
Duw) = — S uts); tin(s), g0 | ds 
: tu(s), vls), (s) 








For \ = Ax, (t1, %1), (to, v2) are solutions of (1), (2). Hence if we assume 
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“that (16) holds for all solutions (un, vx) of (1), (2), then (u, v) will satisfy 
(2) for bi, be arbitrary. 

We wish to choose values for them such as <o make the solution (ù, vy, 
now analytic A + dx, continuous at \ = Ax. | 

Since every solution of (1) may be expressed as a linear combination of 
U1, Ua, Vi V2, We may put (86) in the form : 

fila) = ux) + diul) + dougie), 
pos Vo (x) -- dyv(a) -+ deval), ; (34) 

in which (u, v) is ‘defined by (32) and ¢;/c. has the same value as area 
(u, v) and (te, v2) are linearly independent since ` 


u(0) eO) | I1 a/a 
u(0)` 0) |= |0 1 | #0. 


As U,(uv) = 0, we have 
E U(t) = Ulum) + daU rlut), 


which will vanish for all \ im the interval considered if 








d = — U (uovo) f E 
U (uat) 
Again B l | 
U2(uv) = U2(15 0) + dy Uz w) ~4- Go U o (Ute) en 0, 

provided | | e l 

© da= 2 Dew) Urlu) T Ur (uor) Ua luzo) 
i , U (usv2) U2 (ur) 

For \ # Ax, - 

| an _ PO | 

Uh tie) -D (Uata 4 

and 


dy = Tle Wants) U(r) Waa) 
j= DO) 


Hence for \ = Az in a sufficiently small interval, DO x 0 and U, ln, 02) 74 0, 


Ua (uot) U (tte) + Ur (uote) U2 (tote) 7 U Kuo) 
D 5 ule) Tu 2): (35) 


If we let à approach A; we get as the value sian ni by the right member: 


iia) = Up (x) + 


= a, Z (aovo) U; Gus y+ U: (uovo) U: (Uzta 2)] 


u(x) — - HEN y nO Ar aan ae 
, X= Ae 


Evidently u(x) approaches a limit since 


Oi Us (dav) _ oo! 
C2 Uluant) $ 
} ; 


ial 
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Also ` . | . 
= [Unuo Ulus) + Ulu) U2 (ave) | = 0, N= hp 


since each factor of both terms vanishes there. Also D'Ar) = 0. 

Hence u(x) approaches a limit as A — Ax, and similarly o(x) does also. 
Thus we have a solution (ù, v) analytic for all A in a small enough interval 
about A = Az, which satisfies (2). By extending the reasoning as in Case 
I the proof is completed. 

THeroremM II: If forn = 0,41, + 2,--- 


al 
J 


then ol =V@=0. ° 

The proof will be merély outlined here since it is given in full in a recent 
article by Professor W. A. Hurwitz. 

Let the solution of (15), (2) shown by the re theorem to exist be 
represented by 


Un(s) p(s) 


ons) He) {2 = % 








u(x) = yhe) + yle) + Nyla) + - 
. O(a) = gl) + Azile) + Xz) t > 


Since \ is restricted to real values we have but real functions of x with 
which to deal. Putting (36) in (15), (2) and equating coefficients of \* 
we get sets of differential equations and boundary. conditions satisfied by 
(Ym; Zm) M = 0, 1, 2, ---. By eliminating a(x), b(x) from two different 
sets and using Lemma ITI, Section I, one gets 


(36) 


So (YmYn + Zt) da == (fo Ym—1Y n+ + Lm —1n4-1)AX a W mens 
W, = Sl (yryo + 220)dx. 


Then from the inequality 


where 





Yml)  Ym41(§) i 











Um—l (æ) Bm—1 (E ) 





Smpi(2) Zmak) |? 
Smil) — Zm—1(€) 





= 0, (87) 








am—] (x) Um (£) 


for x and € in the interval from zero to one, by integrating as to a and £ 
successively from 0 to 1 and simplifying, we have 


Wace sacs — Win = 0. (38) 


Next comes the lemma that some Wz} = 0. Assume no Wz = 0. Multi- 
‘plying the series of (86) by yo(x), 2o(v) respectively, adding and integrating 
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we obtain the uniformly convergent series 





Wo + NW, + XW: + - 4 - - (39) 
This converges absolutely as also does 
l [Wol + 2] Wa] + NIW] — ++, o 
Using (38), ie. am ri 
FTT WST o? 
Wol. q. iay T 
for À = WwW, | this we get an absurdity: 
|Wo| + |Wo| + |Wo| — --- convergent. Thus the lemma is proved, 
ie. - | E 5 . 
Sty, + ade = 0, or yil) = 2,(27)= 0. © (41) 


_ Thence from the differential equations 
Yri) = Frat) = +++ = yox) = 0, 
and similarly for z and also / 2). = g(t) = 0.. Q.e.d. 


Section IH. Asymptotic Formule. 


'-Tarorem III: For |A| large a solution of (1) defined by u(0) = œ 
v(0) = 8 takes the form 


| u(x) = = cos $ + 8 sm & + 0(x} 


(42) 
vx) = eed 
and its partial derivatives, the form 
ule) mt - cos £ — azsin + 0 (3) _ 
à (43) 
e — vg cos £ — Bx sn é + 0O x}. 
where | 
E= he + Solal) + 60). (44) 


I give an outline of a procf analogous to that used i in Professor Hurwitz’s 
recent article. 
Assume 


- 


ule) = UJ +1 +) (a cos £ -+ £ sin $), 
| 5). 


| v(x) = v+(1 + ne ae g cos E— a sin £). 


` 
e * 
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Putting in (1) we get aa l ° 
> @ í 


| N(UVN =$ 
_ (46) 
| N,(UV») = £, | 
` where p, Y, py, ¥ are O(1) as ; regards A. 
Using as multipliers cos Aw, — sin Aa, adding, integrating from 0 to g 
and combining this with the result of repeating the procedure with sin Az, 
cos Az as multipliers we get 


ho =F = SE | KaU (8) a5 Ka (Hs 
(47) 
Vaya oor ae Z4 So LKU (e) + KaV (Jis, 


where F, G and the K’s are O(1), and Fy, G,, Ky are also. 


Uy (az) = + SLKU (s) + KV ($) + Ka33U (s) + KV, (s) lds, \ 
(48 


V læ) = y a Se [Ka U(s) + KV (s) + Kas U »(s) + KauV(s) lds, 


in which H, J, and the K’s of (48) are O(1). By the process of successive 
‘approximations we obtain from (47), (48), , 


ro =0(} ro- of} no- rno- w 


From (45), (49) we see that (42) is true. Also by difterentiating (45) as 
to \ and using (49) the rest of the proof is obvious. 
COROLLARY: For |i] large RN, D'(N) take the forms 


DO) = VET B sin (40) + e+ c+0(;): m 
50 
Do) = VA? + B cos LEQ) + o}]+ 0(5 ) 
where 


A= (ay) + 88), B= (ad) + (Y8), C= 2(aß), (51) 


and ¢ is defined by 
A 7 . ` B : ' ' : : 
in o = ———— (52) 
O NEF | ) 


By Lemma VI, Section I, A and B cannot both vanish. From Tiere II 


cos y = 


Vai + BÈ 


9 
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t 1 “3 , a r ' 

[o=o = cos ë- 0(;) Pips, Mee Hae, - 

vl) = — ~ sin $ -+ o(i yo 


E 
9: 


tia (2) = sin. — + 0 ( 


a 72 


(a) = cos F E 0 ( 


Putting ihessi in (11) we get ee 
DO) = A sin E(1) + B cos &(1) + (a8) + (vô) + ool x)* OH 


Again using the asymptotic values for u1)(2), v1 (a), ete., ' from (53) i in- the 
identity 
iv, (ust) U; (td) 


a! U: (141,01) Ty cae 
D'N = 
( ) Ua (261,01) U» (442,02) ‘ 


Uo(uinr1). Uau) 











we derive l 
D'A) = A cos (1) — B sin (1) — o() ) 


and (50) follows by (3), (51), (52). 
To show D(A) has roots, no matter how large |X| i is, consider the 
THroreM IV: If ln ts a principal parameter value for the system (1) and 
-the boundary conditions ° . 
i + Bw (0) = 0, | (55) 
ysl) + dw) = 0, . à 


then there exist exactly two roots of DON in the intervals: 
Case I. (lp, lopis), p= 0, E 1,4 2,---, if Pa > O forà = h; 
Case Il. (lois lopti)» p= 0, + 1, ao 2, eee if Pay < 0 for A = fee 
Define l 
Biz) = œm) + Bwile), 


B£) =  ozulæ) + Bale), : (56) 
Pi@) = — yu) — wlr), = 
P2(x) = — you(a) — 820(2), 


and determine two solutions, [%1(ad), o1(vd)], Dula), v2(ed)], of (1) 
such that 


ren 


= 0, Ba (0) = B 
B1:(0; = I, 


B22(0) = 0; 


in which the second subscript refers to the solution involved. Without 


(57) 


* I have followed the method of proof used by Professor Birkhoff in an article published 
in the Transactions in 1909 entitled, “Existence and Oscillation Theorem for a Certain 
Boundary Value Problem.” 
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loss’ of generality, we may assume that the coefficients a1, b 71, 6: have’ 
been divided by a. coristant such that 


+ (a6) = (78) = 1. m S 


Then we , prové thev 
LEMMA; T: Ata ‘Sumy ple value dn of X, DOS changes sign in such a way 
that D’ a). has the à n o= a or Poo, where » 


i P. — ymn (1) > 60,(1), a 
fas = — aa — õw(1). ee) 


: _ The M T (0) (ui va) defined by (57 ) a are linearly e penden since 


Jao 010) | _ — Bi Qi 
| ua (0) v0)... b2 — Qe 


" = (af) = — 1 (60) 











and hence by a relation dia to Abel’s 
Jul, v(a)| = constant w 0... 
Thus 
od B(x) Bs a(x) — | Bra) Baa) = S71, (61) 
Likewise > 
| i Pu(2)Pa(2) — Pa) Pile) = = OSe¢81. (62) 


Also any solution of (1) may be written 


ux) = eyti(x) -+ czuz), 
vig) = C10; (2) + cmh). 
If this is to satisfy (2) we must have 
= Pu, 1— Pr 
1 a Pr, EE Po 


We have shown that the necessary condition for a double value of A is 
that D(X) be of rank zero, i.e., | 


DQ) = = 0. (63) 





2 = 0, 
Pa = Py = 1. (64) 
This is obviously also sufficient. 
Since ; 
Ny (und) = No(uzoyd\) = 0 : (65) 
and l 
N 1(U1,V1,A). = 1, N o(%1,01.A) = — y, (66) 
by Lemma II, Section I, l : 
Uit ~~ Ulti = Jelu -+- vds. (67) 
Similarly i 


Unt — Und, = Së lu + v2)ds. (68) 
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° -Again from >` E Co 
N TOREN N 9 9 (UaVoN) = =O . i (69) i 
and (66) by the same Lemma ` 
Uit — Uat = Se (Urla + trte)ds. (70) 
Stitt | a 
: Ubi — Udo, = Jo (Uru + vv) ds. e REA 
From (67), (70) . 
unl) = Slur + Pula) — un + ove) w(x) ds. (72) 
Similarly : | 
vale) = 0 L (ui T 0) 02(2) — (urug -+ ow) (2) lds. (73) 
_ Also from (68), (71) | | 
tas et) = SL (ree + owl) — (V+ vB )ur(e) lds, (74) 
V(t) = Sllr + 0402) valz) — (w 2b v3) v(x) |ds. (75) 
Now from (62), (63) i l a 
, DA) = Pet Pao~ 2. . Jei (76) 


Hence by (72), (73), (74), (75), (76) 
D'N) = Pray + Pa; 


or 
D'N) i SoLP Em + (P i — P 21) Urtle a P nui Í l 
+ P 220; as (P i C F 91) 0102 = P 1102 |ds. 
The integrand consists of two quadratic forms whose discriminant is 


(Piz — Poi)? + 4PuF ee .. (73) 


taruno ee N : E (73) 


This vanishes when D(A) does. For a simple zoot of D APPa cannot - 
both vanish since then by (78) and (63%, (64) would be satisfied. Again 
neither form can vanish because (u,v) and (uzv) are linearly independent. 
Thus the Lemma is proved. 
Lemma II: At a double vaiue of , say Xx, DA) T a negative sign. 
From (64) 


APy = == Pa, APs = Pa, 1+ AP. {= Pr, 14+ APa = Pa, (80) 


in which 


(77) 


or by (62) 


© P=PAHAN, Ase o o -- (8I) 
Then from (62) o ae 
‘ PiP — PyPey = — 1 
or i 
' APAP% = (1 + AP 2) (1 ~j APo1) — I; . (82) 


b- es : 
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and by (76) . 
i AD = AP» + APa = APyAP22 — APwAPa. . (83) 
Clearly 

APy = — yAu (1) — ôA (1), 


and so for the others. Also 


N (Au, ÂV, A) as ANB, 
N2(Au, Av, X) = — Andi. 
T Atty Auz Ay, Ave 
Using these for (11,01), (u20) we get results for NOUNS ONE 
which differ little from the ri ght members of equations (72) to (75). Putting 
these values in (83) and omitting in each term infinitesimals of order 
greater than two, we obtain 


AD = [Nuru + nop Aids E — Ailu? + 0?) Ards fo (uz H 02) Adds. 
\ : 


By Lemma IV, Section I, AD < 0, since the solutions are real, and 
D(A) preserves a negative sign at A = Ax. 

Lemma IIT: D(A) kas the same sign as Po, at the ne A=h, n= 0; 
+ 1, + 2, ---, unless Poy = 1, when DOA) = 0. 

Since (0) = — 6B, (0) = a (Cf. (60)), (uv) is the only solution 
except for a constant factor which satisfies (55), (1) for AX = lo, lai, Lap. 
++» but for no others. (See Professor Hurwitz’s article.) These values 
separate the A-axis into the intervals 


(ony bn): + Cay bo), Cot) + ns bn), “ss (84) 
By (62) at A = one of these values, say l, 
- PyoP oy =l (85) 
And by (76) È 
Dl) = 5 (1 — Po)’, r=0, +1,2, (86) 
21 , 


And the rest of the proof is evident. 
Professor Hurwitz has shown that P11 has no double roots, also that for 
the system (1) and 
ese = 0, 


Pa 0. 87) 


Po; has no double roots. Hence Pir, Po: change sign when they vanish. 
Again since | | 

PiP — PiyPor = Uwa — Vitra |rwt; 
by (67) this cannot vanish but is negative. From these facts it is easy to 
show that the roots of Pi, Pei separate each other as well as do those of 


kd 
` 
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Pit, Pay. Clearly then Po: alternates in sign aż the values «++ Lo, La, lo; 
hil, --- and we have two cases: 


DQ) Z Oath = liy lag 
DN) <Oata= lo, lai ces 


n b ; a 7 ” | E | when Pa < 0 for dX = hy. 


Case I: | | when Pa > 0 for à = h; 


Case IT: 


There must obviously exis roots of Did) as follows: 
' In Case I-—at least two values Nn, An+1 in each double interval 


. (lop, boot); p = D, -$ L + 2; T 
such that 


lop < Mm Z loppi E Anpi < opi | (88) 


6 
’ 


and at least one such that 
ns Ne <7 


In Case II—at least two values Am, Am1 in each double interval 


(bp-i lpi» P= Q, En L; = 2; aia 
such that 
° lop—t < Ta = lon = Amt < bia = (89) 


To show that there are exactly two roots in (lay, bas) we make use of the 
separative property of the rocts of P31, Pofand their derivatives. Obviously 
there must be an even number of roots, since we count a double root as two. 
If a double root occurs it must fall at lp} by (€4) and Lemma III. Then 
by Lemmas II and I there can be no root elsewhere. If there is no double 
root, there ‘must be less thar four roots, for otherwise there would be at 
least two in one of the intervals (lop, lz241), (lz»}1, lopy2), which violates 
Lemma I. | | 

Similarly we can show that there is exactly one root in the interval 
(h, fg) and exactly two for Case II in the intervals (eer ləp41) provided we 
count a double root at l once each in the intervals Uo, L), (l, ho). Thus the 
Theorem is proved. 

COROLLARY. For |X| large, O(1/rn) = 0(1/nz), |n| large. 

Professor Hurwitz has shown that for A| large, tn = nr + h + O(1/n), 
where 6; is a constant. Thus the intervels (ln, Inga) for. |A], |n] large are 
- of length 27 to within O(1/ni. In each of these intervals for n odd or even 
according to Case I or II by the Theorem there exist just two values dm, 
Am+-1 Of A which are roots of D(A). Since in any finite interval of the A-axis 
ee are but a finite number of roots l, or Xm, for |n large enough we have 


„A= E E 0 = |k| So, 
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where s is a finite integer positive or negative, provided we begin to count 
the ls and Ns so that hb = 0, ^o = 0 and li < 0, `i < 0. Clearly then 


he =m +er— b+ +0(7) (90) 


and since nr is the dominant part, 


i ie 1\. 
0(<) = 0(--): q.e.d. 


THEOREM V: If (tin, Wn) corresponds to Nn defined as in the previous Coroll- 
ary, then this solution of (1), (2) takes the asymptotic form 


fute) sin co + P(z)] +0 (i) 


| nly = cos [nrz + P(x) |+ 0 (=), 
when |n] is large. 
By the Corollary of Theorem HI D(A) will have a root when 
| S C aa 
sin 1 + — se H 0 (x) 92 
[éd) + ¢] “am ON (92) 
or when ; 
E) + » = sin _+ 0 (=: } (93) 
Vip ap 


since by Lemma V, Section I, |C| = vAd?-+ B°, and by. Theorem IV the 
right member of (92) must be numerically = 1, also 


aes -C a on” ee 1 
alara (3) |= eet (3) 


and for A = An, ys no. 
i ENE 
A a 


Hence from (92), since by (58) C > 0, DAN) = 0 when 








ala) + blæ) 2. aa C 1 
ea ia a a a == t0(-), 
and for m odd 


m = met y— RETO de ooft), 


E (94) 
Mee = (mt Dev $I TO ae— e+ 0(=), 
in which y is the angle in radian measure between 0 and 7/2 inclusive 
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“whose sine is KOAT VA? + B?, Clearly (94) may be expressed as 
1,8 + 


a a fe 





aseko (=). alln, (95) 
where |n|, |An| are large and m = n + s. From (42) 
ula) = sin (E= w) +0 (È), 


aa) = cos (E — 6) + 0(5), 


provided we choose 
a = — sin bo, B = ccs bo. 


This is always possible if we ‘divide u(0), (0) by VT u(0) E + [0(0) F and 
call the quotients a, 8 respectively. Then by (95) 


Un(e) = sin [mre + hw + 4 SrlLals) + (8) lds — 6] + 0 ( =) : 


W(x) = cos [mre + box + $fy'La(s) + ble) lds — 6] + O (5) 


where 
. a-+- t 
2 





dz — 


b = (— 1Y — fr 
and the formule (91) follow, provided wé define 
Pla) = ue + sre + SELLE ay — 6 


since m = n + s, 0. = — k + 6; as shown by (90). 
COROLLARY: If we normalize (Un, vn), it will have the same form (91). 


Section IV. Expansion Theorems. 

THEOREM VI: If two otherwise arbitrary functions f(x), g(x) satisfy (2) 
and have continuous second derwatives, 0 & x 1, then they are expansible 
‘an the form | ; 
f(e) = Dentin(z), 

ae (96) 
g (x) = Litntn(a), 


where 


tn = SELf@)un(a) + gaile) Tee, (97) 


and (Un; Un) represents the set of normal orthogonal solutions of (1), (2). 
In case Ny 18 a double value we count it as two and take any two linearly 
‘independent normal orthogonal solutions for that value of N. 
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Let us first show that two solutions (Um, Um), (Uns Un) of 9, (2) for’ 
different values of ` are orthogonal, L.e. 
So'LUn(s)tn(s) + onlay (OJ - =Q. ` (98) 


It is only necessary to apply Lemmas I, III, Section I, and divide by 
Amn — Xn» Obviously they are easily- TOPE ONEN by dividing in the case of 
(Um, Um) by VS (uz + de. 


If we assume the series of (96) to be aiai convergent, then 


Sal f(x) Un(e) + g(t) mt) Jle = Cn 


and the series become _ . 


k > wed SHO) + ee) Ve, i 
2 Vn (x) SEL EUn lE) + Pen (x) de. 


To. study these we assume |An| > [a(zx)|, also >-|b(x)|. We have 
ule )— (An “+ a) D(X) =0,, ME 


OTER S wia) + An + b)un(x) = 0. 
Then 





FF una de = = fit EP hade TEES 
D Fema) f(a) 
-|- emi | + Somnlt) 7 el ae | 
B Fin ., u(x)’ d 7 
-Í S| + cele rele 


But since by the Corollary of Theorem IVO ro( +) =.0 (=) = 0 (=) ; 








for k | laige, we have ` 


d a fle) mak: TOLON 
de\% tbe) Mtb Dat bP 0 (=) $ 
Mn Hal) ` M+ a eee 


. 1 ' j (a 1 Š : l 

`. - Sofunda = |- ma a + 0 (= )* | 
„= | 2 |? ay" 

Sinde = | P| +0 (32) , 


= Jun fon |} 1 
a= | SB- Salto G) 








Similarly | 





Hence 
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or 


1 a 
aaa a [gun — fon |i + O (=) a (100) 
_ Since by hypothesis f, g satisfy 
Ui(f, g9) = U(f, g) = 9, (101). 


by Lemma ITI, Section I, en = O(_/n?) and each series in (99) converges 
uniformly. If f(x), g(v) are exparsible, we get the series (99) for them. 
To show that these series converge uniformly to f(z), g(x) respectively, 
we define 


F(x) = D Unlo) fol (unl) + POE) dt; 
Ga) = > on (2) ITEN) + (eo) He 


Then formally we have 
SOLE (2) un(a) + G(x) on(a) da = PL EYun) + g(a) on (x) Jde 


So {LF (@) — f(x) Jua(e} + LE@) - oe ) Jon (a) } dæ = 0, 
n=0,+£1,+2, 
If now we define 
F(a) —f@)=¥@), G) — g@) = — o(@), 
then by Theorem II we have 
| F(x) =f@), Gæ) = g(), g.e.d. 
Tarorem VII: If f(x), g(x) do not satisfy (2) but possess continuous 
second derivatives as before, the series 
pes + [erus(2) + cruite] + Lezuzle) + c_ou_e(a) | ENEE (192) 
cool) + Lema) + ewi) ] + [Leove(w) + ewl) ] +--+, 


converge uniformly to f(x), g(x) for 0 < e S&S g = 1 — e < 1, where e is an 
arbitrarily small positive number and (un, Un), Cn are defired as before. 
We have from (100) | 


Un me 





[o(x)un(2) — f(a)on(x) To + O (=) 


Crun (x) = 


Hence by (91) for |n| large 
(— 1) Kruni) — Kota (2) +0 (=) 


_ Cnlin(t) = m 
where 


Kı = g(1) sin Pt1) — f(1) cos PO), 
Ko = g(0) sin P0) — f(0) cos P (0). 
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Again ` 
. _ (— Kruls) — Kou_n(2) 1 ) l 
C-nU-nke) T a 0 2 
Hence , 
s ORIS ox IYK: 2 Ko i 
Crlin(%) F C nunl) = (= =| | Un — Un l 
But 


Un(x) — u_,(x) = sin [nre + Pæ] — sin [ — nrz + Pl&)] +0 (<) 


= 2 sin (nrg) cos P(x) + O (< i 


Cnn (22) + Conun (E) 
= 2 eos PG) | Ka ye T — eE .). 


— ])"esin NTE © sin nrg 
The coe, ee, ee 
nz] nr : neo] 


converge uniformly, for 
O0O<eS32351—e< 1, and since we get a similar expression for, 

Cen (C) i Canta), 
the rest of the proof is like in the Theorem above. 


Section V. Further Results on the Distribution of Principal Parameter 
Values. 


Without the use of Theorem IV we can show that for the case in which 
Cl < VEF BF, 
DN) has exactly two roots in each interval 
[Qk — 1)r, 2k + 1)r], |k| large and integral, 


which have the asymptotic form (95) for |n|, |X| sufficiently large. With- 
out loss o generality assume (58), then by definition C = 2. Then 


JVF B-2=E>0. (103) 
By (50) ` 


DO = VA + B sin [é(1) + oe] + C+e, 0=|K| <M, 
for |X| large, or 


Dr) C K’ 
= sin A+ Toe 
A? — P VA? +B? A 
where : 
A= £1) + g. (104) 
For A = (2k — 1)r or Žkr, and |X| > Ag, 
DN _ 2 4 K ” 


JEFE VEFE N 
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For A.= (Al — 1)7/2, and |A| > A 





DO) : 2 Ki -Ë — 
=—] om shai gree S "<0. 
VEFE IFE N Greets 


Let Lı be the larger of Xa, Az, then for [A] < In, DN) must have at 
least two roots in the intervals (2k — 1) < \ <.2kr: Since for 2kr = A 
= (2k + 1)r, sin A = 0, Did) has no zoot there. ,. To show that there are’ 
exactly two roots in the. previous interval we useé > the fact that D(A) .= 0 
only when 





a 
vA? + BR A 
It is obvious that for |» | > some Ls the rigkt member i is always negative 
since.|K’| < M. If Lis the larger of Li, Le, shen, since 





and when |A| > Ag 


we have ( 
0>smnA>-—1 |X >L 


Obviously there are just two: ‘values of E in any [(2k — r: kar | 
interval which satisty this inequality, i Í &, t | 


n= k—Detyto(P | 
prea ETES 
-2 | po 
a ae (— Lyerly + +o(2 ): 
for |m] large, and by the definition of A 


Came feet! a e+ (3 po 


where sin y = 





when |n| is large; or since in each 2r-interval , ‘there are 2 values of A 


we have tt! P A 8 


M = nrt om t (= yty — -+0 


s being a finite integer. 
Casr of C? = A? + B?: Here the cbove reasoning dos not ont and 
we attack the problem by getting a more accurate asymptotic expansion 


i . 
j 


-© Camp: An E: xtension of the Stur mole Expansion.: SI 

for D(A) and D’ ~). If we dssume l l iu ° 

| ule) = | ue + Y +44. |, | 
oa) = [wt E+ S4 |, 


then substituting in (1) equate coefficients, we are led to the expansion 


“4 
+ Be E 


Ei 
ula) = Aol + Bt + DEEE 
£7. Ei- 
olè) = Cet + Doe + 2 aa ’ 
or since we.restrict A to renl values, to. O 
Arcos -+ B, sin é 
e 
Or cos é + Dk sin £ 
Ano 
where £ is defined as in (44) end A; B, c D are independent ofA. | 
We may show that (ay) = (88), (œ) = (y8) so that 
A = Xay), “B= 20d), C= Xap), 
and since (&8) = 1, we have ` . | 
DA) 
vaz: 
in which (in, v1), (uz, v2) are defined by (12) and ¢ by (52). From (50) 


we can show that D’(\} has a root in the interval 


(2k — 1)r + 4r < A < (2k — 1a 43 Bor, * (106) - 


ulg) = "A cos £-+ By sin f+ È 
(105) 
v(x). = Cocos £ + Dosing +X, 


= 14 [l) > Ji cos o + Lur(1) + (1) JB sin o, 


By putting (105) in (1} and equating neman we get a set of equations 
from which we can solve for A, B, C, D and if we pur that’ value ‘of A in 
for which i a 0, we obtain oe 


DA — sa cos etmi IE :)> 
wherein a 
mı = 7a(1)—3b0), m= - 4a(0) — (0). 


Hence D(A) will have two roots in the interval (106) unless 


Case 1) mo = m = 0; 
Case 2) - ¢ = cos! (ay) = sin (a6) = am, m= Mp. 1 
Case 3) g= 0, m=—m. ` . 
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*: By extending the calculation to the fifth set of functions As, Bi, Ca Ds 
we find that D(A) will still have two roots in (16) for Case 1) unless 


2 ` z 
m + 2mm cos 29 + m = 0, 


l.e., unless 
; 1% m = m = 0; 
27, a aT, Mo ace “15 
3. og =0, m= — m; 
in which 


mi, = 4a'(0) — $80), mi = }a'(1) — 4b'(1). 
_ The same is true for Case 2) unless 


(m, — IM)? + 4mh — a= 0 
or + i 
A f t 
ae mi = mo hy = hks 


= $o(1) +400), b= 4a + 150). 


It is uae that by this method pee would also be Jowi to bave 
roots for Case 3) unless 


(mi + mo)? + dino(th + b)? = 0, 


and that if one should continue the fom puleuor one would find that DO 
possesses roots unless 


where 


I. m = m = m = m =m =m +--+ = 0; 
. d d rt ld 
II. = 4r, m= Mm, Mm = Mm, Mm =m, 
H. go =0, m=— m, m = — n, My =—M, 
It is interesting to note that for a restricted case of I, namely 
. alx) = b(x) = 0, 
D(A) possesses only double roots, provided 


= yı = f = ô = I, 
i a = y: = 6, = 6, = 0. 0 
Here. 
DN) = 2+ 2 cosd, 
X= (2k — Ir, 
in fact 
1+ cos À, si A| 


DA) E sind, 1- cosà 


This leads to a special case of Fourisr’s Series in which the terms involving 
. sin nrz, cos ntg for n even are wanting. 
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, Another interesting result is the following 
THEOREM: A necessary condition that the determinant 

= Ulum) Uuw) 

PN = | Ualumw) Ualuzw) 

be of rank zero is that (aß) = (y8), where (1, v1), (ue, v2) are defined by (12). 
We have 


| Ulum) = ai + yill) + 601(1) = 0, (108) 
Ulum) = ae + youll) + don(1) = 0, ' (109) 
Ui (uste) = Bi + yrl) + d1v2(1) = 0, P (110) 
Un(ust2) = pa + Yaue(1) F d202(1) = 0, d1) 
Multiply the first twe R by 42, — 61 respectively, then 
(a6) + (yd)w(1) = 0. (112) 
Similarly using — qe, a, on the last iwo we have 
(eß) + (ayu) + (a)n) = 0. (113) 
Again using Yo, — yı to multiply tbe first two, we get 
| (ary) — (y8)n(1) = 0. 44) 


Combining equations (112), (114), (113) we obtain , 


u(1), %(1) 
ue(1), v2(1) 


(cB) = (y8). Q.e.d. 


(aß) "T. (yô) = 0, 








or 


CONFORM L TRANSFORMATIONS OF PERIOD n AND GROUPS 
GENERATED BY THEM.* 


- By HARRY LANGMAN. 


INTRODUCTION. 


Professor Kasnert has discussed the characteristics of groups of trans- 
formations generated by conformal transformations of period 2. He con- 
sidered both the “ direct.” and what he terms “ reverse,” or “ improper ” 
transformations. The former type may be represented in the form 
Z = f(z), where f(z) is analytic at the origin, and converts it inco itself. 
The latter type, termed a “‘ symmetry,” may be*represented in the form 
Z = f(z), where zo is the conjugate of z. 

In discussing direct transformations, Professor Kasner utilizes the im- 
plicit form | 


ES 


Z+ z= do(Z— 2} + da(Z— aH e, 


which includes every transformation of period 2, and every solution of 
which, for arbitrary values of the coefficients d, yields a transformation of 
period 2. In considering the conditions under which a given transfarmation 


+ 
L= gT t t e H o 


can be factored as the product of two transformations of period 2, Kasner 
obtains the condition c3 — cy = C, besides the obvious condition c = 1. 
If ec. = 0, further conditions must be satisfied. 

In the case of reverse transformations, the given transformation can 
always be factored into two “ symmetries ” if |c] = 1, and the angle cf cı 
is incommensurable with +r. If the latter condition is not satisfied, then 
the given transformation can in any case be factcred into four symmetries. 

It is the purpose of this paper to generalize the results obtained by 
Kasner to include transformations of period n. In the case of direct trans- 
formations, it is remarkable that no such necessary condition as that 
obtained by Kasner upon the coefficients followirg the first is found neces- 
sary for factorization into transformations of periods greater than 2. In 
the case c; = 1 there is, however, a non-zero relation between the coefficients 
immediately following the first in the given transformation and the period 
of the factor transformations (the periods of the latter then being neces- 

i Presented to the American Mathematical Society December 23, 1920. 


+ “Infinite Groups Generated by Conformal Transformations of Period 2 (Involutions 
and Symmetries),” AMERICAN JOURNAL OF MATREMATICS, XXXVIII, 2, 1916. 
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. sarily equal). In any case, this condition can be-obviated by either changing ° 


the period of the factor transformations or factoring into three transforma- 
tions of given period. The complete result is given in Theorem VI. 
In the case of reverse conformal transformations; it will be shown that 
all such transformations are of irreducible period 2; therefore no others 
-exist than those discussed by Kasner. | 
_ The parametric form utilized for transformations of regular period is a 
general solution of Babbage’s equation,* and the reduction ‘to the form 
f =g eg yields of = eg, a special case of Schréder’s equation.f 
In the following discussion, the terms function and transformation are 


used interchangeably, and questions of convergence are not gone into, the 


analysis being purely formal. 


PRELIMINARY Discyssion; Paramerric Form or PERIODIC 


t & TRANSFORMATIONS. 
1. Let f(z) be defined by | 
| f(z) = Ma Doz? + Aaa poe, a (1) 
where \; < 0. We may introduce the notation 
Aa =f a = fLA@) ls .s=1,2,3,---. O B 


Assuming the transformation defined by (1) to be of period n, we have 


fa) = 2, fan+s(%) = f(z); k= 1,2, 3; ey _ (8) 


We have obviously | 
Meh oo. | (4) 


If in (1) we choose A; = 1, we have 
faz) = 2 + mdz? + ++; 


hence we must have M = 0. Similarly, all the’ other coefficients vanish. 
Hence we have | | l _ 
THEOREM I. If the transformation 


Mgt Ag? Aged + --- 
be of period n, we musi have Ni = 1; of ^= 1, the transformation reduces 
to identity. 


* S. Pincherle: “Functional Equations and Operations,” Encyklopädie d. Math. Wiss., 
II, A 11, and Encyclopedie d. Sci. Math., II, 26. Also O. Rausenberger, “Lehrbuch der 


Theorie der periodischen Funktionen,” Leipzig, 1884, p. 162; A. A. Bennett, “The Iteration - 


of Functions of One Variable,” Annals of Math., 2d series, 17 (1915). 

ł Ibid. In our case e is taken so that e = 1. G. A. Pfeiffer; Trans. Am. Math. Soc., 
XVIII, 2, pp. 185-198, considers the complementary case, |e] = 1 with incommensurable 
angle, and discusses the convergence and divergence of the solutions obtained. 


ae 
aN 
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2. Assuming (1) to be of period n, we may write it in the form 
f@) = eat MEHA H esL (5) 
Suppose now e not a primitive root of eœ = 1. Suppose eR prituitive root 
of © = 1. Then rm = n, where r > 1. Denoting fm(2) by g(z), we have 
gr() = frm(z) = 2. 
We have obviously g(z) = ez + ---; hence, by Theorem I, 


g) = Jm(Z) = 2. 


Hence the transformation (5) is of period m.. We have then 
TueoreM IT. If a periodic transformation be expressed in the jorm 


ae os” + Aga? + es, 


where . 


then the transformation is of period m.* 

Hence in the form (5) we may conveniently restrict ourselves to the 
case where e is a primitive root of ẹ = 1. In the following discussion, we 
shall presume this to be the case. 


3. Suppose we consider the n variables z1, 22, -- ‘, Zn, between which 
we have the n — 1 relations | 

Ze = fle; t= L "E a n— l; (6) 

where l l 

f = et Me t M + oe, (7) 


e being a Per nth root of unity. We may introduce the near sub- 
stitution: l 


Z= € En etg oes H east o + atn t= 1,2, ---, n (8) 


This is reversible; we have 


» 
i 


ts = 2 (ezi + ha E ae ik a? ten wi een) s =e1,2,---,n. (9) 


By means of (6) and (7), each See z can be T formally as a 
` power series in 21. We have l 


ze = elgi + +e; t= 2,5, N (10) 


* If (5) take the form 
- JE). = a +e + ees, 
fale) = ¢"2 + eA l + Pe | - 0—1) + a as emra) Par + 
Hence if r — 1 = 0 (mod n), we must have A, = 0. Hence the next coefficient to appear 
after the first cannot be of order kn + 1. 


we obtain 
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From (9), then, o . 
vy = € tg, + oot, (11) 


From (11), we have z, expressible as a power series in xı. Hence from (10) 
each z is so expressible. From (9), then, each x can be expanded formally 
as a power series in a, with coefficients uniquely determined i in terms of 
those of f in (7). We may then write 


ty = As, 11 + As, 22? + ese As, Gee cep 8 = 2,8, +21, (12) 


Hence the n — 1 relations (6) among the variables z may be replaced by 
the n — 1 implicit relations (12) where each variable x is expressed in terms 
of the variables z in the form (9). If zz is defined in terms of zı in the form 
(7), then we may introduce the additional variables z3, 24, -+*, 2n, similarly 
defined; hence z2 may be defined in terms of zı in the implicit form (12), 
involving the elimination of the additional variables zz, 24, - "ty Bn: 

4, Suppose now the transformation defined by (7) to be of period n. 
Then, since 2; = fr-1(21), 


Bapa = fala) = 21 = fr). (13) 


Using the substitution (8), we have then the following n relations between 
the variables v: 


ent o H Pan tooo te "Sn | 
= flen A -F ertt e H ean), 
etig +. si Dg, di, de MDa, 
= NE tı aN a etz t+ - + + etn), (14) 
tyres + ety ft id CY, 
i i ueu Gate +- iets -+ EnD y, + imi -4 POTD Tn), 
Etre t ert ees apeti 
ae f(a p ete tt ph ty). 
. From the previous discussion, we note that the first n — 1 of equations 
(14) will yield unique expansions in power series of 2, in the form (12) for 
the variables a2, 23, «++, %. We may represent the relations (12) in the 


following notation: 
a, = @,(21); s= 2,3, A. (15) 


If we now introduce in (14) the substitution 
Le = Ys; g= l; 2, cots Ny . (16) 
equations (15) become 


e Ys = € *8,(ey1); 8 = 2, A ery The i ` (17) 
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We should observe, however, that the last n — 1 ET of (14) also 
yield definite power series in a for the other variables x and that these must 
be identical with the relations (15). But on introducing the quantities y 
in the first n — 1 equations of (14), in the form (16), we observé that the 
relations between the variables y are identical with those. between the 
corresponding variables x in the last n — 1 equations of (14). Hence the 
relations between the variables y must be the same as those between the 
corresponding, variables æ. Hence we have , 


Ys = bly); 8 = 2,3, +++, h. © (18) 


These of course must be consistent with a7). <a . | 
O,(y1) = e0, (eyi); s = 2, 4, , (19) 


Replacing yı in (19) successively by ey1, we obtain, on ‘aeons the sub- 
script, f 
O,(y) = E0 (ety); 8=2,3,-+°; t= 1,2,3,-+. (20) 


From the form (12), (20) may be written 
Oe a> WA: vit. aaa cis PTO 8 on. iON 
| 
Letting t assume the range of values* 1 to n in en, and adig the resulting 
series, we obtain the form ° | 


(y) a As. sy? + Ás, ai + Ag, spy t" -+ ean | > 2, 35 sey th. . (22) 


From the form of the series (22) we observe that the double subscripts 
are not 1 now necessary. We may then write the series (15) in the form 


tg = Ay} + anpi + Qonga T e 
z3 = az? + Angst + anpati + ---, , 

; | . (23) 
Ls = Ast} + cea + tanta T st ty 


Joca 


li 


Ont} n ok E Agnti” T 


Replacing the variables 2 in (23)f by the cee oda expressions In 
the variables z from (9), we have then n — 1 implicit relations among those 
variables in place of the n — 1 direct relations (6). | 

5. If we now write | l 


Tn 


HG lg Eez + oe + ee + ee Fe) me ys (24) 


* This is equivalent to permuting the substitution (16) in a (14). 
T These equations have already been obtained by Bennett, loc. cit. 


Ld 
r 1 ` 
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equations (23) may be written 


cate “Went + em a -HE zn) = agr? t angar" PH 
. be ete "at: «+ Et PEPES +- ere) a Ast? + anys” t4 see, (25) 


I. = a | 
= ("art Eet e e HE h: a Cn) = Out ant y 
n i ' 


Multiplying equations (24) and (25) seriatim D e, e e E ee ce 
and adding, we obtain 


ze = er + ela? + anma + +++) 
F T l 
+ etar H angar" $+) (26) 
Aia 
O H Eaa + ant H ++), 
for all values of ¢ from 1 to n. If we now define the function ¢ by 


CO hl 


“Cay eS Gma es: ) (27) 
i ke0 r=l : 
equations (26) take the form 
= ler); FHL Zen. (28) 
In particular, ) 
= (er), %= oer), (29) 


which are equivalent to 
z= g(r), 2% = gler), 5 (29°) 


ETA % as a function of zı in ane of ihe parameter r. Furthermore, 
every pair of equations (28) determines either z uniquely as an integral 
power series in the other with coefficients expressible as polynomials in the 
coefficients a in (27) of the’ same and lower orders. ‘This is obviously also 
true if instead of ¢ as defined by (27) we use the more general form 


Wor) = rt Dae, | (30) 


6. From the form of equations (28) we observe that if for an arbitrary 
set of coefficients a we obtain z = Fes); we must also have z3 = f(z2), ete. 
Hence 2n41 = f(z). But z = 2241 = Bently etc. Hence zı = f(z), from 
which f,(z) = z. Hence f(z) is of period n: Furthermore, if z, and 2, 
be any two of the 2’s defined by (28), either is expressible as a periodic 


. 
+ 
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* function of iè other. If |æ — £| is prime to n, the order is also n. df. 
only equations (29) are given, or the corresponding equations with y 
‘Instead of o, the remaining z’s may be introduced in the form (28), yielding 
z as a function of zı of period n. Hence we have 

THEOREM III. Every transformation of period n, y = f(z), can be put 
uniquely into the form : 


z= g(r), = pier); ë=], 
where `- 


a n—i , | ; 
g(r) ma te ou 2, Minat Tn, 
=0 ¿=l 


and every solution of these equations for arbitrary values of the. coefficients 
defines y = f(z) uniquely as a-transformaiion of period n. ` 

In other words, a necessary-and sufficient condition for y'= f(2) to be a 
transformation of period n is that it be a solution’ of. equations of the form 

= g(r), j = p(er).* 

Hence the two forms are equivalent, and we may conveniently confine 
our attention to the inclusive form (29°). : 

7. If the transformation (5) result from the elimination of r between 
the equations (29’), then we obtain | 


dz = (eo — e)a; + (polynomial in W's and a’s of order <è), 
which can obviously be put into the form n 
h, = (é — e)a, + (polynomial in a’s of order < 2). . (81) 


The quantities a in (31) are arbitrary. For each new ^s, where ¢ is not of 
the form kn + 1, a new arbitrary a, is introduced. Furthermore, each a 
can be expressed as a polynomial in Ns of corresponding and lower orders. 
Hence the Xs in (5) of orders not of the form kn + 1 can be taken arbi- 
-` trarily, the remaining N's being then determined necessarily in the form 


Mentt = Bens Mes st) B= 1B ery (32) 


where the f’s are rational integral functions. Hence we have 
Turorem IV. If i 


y = e+ Mg H e e=1 
be a transformation of period n, ail coefficients of orders not of the form kn+ 1 


tlf n =2, e= = 1, and equations (27) and (29°) yield zı = r + ax? + agri + >, 
z3 = — r + ax? + art + -+-, from which 


Zo +2 Zo — 21\7 > Ze — 21\4 , 
ao = a (25%) +a (275) Re oe, 


the form utilized by Kasner. 
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„may jte ‘taken arbitrarily, the remaining coefficients being determined as neces- ° 
“sary rational integral functions of the coefficients of lower order. 

In other words, k(n — 1) out of the kn coefficients following the first 
may be taken arbitrarily. 

The relations (82) are then necessary and sufficient for the transforma- 
tion (5) to be of period n. If now, instead of (29°), we define the relation 
y = f(z) in the form 

z=W(r), y= p(er), (33) 


where y has the form (80), then f is also of period n. In other words, (83) 
is no more general than (29’). In this case too the relations (31) will not 
yield expressions in X's for the a’s of order kn + 1. On the other hand, the 
’s of order kn + 1 will be expressed in terms of a’s of order k’n + 1, 
k’ < k, as well as the other a’s. But since the relations (32) between the 
’s are necessary, it follows that the a’s of order k’n + 1 will be automatically 
eliminated on eliminating the remaining a’s from the expressions for Azn+1 
and the Xs of lower order. 

Hence, as already observed, any two equations z, = (er) and 
zg = (r), of. (28), or the corresponding equations with y instead of g, 
determine either z as a periodic function of the other. The period is the 
quotient between n and the greatest common divisor of n and |æ — £|. 

8. If the function 


F(z) = Are t+ Dow ee (34) 
result from the relation 
fO = Lege]; esl, i ` (85) 
where 
| gz) = Aiz + A? + 3; Ar #0, (36) 


then f(z) is obviously of period n. We shall now show. that every periodic 
transformation f(z) can be expressed in the form (35).* 

Suppose f is given where, symbolically, f” = 1. We inquire now 
whether -g can always be found so as to satisfy (35). This condition is’ 
equivalent to 


i gLF(2)_] = eg(2). , (37) 


It is to be observed that, whether we obtain f when g is given, or g when f is 
given, the same set oz formal identities obtained by equating the coefficients 
of like powers of z in (37) must be considered. These take the form 


- ÁM = edi, aN + A: = eA», a) 38 
AN ee ee. “ain oa 


We -observe that A; may be taken arbitrarily subject, of course, to fhe 
* Cf. S. Pincherle, O. Rausenberger and A. A. Bennett, loc. cit. 


62, LaNneMAN: Conformal Transformations of Period n. 


e condition A; Æ 0. We have ^; = e. Furthermore, each coefficient A, 
t < n+ 1, is expressed as A; (polynomial in Xs). Hence we have Ani 
expressed as a necessary rational integral function of )d’s of lower order. 
Similarly, \’s of order kn + 1 are expressed as rational integral functions 
of lower )’s and of arbitrary A’s of order k'n + 1, k’ < k. But since every 
solution f(z) where g(z) in (35) is given is of period n, we have then a set of. 
necessary conditions for the coefficients A of order kn + 1 of the form (32). 
Hence on eliminating the coefficients 4 of orders other than those of the 
form kn + 1 from the expressions for Agni and A’s of lower order, the 
coefficients Ajinyi (k < k) must be eliminated automatically, the resulting 
conditions being identical with those represented by (32). 

Furthermore, if (34) is given, we can find a function g(z) consistent with 
(35) only if the same set of conditions (32) are satisfied between the coeffi- 
cients A. But as just seen these conditions are none other than those 
necessary for f(z) to be a periodic trans“ormation of order n. Hence every 
transformation (34) of order n can be expressed in the form (35). Further- 
more, given g, f results uniquely, but not vice versa, since the coefficients 
of form Ajnii1 may be taken arbitrarily, subject to the single restriction 
A; #0. Hence we may conveniently choose 


A, = 1, Arati = D; k= 1, 2,.>%, 


ot which g takes the form 


gz) = 2+ J = antes? ee | (39) 


in which case, from thé form of equaticns (38), each coefficient A is deter- 
mined uniquely in terms of the coefficients A of the given transformation 
(34). Hence we have 

THreorEM V. Every transformation of the form 


fà =T] e=1, 
g(z) = Az + d2 + -->; A; ~ 0, 
is of period n, and every transformation f(z) of period n mgy be expressed in 
the form g H eg(2) J; further more, af we choose 

Aoi, d= 0; k=, 

the ree g(2) corresponds uniquely to f(z). 

In other words, every periodic transformation is conformally reducible 
to the form Y ='eZ, a rotation abouz the origin through the angle 27/n.* 

It is interesting to compare the furictions œ and g in (27) and (89). 
Obviously. each corresponds uniquely to the other and ‘either may be used 


in place of the other or its inverse in tke above equations. 


* A simple example of a periodic transformation is obtained by taking g(z) = 2/(z — 1), 
from which f(z) = ez/[(e — 1)z + 1]. 6 


where 
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9: `The method followed in the preceding discussion will enable us te 
Write down readily the general solutions of some special additional functional 
equations.. Suppose f given, where f” = 1, and it is required to find g 
where, symbolically, g” = f:* We may anticipate the number of arbitrary 
coefficients involved in the general solution. In that for g". = 1, out of 
imn coefficients following the first a proportion of (mn — 1)/mn may be 
taken arbitrary. For f* = 1, the proportion (n — 1)/n are’ arbitrary. 
Having assigned f, the proportion still remaining arbitrary is 


ET amaryl OO . 


Suppose f = gep, where e = 1, and suppose h the general solution of 
hm =e. Then g = ¢ “hg is the general solution of g” = f. We have then 
to consider the functional equation 4” = e. | 

Let œ” = e; then w™" = 1. Putting mn for n and w for e in (3) we 
observe that Zzm4s = e*%, Jor all values of k and s. Equation (24) becomes 


= (wr 1g, + wR + ea aa 
For all values of s += 1 (mod n), we have from (25) . 
mets fargo pM an) = alt E dager H 


for all other values of s the left members of (25) vanish. Applying the 
method of Section 5, we have 


z= Gi(w'r), 
where 


gilr) = r+ >o Giana Or. (40) 
Hence h is defined by — i 

z = g(r), h(2) = g(wr), wy = E, er == J, 
Hence the most general solution for g” = f where f” = 1 is given by 


| g = gthe = ¢tywer'y.t 

* This is a very special case of the more general problem, the solution of which is 
equivalent to finding an n-section of a curvilinear angle in the sense employed by Kasner 
as an extension of the idea of symmetry and corresponding bisection due to Schwarz. 
See G. A. Pfeiffer, “On the Ccnformal Geometry of ABaITHE Arcs,” AMER. JOUR. MATH., 
XXXVII, 4 (1915). 

{A less specific form may- be abated more drai Suppose g in form Alw). 
Then AIA = f = glep, whence gle = eph™. Putting u for gr we have ple) = ue); 
hence » must be of the form u(z) = z8(2"). Hence if ọ is given we may choose A = pie 
jo g = Ao = puou ty es the most general solution of g” =f. By Theorem V it is 
evident that there is a sufficient number of arbitrary constants, though not indicated in 
the very explicit form (40). 
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+ We may similarly write down the general solution of the functional | 
equation 

| z+ fe) + fae) +--+ + fei) = 0. - 
We observe that if 1+ f+ ---+/*" = 0, then f — 1=0 and f is a 
periodic function. The converse is not necessarily the case, as is readily | 
verified in the special: case 


Shi title tie é=], 


which satisfies f? = 1 but not 1 + f + P = 
We note that the left member of the oe of euiations (25) vanishes 
according to this condition. The general solution is then at once written 
in the form . \ 
: z= g(r) fiz) = peler); 
where 


n—2 


plz) = 2 Wega 2 Okn+s patien, (41) 


Similarly, the general solutions are Jid for equations formed by 
equating any of the left members of (25) to zerc. ` 'A similar result may be 
obtained when the condition (yielding n — 1 similar conditions)’ is a 
linear relation obtained by eliminating s — 1 2’s after equating s of these 
expressions to zero. ~ ! 

It may be shown that, corresponding to every periodic function f, 
where fa = 1, there are others F, for waith, symbolically, 


1+ F+ + --- 4 Fed = 0.*- 
* Instead of.the substitution (8), we may effect the substitution 2, = 9 7] an, t 
(k = 1, 2, +++, n), where the æ’s form a set cf orthogonal numbers. We shall for con- 
venience write ap, nig = @pin, g = Qp, q and choose az,, = U~vn (k = 1, 2, «+, n). 
The last requires 07_) @s r =0 (r =1,2, n 1). 


We have then n equations in n ws. Each n — 1 of these determine all w’s in terms of 
Ui. Ue = Oklu), = 2, 3, +++, n. Further, the functions so determined are unique. 


We now introduce the further substitution uz = S["=} Bs, Mi us = Va (k = 1,2, ++, n — 1), 
where s, : = pea Qp, net, te- It is readily verified that the (n — 1)? quantities 8 form a 


set of orthogonal numbers. oe 
We now have i 


n M | n=l. 
= 2. Ok, hy = Ak, nUn + 2 Oh, t > Bı, aUe 
tox] azl =] 


n—l nl 


T 
= kg-l, nUn + L ( Va A Ak, Bt, .) 


n—} KI 
= htt, nen + be [p 3 (en # 5 Œk, ip, :) 
pol t=1 


smi 
to L 


== 2 Je(-3 = E Opet,s F Akya, )| + Akti, nn 
om > Ck41, ass 
amal 
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7 - FACTORIZATION; GROUPS OF PERIODIC TRANSFORMATIONS. : 


10. Kasner has considered the question whether any given transforma- 
tion may be factored into two transformations each of period 2. In other 


Hence zx is the same function of the v's aS 241.1 is of the corresponding ws. But the latter 

are uniquely determined by any set of n — 1 equations. Hence the relations among the 
vs are the same as those among the corresponding ws. Hence the @-functions remain 

unchanged under transformations of the form us —> Y 72} Br, ln Un > Un (k = 1,2, +: 


n — 1). ` 
Putting F(u) = X3 bi, rOslu:), we have OCF (u) ] = POZI Br, p0p (u). We have 
then 
Peme | n } n—l 
Falu) = >> ie k Ter statu) | = >, | esta) 3 Sa i, ial 
lewd fo pæl 


Rem 1 E | ` 
=> este a (2 DY. Qs, 1541, e) (x DO Mey bAi, ) }] 
pe | $=] t=] 
N= i 
= ost X © Xa, 1% 41, p 2 Msi, XE, e) 
=i 


\ 7 
n ~- $ n Pe È , 
ou] 5 (a 1Œ3+2, p a 3+1 a) + >. («. 1@t+1, p >, Q&sat, kt, 9 H 
tx], 
Le 


3 3 2 
i il 
ph p — 


3 
1 


kert 





Ree J {hy ma 1 n 
= Oplt) | p Ls Qs, 102342, p i > Ms, 1%t+1, e) i 
\ l 


pat s=] H 2 t= 
3 a-+-IÆt 

C i ne 

= ol meee (3 at :) (3 Sai e) 
pasl ' s=l feU ; 
Pee |, e~l F 

[ plt) Èa s, 1@s+2, 5 2 Ap,2 Opla) 

5 pol 


if we introduce @p, 9 = ye s, 1S p 
Similarly, we obtain 


n—l 


Falu m > On, mO p(t). 
. p=1 
We have then 


n—], n=} Re L n—l n 
ui + 2 Fp (1) = Uy + 2, > af p(t) 2 Qy. | =U + p> eo 2 2 > 5 Xt, 1ta, | 
pe 
=u +u > (È, Qt, ihe, :) : 


geod 


+. Pee n te n 
+ >. Bop e Œt, 1%tr.9, e) E 2 Œt, yt, | 


pe? aml 
nm 
= Ui v U1 DY, ai = (), 


tx] 
The last result also follows from the relation Fin(ts) = > 7_) ett, 12t;m, readily deduced. 
In a similar way, we may also obtain 


Mom L n 
3m) (u1) = a (u D Ap, kptm, i); 


keel p=l 
where 


ae Ax (ur) = ODP), Orl) = Ora), 
yielding 


> 46) (ui) = 0, 


mz], 
from which the previous result also follows. 
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words, given F, can f and g be found such that, symbolically, 
F=f; f=1, gH 


We may generalize this inquiry as follaws: Given F(z), can f(z) and. g(z) 
be obtained where, with the notation (2), 


F@) = ( f@)]; fal) =% ae) = 2? (42) 


. We shall assume these functions to be defined as follows: 


F(z) = Kız + Koz" + K-28 + eers 
fe) = az + daz Mtoe all; (43) 
g2) = egz + m + ug + e - gll 


We shall assume here that eand e, are primitive xoots of unity of orders 
m and n, respectively. It is to be observed that all the coefficients \ and 
p in (43) may be taken arbitrarily, consistent with conditions (32).. For 
our purpose, we shall inquire more minutely as to the form a these con- 
ditions. 

11. From (29) and (27) we have the danno 


ear + (ea? + +++ amt”) A (eiam + +++ ++ Doi "EE 
= alrt (at -e t amr) + (ampar -o H aem) t * 





2 f H2 2m (44) 
+ Malr + (ar? t +++ + amt") + eal ++ an” Jepa L 
+ za L P- 
On equating coefficients these yield 
Ne = li — aa, M = (Å — Eas — 2(ef — ajaz ete; 
= , = O te. 45 
2 el — e ee Wane (same g 


Simila tiwo obtain corresponding relations for the coefficients u. Equat- 

ing the coefficients of 2?”t! in (44), and using the set (45), we readily obtain 
for (32) :, 

Apm+1 = 


son Nagin i $ 
él — , €l 


2(e n = ae see WD = Qi (261 = 1) (46) 
ats - Fléi + = em = ER 1) (pmis— 2) \) 
“er fer: a ey J 
+ (lower orders of- Ay: ' 


2a — PN Nom 43 — (pm — 1 
€i — 


and similar relations for usn41. The form (46) presupposes m > 2, 
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e 12. The condition F = fg ee the identity 


Kız ~} Koz* ia Kz’ s =z AGT + Aog? + Age? -+ g -) 
' + ulaz + M? + Aga? +--+ +)? 
l -+ mlaz + M? + Ms- eee 
i ae Ai ee a ee hs Hk. a Hey (47) 


If, consistent with conditions (46), and the corresponding ones for the 
coefficients u, the Xs and u's can be chosen so as to satisfy (47) identically, 
then F(z) can be factored into two periodic transformations .of orders m 
and n respectively. From (47), we have as a necessary condition 


Kı == E12. (48) 


Hence K, must be a root of unity. Equating coefficients of higher powers, 


Ke = era F euo | (49) 
K = eg + 2erroue + us, 9° . (50) 
Ra = eds H (eha + Nus + Beams + etua (51) 
Ks = e)s + (2e + 2rers) ue + (BetrAs + 36M2) us + 4e eua + eus (52) 


etc. The question now is, assuming (48) to be satisfied, can the Xs and 
ps always be chosen without involving necessary conditions among the 
K’s or the indices m and n? LEquating the coefficients of zt, 2°71, z2, we 
obtain i 


K, = [eM + eiu] + [ Zermode— ae a a DMa ~" 
+ [2rcue + 3e? u3 A l 
t — 2)§— 3 ' 
+ [ee m e A) $ jis 63) 


+ [lower orders of \ and a], 


Kiei = [Lemi T eiua] + Cea + eE — Due] E = 
. + [lower orders of A and p |, _ 64)" 


Kio = Leo + eiue] + [lower orders of À and u]. (55) 


The entire set of conditions obtained are necessary and sufficient for 
factorization. We observe that for each coefficient K, in these equations 
two new quantities A; and yu are introduced, which may be taken arbitrarily 
except for periodic orders of these coefficients. $ E the new quantities 
introduced appear with non-zero coefficients, f either M; or m is inde- 
pendent, the condition involving K, can then be satisfied. Hence, the only 
way for a necessary condition to obtain among the coefficients K is. for both 
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* the coefficients A; and u; to be condit:oned in jeans of coefficients of lowgr 
order in the form (46). Hence ¢ must be of the forms both pm + 1 and 
sn+ 1. We may write E 
t= m + 1 = sn -+4 i. ` (56) 


Hence i, and usin (53) are not independent. ‘These are then to be replaced 
by the equivalent expressions in terms of Ns and y’s of lower order, from 
the form (46). Hence a necessary condition for obtaining a necessary 
condition among the coefficients K is that it be possible to eliminate 
simultaneously the coefficients Az; and pı Irom the expressions for K; 
and Kı in terms of these coefficients and those of lower order. Using 
(56), the condition for this is | 


eil Zee m (t = 1)] 


26e — (— 1 
€ m él l €2 m Es °, 
which may be written | 
. re fee K 
(¢ = 3) £ a A -|+ 0 (57) 


The case ¢ = 3 requires m.= n = 2, already considered by Kasner.* We 
tiay then confine our attention to the condition 


(e2 a en) ha — (=i; ai 1) M2 = = 0, (58) 


and choose t > 3. If dz. and pe can be so chosen as not to satisfy (58), then 
no necessary condition is required among the K’s. The only condition 
upon these is given by (49). Elimineting m, we have 





Ky = z g, (ese — LAs; (59) 


Here Kz is assigned and dz completely arbitr ary. Hence we may choose 
Az so that (59) is not satisfied unless 


K, = 0 and. aqg—-l=0. | = (60) 


The latter condition requires Kı = 1. Hence we have the result 

If Kı 1, the transformation F(z. = Kız.+ «++ can always be factored 
into two transformations of order -m cnd n, the orders being so chosen that 
Ky = ee, where e and é are primitive roots of unity of order m and n 


respectively. 
13. Suppose now that Kı = ere = 1. Then we must have 
m= n, | oe (61) 
* In this case, e = e = — 1, (45) yield Az = — AZ, ws = — up, and (49) and (50) 


give K; — K, = 0 as a necessary condition, (48) requiring K, = 1. Cf. Kasner, loc. cit. 
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. gince e and e are primitive roots. Taking further K, = 0, we have 





H = — edo. - (62) 
If we now write (46) and the corresponding expression in w’s in the form 
» Nome = ea Nach Aen td Bet 
) -++ [lower orders of A], (63) 
Ment = ne = patten 1 Chait t Diere 


+ [lower orders of g], 


and eliminate d,1 and umi fawn a on (53) and (54), we have, on using 
(56), (60), (61) and (62), . 


=o 
Kita ae = Ke : 


i 2ez(t 
= jaan 4+- BN one 2EAN -+ SEIU — at) wie 
Bo l 


(64) 
+| «Cus + EDN + et — 2)As, 


2 me — 
g2 di -3 4 de-DE ae 
€ 7 él 


+. owe: orders of A and pi. ` 
Equation (55) becomes 
K ss = [e2 — ezu | + [lower orders of ` and u]. (65) 


The form of (64) presupposes t > 5. For the moment we shall assume this 

satisfied. -Here \,;-2 and uz in (64) and (65) can be so chosen as to satisfy 

both, unless the determinant of these coefficients vanishes. The condition 
for this becomes . 

) —— 5) 4 

eA — e(t — 2) TAs -4 [3e — al Jus, +- 


2 z= 0. 


Here ^ is independent "i the only condition upon à; and uz is (50). 
Eliminating u; we obtain 


In + MM + NK; = 0, (66) 
where L, M and N are rational expressions int and e We have 


t— 5 
N or -i Mo epe | z£ 0. | 
In (66), `z and A; are completely independent. Hence these may be chosen 
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So as not to satisfy (66), unless = 
L= M=0 (67) 


identically, and K; = 0. _On substituting their values for A. and C, we 
find these conditions fulfilled. Hence if Kı = 1, and K: = K; = 0, we 
must resort to further analysis. | 

14. For this purpose we return to the identity (44). If t be even, we 
may write the general condition in the form 


El = El -+ Ne 
+ Xz anaes =F a 
+. 
+ deal tk + Nadas 
+- 
-+ TA $ Kada Man, 


Min = tt Dora t+ (polynomial i in lower orders of a). (69) 


(68) 


where 


If ¢ be odd, we have the form 


iy = Ee + M 
+ MMe + aoe 
a 
+ Nes — bal ett . _ (70) 
zie 
T en pee r T ee 
F Aapo M usie 


From (45), we have a, and a3 expzessed in terms of the corresponding: 
Xs. Substituting in (69) for t = 4, we have a, in terms of Ns. Using 
(68) and (70), we finally have all a’s that appear in (44) expressed in the 
forms (68) and (70) where the M’s are expressed in Ns in the form 

k aa 1 
Mi. = r IEL p Ne + (polyaomial in lower orders of A), 
É (71) 


se = M L- (polynomial in lower orders of X). 


Mr = eH — ¢ 
If t— k= 1 (mod m), de first term stw in (71) is of course absent. 
The highest order of A that multiplies A+» 1s ^z+ı, and occurs only in the 
products MzpıM e-r and M-rMypi If t— k > (+ 1)/2, then ^p occurs 
only to the first power in (68) or (70). The coefficient of rk 1S 

k+ 1 t— k 


g JuL ) Aiti + (olynomial in lower orders of A). 
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If now we take ti— 1 a multiple of m, we obtain from (68), if ¢ oe even, 


ves N Nia + Na t oe: + Nre + ee + Nuy 


2 
: + ooa in lower orders of N), (2) 
and from (70), if t be odd. o. 
` A: = NNi -+ Neo -+ Moas + N kA ik -+ ee -+ EN utn An (73) 
+ (polynomial in lower orders of ), 
where S 
Niwa = MEENE Az+1ı + (polynomial in lower orders of A). (74) 


k+l 
€ 


If k= 0 (mod m), then the term of order k+ 1 in (74) is missing. If 
t = m + 1, every term is present. The relations (72) and (73) are simply 
more explicit forms of the necessary conditions (32). In similar fashion, 
we may now write out tlte corresponding expressions in the y’s, thus obtain- 
ing the necessary relations among the coefficients of f and g in (43). 

15. We shall now write (53) in a form corresponding to (72) and (73), 
and then apply once more the method of Sections 12 and 13. Referring to 
the identity (47) we may write, if ¢ is even, . | 


Ky = ede + eiu: 
+ Py Na © Qe, 2Hi—1 
ae 
+ Py, er + a belek (75) 
deta a 

a P,, VEUIEN 2)+-1 j Q: t/2/4(4/2)4-1 

-+ (polynomial in Xs and p’s of orders < 2D + 1), 


and if ¢ is odd, 


K; = EÀ + Ei t 

ET Py Aa v Qi, Hi1 

He : 
+ P, = ik + Qn khi- ` (76) 
4. 

e a T nn eee i Q, ailea F Qe, UHOM 
-+ (polynomia] in X’s and ‘y’s of orders < (t + 1)/2), 

where 


Pung = (k + 1u + dower orders of \ and u) (TT) 
and i i l 


Qi, ei = (t — kiN + (lower orders of N). ` (78) 


All Xs and ws in (75) and (76) are independent except those of order 
pm-+ 1 orsn+ 1. We now examine the cases determined by (58), (60), 
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(51), and (62). In that event A; and ps in (75) and (76) must be replaced . 
by the equivalent’ expressions of the form (72) or (73). If t=n-+1, 
then all the remaining Xs and ws in (75) or (76) are independent. The 
coefficient of Az+1 in (78) becomes (t — bje *, or (t — kje. 

Substituting for A, and mi in (75) their equivalent expressions, we have 
for ¢ even 


K: = FEN 5 Foii 

+ a. 
iy Bho + F facies . (79) 

-+ Budama a F t 2k21 

+ (polynomial in )’s and u's of orders < (2) + 1), 


and from (76) for ¢ odd a . ` 


K: = Era a F 2il 
Tam . 

+ Bude + A let tk 

aS 

T AE N + F (1—1) 12i t4-3)/2 l (80) 


{d © l €1 i ° 
+ (? N epia + Qi, (HIMI + 9 Posnnnarnn ) 


+ (polynomial in X’s and p’s cf érders < (t + 1)/2), 
where = . 
Ent = Pi, ga F eNi © Fip = Ge a1 t eTe ©. (81) 


where T is the expression in y’s correspor-ding to N in (74), and has the form 


elk + 1) — ¢ — k) 


Et 6 ur+1 + (polynomial ir lower orders of u). (82) 


Tati = 


` 16. From the form of (75) and (76) we may write 


Kiei = deat bei ° 
+ Pi, od t-2 -+ O-1, 2M2 (83) 
T Pi, 3A t3 F Qi, 3Ht—3 
o a 


` and similar expressions for the lower orders of K. 
Comparing (83) with (79) or (80), we observe that K; may be taken 
independent of the lower orders of K unless 


Ee F; 


€& Il 


=0 (84) 








M A 
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identically. As already seen, this reduces to (57), involving (60), (61) and 
(62). Assuming (84) satisfied, and eliminating \.1 and pı from the” 


expressions for K, and Kiai, the eliminant and the expression for Ky» 
can always be satisfied by a proper choice of the Ns and y’s involved unless 
A: and ug can be eliminated simultaneously. This obviously requires 
that the coefficients of Aei, Mi-1, A2, and us in the expressions for Ks 


* Ka and Ko shall be linearly dependent. The condition for this is that 


all 3-rowed determinants cf the matrix 


Eo Fy ks F; 
e 1 Praz Q2 
0 0) €2 er? 


| 
(85) 














vanish. 

Assuming (84) satisfied, the second column of (85) may be replaced by 
0’s, leaving but one determinant for consideration. Since Æ; and F; are 
the only expressions containing )’s and y’s of order 3, we have as a necessary 
condition, on expanding according to the minors of the elements of the 


first column and using (62), 


e 1E; — eF; + (polynomial in Ae) = 0, 


the -polynomial being in fact z multiplied by a constant. Using (74), 
(82), (77), (78) and (81), this reduces to 


— F i 
Z =Ë (eds + dude (polynomial in M) = 0. (86) 





Here ^ is completely independent and ^s and ys restricted only by the 
relation (50). Assuming for the moment that ¢ + 5, and using (50), the 


last equation becomes 
K + (polynomial in ^) = 0. (87) 


Here K; is assigned. Hence \, may be so chosen that (88) is not satisfied, 
unless K; = 0 and the polynomial in ^ in (87) vanishes identically. Both 
of these conditions are necessary if there is to be a necessary relation 
among the K’s., In Section 13 we found that the Polyani of (87) does 
vanish denial: 

17. Assuming now K. = K; = 0, and following the same reasoning, 
Acin As A3 and the corresponding ws may be chosen so that the condi- 
tions for Ki, Ke3, Ky». and Ks are all satisfied unless the coefficients of 
the ’s and pws in these expressions are linearly dependent. As before, 
the condition for this is that the matrix 


Eo Fa E; F; E, F 

e l Pere Qen Pens Qes (88) 
0 0 €9 €, 71 Pi, 2 Qi», 2 

0 0 0 0 é 4 
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be of rank < 4. Since in (84) and (85) the last columns are linearly 
“expressible in terms of the previous columns, we may replace columns 2 ard * 
4 in (88) by 0’s, leaving but one 4-rowed determinant for consideration. 
In (88), E, and F; are the only elements involving }’s and y’s of order 4. 
Expanding in terms of the determinants of the last two columns, and 
replacing uz and ys; by their equivalent expressions in A by putting 
K, = K; = 0 in (49) and (50), i 
E, Fs 
Ee? 


€2 


2 
E€? 








+ (polynomial in Xs of order < 4) = 0. 


This reduces to 


S i (e2ħ4 + efua) + (polynomial in Ws of order < 4) = 0. (89) 
, - 





If t £ 7, this becomes, on using (51), 
| K4 + (polynomial in X's of order < 4) = 0. (90) 


As before, the Xs can be chosen so that (90) is aot satisfied, unless K, = 0 
and the -polynomial vanishes identically. If K, = 0,'(51) gives m4, also 
in terms of N's. 

Suppose now that the condition that K, depend for its value on K’s of 
~ lower order requires 


Ko = Kg = Ky, = ‘so = K, = 0. (91) l 


These determine ue, uz, °-*, Mx as polynomials <n Xs of corresponding and 
lower orders. Continuing as before, we find as another necessary condition 
that the matrix . 


| Es F E; F; R Ery- Frat 

| € 1. Pii, 2 Qi, 2 NS Per k Q, k 
0 0 €2 ejl R Peiz wo] Qio, k—1 (92) 
0 0 0 0 pate Pig x2 Qis, k—2 
0 0 0 0 — el 


be of rank < k+ 1. As before, every second column except the last may 
be replaced by 0’s, leaving but a single (k + 1)-rowed determinant for 
consideration. Expanding according to-the 2lements of the last two 


columns we obtain 
+ (polynomial in Ns of onder <.k a 1) = 0, 


Inne] Est F k-+1 
€2 
€i 


E2 








which reduces to 


ae; | Ae as 
á = (ezp + Etur) + (polynomial in Xs of order < k +- 1) = 0, 
l ; i 
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rere Kı + (polynomial in Xs of order < k + 1) = 0. | (93) 

18. We shall now first restrict ourselves to the casei = n -+ 1. Hence 
all the terms indicated in (74) and (82) are present, and all N's and p’s 
‘in (75) or (76), except A, and py, are independent.. We shall find it conve- 
nient to consider two cases, according as ¢ is even or odd. 

_ We shall first consider ¢ even. Then t 2h-}+ 1 in any case. From 
the form of (79), we may continue the method of the previous sections 
up to the case k = 4/2. Hence, if the condition Kz = K; = --- = K; = 
has been shown necessary, we obtain from (93) the condition Ky; = 0 and 
the further condition that the polynomial in A vanish identically. Hence 
we have as a necessary condition that K, be conditioned in terms of lower 
orders of K 
| Ke = K3 = --- = Kye = 0. (94) 


If the polynomials indicated in (87) and (90) and that resulting from (93) 
do not vanish, then of course all K’s are independent. However, we shall 
presently show by an indirect method that they all vanish identically. 
From (94) and the relations of Section 12, we have all ws up to order ¢/2 
determined as polynomials in \’s of corresponding and lower orders. 

Conditions (94) and the vanishing of the polynomials considered above 
suffice for the elimination of the \’s and y’s of orders (t/2) + 1 tot— 1 
from the expressions for Ka Kyi, +++, Kui From the method of 
procedure in Section 13 we observe that, if we eliminate Amı and umi from 
between K; and Ky; and then A;~2 and ues from between the result and 
Ka, etc., the result of the entire elimination of Xs and u 8 of orders t — I 
down to one (4/2) + 1 takes the form 


Kit H Ke -+ HK +> +. HnKugy = PA), (95) 


where PO) is a polynomial in Ns of order < (t/2) + 1. It is also clear 
that no A of order > t/2 appears in the left member of (95). From the form 
of (79), (83), ete., we observe that the highest orders of A and p in the 
coefficients E and F following \,-1 and u: are not affected by the elimina- 
tion of these variables; that those following A-o and u: are not affected 
by the next elimination, etc. In other words, the term of highest order in 
Hy41 in (95) is e times the corresponding term in the coefficient of Nk 
in (79). In other words, 


t— 2k — 1 


H, u= oera Aiti = (polynomial in’ A's of lower order). (96) 
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° The coefficient of x41 in (96) is, furthermore, not zero. In the left member , 
of (95), Ave occurs only in Hus. If it occurs in P(A), itis multiplied by 
some variable A. Hence if Ku2)+1 0, the Xs of order < t/2 may be 
assigned arbitrarily and dz. assigned a value to satisfy (95) for all values 
of the K’s. Hence for a necessary relation to obtain among the K’s, we 
must have Kwsp} = 0. Similarly, we must have’ Kum = 0, etc.. 
Hence the only way in which a necessary condition must subsist among the 


K’s is to yma 
| Ky = Kins = cee Ki = 


If, now, P(A). in (95) vanish identically, the necessary T non 


would þe l 


Hence, if t is even and = n + 1, the only condition pihai may be nae 
among the K’s ts to have K: = 0, and this can result only if 


Ko = Ks as Sl Kei = 0, 


and P(N) vanish identically. - | 

These are, furthermore, sufficient conditions if the polynomials resulting 
from (93) also vanish identically. If the procedure be followed out in 
detail for t = 4, we obtain (95) in the form 


Etre 
K, + -< K; = C. (98) 
€11 — Í i 


For the case t = 6 we obtain, without any essential difficulty, 


are + 2) 


ode 2 = 
ae x] K,=0. (99) 


Ke Ta ; Ns + 








Ket le 
ey 


19. a now thattisodd. The method of Section 17 can be applied 
so long as ¢ remains > 2k + 1.. Hence we obtain as necessary -conditions 
for dependence among the K’s | 


i Ke = Ks = rr SS Ku- = (), 


- Also, from the preceding discussion, the elimination of K’s of all orders 
down to Ku+32 does not affect the leading terms of order (t + 1)/2 in (80). 
Evaluating the.corresponding expressions in (80), 


€92 ` ; €l 
aN DA F Qe 4U +3 — Tupy: 





= ae (edo = eMn 12)? + AG_yre (lower orders) _ (100) 


+ ee ys (lower sey 
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From the form of (75) and (76), - E 


Kerni = edapnn — Erken? (101) — 
+ (polynomial in d’s i u's of orders < (t + 1)/2). 


Hence the result of the elimination of K’s down to oret (t + 3)/2 takes 


_ the form . 


| one 
Ky + HK a eee H-2 K432 E LET Kann 


= A—1)/2 (lower orders) + Heni? (lower orders) - (102) 
+ (polynomial in \’s and ps of orders < (t + 1)/2). 


Here +yz and Mapy are not independent. being connected by (101). 
The question now arises, can these variables be eliminated from between 
(102) and (101)? For this purpose we have to evaluate the coefficients of 
Acey1)/2 and: uc141)/2 in (102). 

20. We shall, for convenience, introduce 





pe | (103) 
whence l 
t = 2e — l; a~ = e = — l. : (104) 


We shall now trace back all products of the form NeNe—1, Nebe—1, MeNe—1; 
Uelle-1, occurring in the process pf obtaining (102). In the following, all 
expressions involving such products will, be included. 

From (44), we have the general form | 


| ea: = EQ: ~{- Ae 
= a mi ep eiaa 
To ; 

+ ice — Do i é — e — Smut (lower orders) | | 


` 


+ Ad eas + ele — 1)azae1 + (lower orders) | - A 
+ Neral 6 i Dai + one ae 
is 
a a rate =, Dai 
From the general form (195) we also have 
(eo — ean = Avra tess + deal. (e — 1)ae + (lower orders) | 


+ Ad eaei + (lower orders) ]+ ---; | (190) 


(et — Eaei = Dewi + A[ 2a + Gower orders) past heem; - (107) 


(e — ete = Me H Aol 2ae1 + (lower orders) ] +. l 
+ Seite Ea 1)az; 


(e — e)a = ei + (lower orders). 0e 00 l | : (109) 


(108) 


78 Laneman: Conformal Transformations of Period n. 


Formulas (105) and (107) presuppose t > 5. The case t= 5 wil be con- 
sidered specially. 
Using (106), (107), (108), (109) and (45), we have from (105) 


2 eae 
A = olan | Taam] 
-+ AE Madeni £+ € ae 4] (110) 
HEN TAN rea | ela =l) ale — 1) P 


We may now proceed to the corresponding expression for me Since Kei 


is presumed zero, 

0 = éħe—1 — Uue—-1 + (lower crders), 
whence | . 
Me-1 = €2Ae-1 + (lower orders ôf N): (111) 


We may also write 
Key = [eNe = lies: | are hel 2e Ne _ Efe | + (lower orders A) (112) 
Ke = Lede — erue] — (e-+ Lezded-—1 + (lower orders 4), (113) 


K; sag [ €oNe a Elle A a 2ezl(e + DAA eil ear, ag Exjte | (114) 
+ (ower orders X). 
The expression for u; becomes, since &e = 1, 


26 en(t — 1) é -1 
cae — aile ies 
Be dawea| 2 oe J+ . -+ Ae ale s= | 


2Qe(e—1) 2e(2e+ 1) — E 
eee E e ey 
& — 1 6 — 1 





(115) - 


€1€ 


Ty 


he + €n\2A e—1 le | 


21. Referring now to (47), we may write 


Ke = [ée + em] HL 2em + at — Depil + - 
3 ESA 2Ae—iÀe + - J+. 
+ pelle + Déri t a 
+ pel ees de + ele — 1) a) E EEN] ‘ 
+ peal(e — Lei Preis + (e — De DESNA + Joes, 


which may be written > 


Ky, = [ede + emi] + Nel — 2m + ef — Imei] + - 
-+ Ae — ex(e a LA ei si ele -+ Lju] gig roM (116) 
+ AAi iAd 26 — &(e 1e- 2) | 
Fuel- alem] A 


The only other K ‘valving like products is 
Kia = oe + peal oss Neal ele = 1M = eA. ] + +++. (117): 
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Substituting now from (110) and (115) in (116), 





Ki = — & = $ Nel Eea T Himi] Fe 


a Ney 
+ 5 [ee — Eite + ae J LeNeti — Erter] 








a[-srte—dhse+s, 

















&~— I é— I 
4 
Ta (-d+at) | 
IANA e LAN eee, 118 
+ E&A 1 _ [ette d+ 4a+5, T ( ) 
a = a 6 Se T 
eae — 1 e — l 
fe | 
e ei = at 
From (118) and (117), we now have 
Kı si 2) 
+ a Kiar [orders <¢— land > e + a 
2 et 
+ 5 ao ae, Ele T g Leden a Ej Met1 | 
; 2 
= 9» fl — 2e — 1 
ai È a oe ae =] | E 
2 À | 4e 
+ Broder —a pb (19) 
| = 
2 i 
2 €] + 1 4e 
Eu e| ¢ m Ptg = “| 


We may observe that the right member of (119) is not affected by. the 
elimination of any more Xs and ws down to those of order e + 1. From 
(96), | 

Honor oS a dowex-orderstot X. (120) 
In the process of obtaining (102) we have then, from the. form (119) and 
(112), 


Kit Keit + + App Kray 
= {Ten — érte P+ [poly nomial in d’s of order < e] 





(121) 


i Cee (i — 2e, — Le + 4e] eñe — érte]: 


+ S 
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From (121) and (114), 


tt l 








Ki + HK t e+ + HeyK easy — 7 Kay 
E o (122) 
=e] MoA emilee — erue | + (polynomial in Xs of order < e). 
1 
Using (113), (122) may now be wr-tten 
i+ l 
Kiet HK t e+) + HayK ary — ae Ki 
_ l (123) 
— €9 a i AAK ernn = FA), 
2 


where P(A) is some polynomial in X’s o? order < (+ 1)/2. Equation (123) 
corresponds to (102). For the special case t = 5, we obtain readily 


Ks + (a — DMK — R} -NK = 0. (124) 


In (128), Aw» occurs in the lef- member only in the coefficients of 
Ko+sy2 and Key Inthe latter it cecurs in product with the independent 
Ae. Hence, reasoning as before, (128) can be made to hold for all K’s, 
unless Kein = 0 and Keta = 0. Similarly, we must require 


Kiro = see = Kii = ü, 


Only in that event, and if P(A) = 0 identically, can we obtain the necessary 
condition K; = 0. : 

We have seen that if Kı Æ 1 in (43), then F is always factorable as the 
product of two periodic transformations. If K, = 1 and F is factorable, 
the periods of f and g in (48) must be equal, giving m = n. We may now 


. state the result 


If the transformation 
F(a) = z + Kae + K + --- 


as to be factored into two transformations of period n, then the only condition 
that may be found necessary among the K’s ws of the form 


Konia = linear expressicn in K's of lower order; 
if sis to = 1, the only way in which the condition, can arise is to have 
K, = K; = --- = K, = 0, 


an which event the condition ts 
Kni = 0. 
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In other words, if F(z) takes the form 
Bee die. atts 


then F can always be factored into two transformations of period > r — 1. 

It should be remembered that we have not as yet shown that if the 
condition . 

Kı = K; = +++ = K, = 0 (125) 
holds, then K,,; = 0 necessarily. In other words, we have to show that 
P(A) in (95) and (128) and the }\-polynomiaJs resulting from (93) all vanish 
identically. We have besides to consider the more general case where 

=esn+i1,s>1. 

22. We shall consider the former question first., It should’ be observed 
that P(A) in (95) and (123), and the other \-polynomials we have presumed 
to vanish are independent of K,+1 or any K of Peace order. Hence, if it 
can be shown that the function | 


y= ete n>2 (126) 


cannot be factored into two transformations of period n, then it would 
follow that P(A) = 0 identically, and that the other \-polynomials eu 
correspondingly. 

23. We have seen, Theorem V, that if in (86) 


Ay ag L A kny = 0; k = l, 2, ðs nry 


then there is one and only one transformation (36) which will put (34) ixíto 
the form (35). Suppose now that F in (43) takes the form (126) and we 
require f and g as defined in (43) to satisfy 


gLf(@)] = z Hert, (127) 


As we have seen, we must have ee: = 1, and m = n. Furthermore, from 
(43) and (127) we observe, on writing out the detailed conditions on X’s 
and y’s, that each coefficient u is determined uniquely as a polynomial in 
d’s of corresponding and lower orders. Hence, for all orders <n -+ 1, 
the coefficients u have the same relations to the coefficients A as would be 
obtained from (43) and the condition 


gLf(@) | = z. (128) ` 


This condition would require g = f>. Furthermore, there exists a unique 
function 


nm] 


Wa = = 2 Apart (129) 


such that, symbolically, 
f= heh. (130) 
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« From (130), f- = heh. Hence g(z) as determined by (128) may be 
written ca 
g = Ite th. (131) 
The first n coefficients of g as determined by (131) are identiéal with the 
corresponding coefficients as determined by “127). Furthermore, since f 
and g in (127) are periodic functions of order n, the coefficients An;1 and 
Ma+1 are determined necessari. y as polynomials of the coefficients of lower 
order. Furthermore, the conditions are idenzical with those arising from 
(130) and (131) for Anı anc was respectively. Hence the forms (130) 
ahd (181) for f and g hold for coefficients \ end u of all orders up to and 
inclusive of n+ 1. Hence the product js valid for power of the variable 
including the (n 4. 1th. But 


. hah- hte th =1., 
: Hence, necessarily, 


Fa] = = 2+ (powers of z > n+ 1). (132) 


Obviously (132) is inconsistent wita (127), but results necessarily from 
the assumption that K, in (43) = 1, that f and g are of period n and that 
conditions (125) hold. 
. Hence z+ 2"! cannot be factored into transformations of period n. 
`.: Hence P(A) in (95) and (123) must = 0 identically, and all the other condi- 
` tions for a necessary relation among the K’s must be satisfied identically. 
Hence 


If z + Knp! + +++ is to be factored into two transformations of period 
n, we have as a necessary condition | 
Kass TR 0. 


24. Suppose now im the discussion preceding Section 18, we choose 
t= 2n + 1.. Then ¢ is odd.. Furthermore, only the coefficients of A’s 
and ws of oder n+ 1 in (74), (82) and (76), will be affected. All coeffi- 
cients à and y between the orders n + 1 and 2n + L remain independent. 
The method of Sections 17 ard 19 tŁen holds valid so long as. 


t—1 





or b< n, 


-yielding the necessary conditions : eee n 2 
K= K= = K,=0. 
From the previous section this requires in any case ` 


Basa og 0, 
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determining Hn+ı in terms of X’s of corresponding and lower orders, hence * 
in terms of Ns of order < n + 1. The resulting relation among the K’s 
becomes 


% Rese ok oe eH Re = POY, (133). 


where P(A) is a polynomia: in N's of order < n -+ 1, replacing Ans: by its 
‘equivalent i in terms of X's cf lower order. Hence if 


Rake = Kny mS = Kon = 0, 
and P(X) vanishes identically, we obtain the necessary condition 
Kons = 0). ae . (134) 


This presupposes, too, that the \-polynomials.occurring in the process of 
obtaining (133) all vanish identically. Hence if n 
K= K; = -= Km = 0, (135) : 
then Koni, = 0. 


: Following identically the same reasoning as: above we have for 
t= 3n-+ 1, if (185) hold true, 


Ket Boke at «++ + HrK en = P(r), (136) . 
where P(A) is some polyncmial in A's of order < t— n. Hence again, if. 
PQ) = 0 and Keny = ++: = Kea = 0, we must have K; = 0. 


The reasoning is clearly general, and we may put t = sn + 1 in (136). 
Hence if : . | 
Ke = Kg = "+> = Ken = 0, . (137) 


we must have as a necessary conditicn 
| ” Kener = 0. f (138) 


Furthermore, we observe that the reasoning of Section 23 is general, 
and that if (137) hold true, then (133) must be satisfied. This is, further- 


more, the only way in which a necessary condition may be required among 
the coefficients Æ. 


We may now state the complete 
Tarorem VI. If the transformation 


F(z) = Kiz + Koz? + --- 
is to be factorable into two periodic transformations, we must have 
|K 1l = J] f 


with a commensurable argument; if Kı 1, the factorization is always 
possible, the period being so taken that Kı = the product of the leading coeffi- 


+ 
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cients of the factor transformations; if Kı = 1, the periods of the factor trays- 
formations, uf they exist, must be equal; af Kı = 1, and Ke Æ 0, then F(z) ts 
always factorable into two transformations of arbitrary period > 25 of Ky = 1 
and 


Ko —= Ks = oere T K, m - 0; Epa- z£ 0, 


then F(z) can not be factored into transformations of order r or any factor of r, 
but can always be factored into tr ane ormahons cf wu other order > 2. 


25. For example, if 
F(z) = z +4 38%, 


F(z) cannot be factored into transformation of period 2,* 3, 4, 6 or 12. 
It can, however, be factored into transformations of period 5, 7, 8, 9, 10, 
11, or any period > 12. On-the other hand, 


EQ) = — 24> 2" 


can be factored as the product of transformations of any even period > 2. 
It may be observed, also, that in any case where factorization is possible, 
transformations with equa] irreducible periocs may be chosen. This is 
evident from the single restriction (4€). 
-All transformations 


F(z) = e + Ka + K + «+s e = ] 


are factorable into periodie transformations and constitute a group, the 
group generated by all periodic transformations. The class defined by 
e = 1 constitutes a subgroup. The class defined by e= 1, Ke =Oisa 
subgroup of the last. The class defined by e = 1, Ka = K; = (is a sub- 
group of the previous, and so on.’ In any of the previous cases, the class 
defined by e = 1, 


Kesha 0. andl Kees 


constitutes a subgroup. The latter may be characterized by the index of 
the highest period of transformations (r) into which F(z) cannot be factored. 
It should.be observed further that, though 


Fa) mat Ear en 9 (139) 


cannot be factored into two transformations of period r, it can always 
be factored into three transformations of perioc r. Further, (189) can 
always be factored into a rotation through a rational angle and two periodic 
transformations. The latter, too, can be taken of period r, by choosing 
the corresponding angle. | 


* See ‘Kasner, loc. cit. 
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,REVERSE CONFORMAL TRANSFORMATIONS (CONFORMAL SYMMETRIES). ° 


26. Kasner also considers another type of conforma] transformation. 


This he calls the reverse or improper type of transformation, which he- 
defines by’ 
y = f(z), (140) 


” where f is non-singular at the origin and 2 is the conjugate of the variable z. 
He defines reverse transformations of period 2 as conformal symmetries 
since they are conformally reducible to the form y = z (conformally 
= equivalent to Schwarzian reflection) and discusses them in parallel with 
what he terms the azrect conformal transformations. | 

We shall now show that no other types of reverse conformal trans- 
formations of regular period exist; in other words, every periodic reverse 
conformal transformation is of irreducible period 2, that is, a conformal ` 
symmetry. f 

27. Denoting the transform of z, f(20), by F(z), so that 


F(z) = f(z), i (141) 
Felz) = fL) bo, 


where the zero subscript denotes conjugate values.. 
We now observe that, in general; 


-we have 


(x + y)o = zo + yo (Eyo = toyo  (2°)o = (20)", (azo = aozo, 


T@b =f), @=% ebhe 
where the coefficients of fo are the conjugates of those of f. 
- Hence 
: -o RO=] (143) 
Similarly, 
F3(z) = f{fLfol2) Iho 
= f { fo_fo(2) lo} 
| = fi fol feo). 
Hence we may write , ee 
Fex—1(2) = (ffo) TFC), (144) 
Fou(z) = (ffo)*(2). (145) 


28. We shall consider the case F'y,-1(z) = z first. Iff and fo be defined 
by 
f) = mz + age + ++, 


foiz) = biz + bez? + +++, | (146) 


we must have 
2 
Hale, lal] = 1. . (147) 
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° Hence a,b; = 1, and 


| fl fo(z) | = z+ (higher powers). (148) 
Hence from (144) we would have 
Q129 + (higher powers of z) = z, (149) 


for all values of z. On comparing coefficients of real and imaginary com-> 
ponents of the variable z, the relation (149) is manifestly impossible. 


Hence, if 
F(z) = 2 (150) 
identically, n must be even. 
29. Suppose now Fz(z) is identically’: zin (45>. Then 


(Ffo) e) = z. =- G59 


Here ffo is a definite transformation. Putting g(z) = ffo(z), we have then 
g a direct conformal transformation of period k. and we may write 


glz) = ffo(z) = e + M + Age? -+ ---; 6° = 1. (152) 


But by (148) the leading coefficient of ffo(z) is 1. Hence in (152) we must 
havee = 1. Hence, by Theorem I, 


Ag = 3 ne ge E 0 
and we have 

FÒ = fLfole)] = « (153) 
necessarily. Hence in any case F is of pericd 2. Hence we may state 


Turorem VII. Every periodic reverse confor e transformation is of 
period 2; in other words, the only kind of periodic reverse confor mal trans- 
formations are conformal symmetries. 

30. In his discussion of conformal symmetries, Kasner obtains the result 
that the transformation 


Kız + Kaz? + Kz +. “4 | Ey | = 1, i l (154) 


is always factorable into two symmetries if the angle of Kı is irrational. 
From the discussion in this paper, (154) is factorable,imto two direct: 
periodic conformal transformations if the angle of K: is rational. Hence 
we have 

TueoreM VIII. The transtormation 


Kiz + Ka + K + ete E| = 1, 


ts always factorable either into two conformal symmetries or into two direct 
periodic conformal transformations. 

It would seem also that, ir. general, a direst periodic conformal trans- 
formation is not factorable into two symmetries. 


New York Cry, 
August, 1920. ° 





A PRIMARY CLASSIFICATION OF PROJECTIVE T RANSFORMA- 
‘TIONS IN FUNCTION SPACE.* 


By L. L. DINES. 


ina an earlier papert we have defined and studied the projective func- 
tional transformation 


(1) gra = CAA B) + Sov, NoM)dy 


ô + Syelyo(y)dy 


represented symbolically by the array of coefficients 


° a J 
e j” 


Obviously the transformation (1) includes as a special case the Fredholm 
transformation 





px) = pa) + Sora, 2 y)oly)dy. 


It also mendes other transformations which may properly be said to be 
projectively equivalent to Fredholm transformations. - One of the objects 
of the present paper is to characterize this class of transformations. 

Such projective.transformations as do not fall into the above class are 
themselves divided into three classes on the basis of projective equivalence. 
The classification is accomplished by a consideration of invariant elements. 
of two kinds: points and lzneoids, the lineoid being the natural dual of the 
point in function space. 


$1. HOMOGENEOUS CoORDINATES.- 


By virtue of its form, (1) transforms every point (x) of function space 
© into a point ¢’() of the same space, with the exception of those points 


defined by the equation ; | 
ô + Soely)o(y)dy = 0. 


With a view to attaining a domain which is closed under the projective. 
transformation we introduce homogeneous coérdinates. To this end, we 
make in (1) the substitutions 


(2) p(x) = wr(z)for, (x) = (2) /w2, 


* Read under, slightly different title before the American Mathematical Society, 
September 3, 1919. 
+ Transactions of the American M athemalical Society, Vol. 20, pages 45-65. This paper 


will be referred to as Proj. Trans. 
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*denote this range by 31; that is : 
E wi = [all real numbers from 0 to 1, inclusive |. 


+ 


Let us likewise define 


lil 


Ja = [all real numbere from 1 to 2, including 2], 
Yi + Se = [all real numbers from 0 to 2, inclusive |. 


By composition of these ranges we get: the following composite ranges 
(each represented geometrically by the points o7 a square): 


| Bra, He, eo, Pls (31+ S3 + 3. 


Now let us suppose the binary elements (wi(x}, we) and (a:(a), w) to 
be replaced respectively by the binary elements (wi(x), w2(x)) and (w (x), 
w5(z)), with the understanding that we(z) and w2(2) are constant functions 
- having the definitions: l 


w(x) = w, w2) = wn on Je- 
Then the equations of (3) are equivalent to 


O iO = Ba) + Sire dy + Sialejol)dy, 
Oo rola) ola) + Sj) ely Jonly)dy + S26 — 1)wa(y)dy, 


and by the classic method of Fredholm” for reducing a system of integral 
equation to a single equation, this pair of equations can be represented by 





(7) -` rpo (a) = wa) + N xrayjolydy, xon Si + Je, 

where i . o 
fa J a i 3, | [xe pipe on Sid 
504) = n et 4 l posg = RINY 


The transformation (7) is an ordinary Fredholm transformation, trans- 
forming a function w(x) on $i + & into a function rpolæ)w (æ) on the same 
interval. The kernel x(æy) is continuous on the square (1 + BoA: + Se) 
except for the lines of possible discontinuity x = 1 and y =`1.. 

In a similar manner, the lineoid transformation (5) can be`replaced by 


(7) rp'(y)o'(y) = oy) + Sola (e, yde, yon Bit Jo 
.* Acta- mathematica, Vol. 27. 


. 

Ae 

o o 

r 
ie 


Divzs: Projective Transformations in Function:Space. ` 9} 


pe 
L ~ on 3 | Te, DIBO) on S: 
rofi” md CEDi om 9h 
gy i I om - Wd on Sade 


The kernels «(z, yì) and x’(a, y) of the E T (7) and (7%) 
satisfy the two identities 


rE T EE a e s0 
K(x, y) + x(a, y) +H Sak (e, zz, y)dz = 0 


on the square (<1 + Se) (Sh + 2), as may be verified by use of the rela- 
-© tions (9) and (9’) of Proj. Trans. That is, they are reciprocal kernels in the 
Fredholm sense. 


$4. INVARIANT POINTS AND LINEOIDs. 
We now inquire as to what points, if any, are transformed into them- 
selves by (8), restricting ourselves for the present however to the important 
special case in which 


(8) | ‘B(@) = 


: 
From (7) which is equivalent to (3), we see that under the condition (8), 
the equation for such invariant points is 


O A= rele) + Sie Nowydy = 0, won Si + 3 


Every non-zero solution w(x) pf this equation determines a binary 
element (w(x); we(av))} in which 


wi(a) = dle) on Si, 

wla) = a(x) on Yo. 
If w() is constant, this binary jovi represents an invariant point. 
And we(a) cannot be other than a constant except in the single case r = 1, 


as will be evident upon consideration of the content of equation (9) when 
v is on <¥e, namely 


0- A = r)ae(a) + Poe(yor(ydy + So — laa(y)dy = 0. 

In case r = 1, a solution w = (w(x), &2(z)) may exist in which a2(z) is 
not constant, but corresponding to every such solution there will be a 
solution w = (w(t), w) in which w= S%oan2(y)dy. This solution will 
represent an invariant point unless we) = we = 0. 


3 
x 
i 3 ' 
+ + 
j > 
š 
t w 
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e Equation (9) is an homogeneous Fredholm irtegral equation containing 
the parameter r.. The non-zero solutions w(a) corresponding to values, of r 
different from 1 are the so-called fundamental fenctions in æ for the kernel | 
Khe, y). If we denote by the term asymptotic f- -undamental functions those 
non-zero solutions w(x) corresponding to the parameter value. r= 1, we 
may state our conclusions in the form. ea 

THEOREM I: If B(a) = 1, the wnvariant pones a(x) = (wile), we) of the 
transformation (3) are precieely the ordinary fundamental functions in x of 
the kernel x(x, y), together with those asymptotic fundamental funclions in x 
which are constant on the enter val X Ye. | 

By an analogous consideration of (7’), we obzain 

THEOREM I’: If B(x) = 1, the invariant lireords voly) = (oly), v2) of 
the transformation (3) are precisely the ordinary fundamental functions in y 
of the kernel x’(x, y), together with those asymptot c fundamental functions in 
y which are constant on the interval Ya. 

In this theorem`the invariant lineoids are chsracterized by means of the 
reciprocal kernel x’(a, y). They are charactevized directly in terms, of 
k(x, y) in the following 3 

COROLLARY: If B(x) = 1, the invariant linzoids of the transformation 
(3) are precisely the ordinary fundamental functions in y of the kernel k(x, Y), 
together with those asymptotic fundamental functions which are constant on 
the interval So. 

To prove this we need only saow that tie solitions cf the two equations 


(117) (1 — r’)e(y) + Joata (æ, y.de|= 0. 

and . , l 

(11) (1 — rely) + Sorvix)e(a, y)te = 0 

colnelde. | i 
Suppose (y) is a solution of (11%). Then for some value of 7’, 

(12) roly) = Oy) + SDE) (e, ile. 

We multiply eqúation (11) by 7’ and write it in “he form ° 

(13) roy) = rely) + 9 Sèla), y)de. 


Upon substituting in (13) 7 for v in the left member and the value of rō 
-from (12) for r» in the right member, we obtair after some rearrangement 


ro(y) = By) + SDDL (we, y) + x(a, y) + Sie a)«(z, y)dz |da. 


Since x(a, y) and K (a, y) are reciprocal kernels ihis reduces to 


rsi(y) = äly), 


= maue p e mm e 
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. Which proves that (y) is a solution of (11) corresponding to the parameter® 
value r = 1/r. 
In a similar manner it can be shown that each solution of (11) is a 
solution of (11’). 


: $ 5. SYMMETRIC PROJECTIVE TRANSFORMATIONS. 


The theorems of the preceding section suggest interesting properties of 
those projective transformations for which the corresponding kernels x(a, y) 
are symmetric. The most general such transformation is of form 


reste) = nrle) + SP ale, yorly dy ET 
rw = Sieely)on(y)dy + bea, 


where (x, y) = yy, æ)... . 2 

Transformations of this form will be called symmetric projective trans- 
formations. 

From the well-known theory of integral equations with symmetric 
kernels,* we have by virtue of the theorems of the preceding section 

Tarorem Il. Every symmetrie projective transformation has at least 
one invariant point, and one invariant lineoid, which are not conjoint. 

The existence of the invariant elements follows ‘from the fact that every 
symmetric kernel has a characteristic value; the non-conjointness from the 
fact that every such characteristic value is a simple pole of: the resolvent, 
and hence (see Goursat, loc. cit., page 411) for every fundamental function 
w in x of the kernel x(x, y) there is a fuhdamental function v in y such that 


Soevyoty)dy # 9, 


So rilyor(y)dy + nw 0. 


4 


that is 


§ 6. Progective TRANSFORMATIONS WITHOUT INVARIANT POINTS AND 
LINEOIDS. 


While, as we’have just seen, every symmetric projective transformation 
admits an invariant point and lineoid, such is not the case with non-sym- 
metric transformations. In this section we present four examples of trans- 
formations qualified respectively as follows: 

1. Admitting an invariant lineoid, but no invariant point. 

2. Admitting an Invariant point, but no invariant lineoid. 

3. Admitting neither invariant point nor lineoid. 

4, Admitting an invariant point and an invariant lineoid, but no pair 
which are not conjoint. 


* See, for instance, Goursat’s Cours d'analyse mathematique, Vol. III, § 587. 
+ 
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- We shall make use of the following 7 | 


Lemma:* If the traces 


An = SG Sy +++ SEKC 82) K (Sa: 83) + (Gn: 81)ds,ds_ -++.d5_ 


of the kernel x(a, y) are zero for all values of n greater than or equal to 3, 
then «x(a, y) admits no characteristic value, and hence no ordinary funda- 
mental function. ; 

We take now any completef normalized orthogonal: system of con- 
tinuous functions @n, n = 1, 2, ---, on the interval 94. 

From this system which is orthogonal on %; we form a system ®,, 
n = 0, 1, 2, --+, orthogonal on St; + Se, as follows: 


Po == [ 0 or Yy 1 on Yo |, 
Pp =. [dn on Si, 0 on Ya], n a i, 2, 3 


Our examples will be constructed in terms of the functions {øn}; and 


in each case the kernel x(a, y) to which the transformation gives rise will 
be expansible in terms of the functions {®,}. ` 
Example 1. Consider the transformation J 


I+y a\ ` 
(14) Cae 
in which 


v(t, y) = >° entenet) ale) = pla), 


Raa] 


the coefficients ¢, being all distinct from zero and so chosen that the series 


for y(x, y) converges uniformly on the square 913:. 
The corresponding kernel «(z:, y) can be writzen in the form | 


K(x, y) = > Cnn lB) on (Si + II + %), 


n=) 

where ¢ = 1. - yn Si 
The traces of this kernel «x(a, y) are all zero. Hence by the lemma the 
kernel admits no singular values, and no ordinary fundamental functions. 
Nor does it admit any asymptotic fundamental functions which can 


furnish invariant points. For the equation 


. Sixx, yyoy)dy = 
is equivalent to 
o9 z i 
Do Canya) Sy En(yoty)ay = 0. 
N=) 
* Cf. Goursat, loc. cit., page 428. 
f An orthogonal system of functions is saic to be complete if there is no function which 
is orthogonal to all the functions of tha system, and such that the integral of its square is 1. 
Cf. Goursat, loc. cit., pages 445 and 446. 


Dines: Projective Transformations in Function Space... 95 


, Multiplying this equation by (x) and meats with respect to g,” 
we get, on account of the orthogonality, 


af dody =0, k= 0,1,2, ++ 


That ts, since ca Æ 0, wiy) must be orthogonal to all the functions ®;(y), 
.on the interval $ + So. . 

But from the definitions of the ®’s, it is clear that there can be no such 
function w which is constant on {¥2.. Hence, the transformation 


rwla) = wla) + Sil (a, Yor(y)dy + a(x)we, ` 


f 
TW» = Ww, 


. represented by (14), admits no invariant point. It admits the invariant 
lineoid w, = 0. 
Example 2. The irandformation | 


` roil) = la) + Serle, Vody, 
To, =a + fy e(yar(y)dy, 


an whieh 


r= 


102) => apad) — y) = dr), 


has no invariant lineoid, but admits the invariant point (0, 1). | 
The kernel x(x, y) for this transformation can be written in the form 


s, y) = Èa Pa (x) PnilY); 


from which fact the properties of the transformation follow as in Example 1. 
Example 3. Consider the transformation whose coefficients are” 


OO 


(15) y(2, y) = 2, Cn) PontilE)pon1Y) + bon(®)Gone(y) |, 


a(x) = hilz), e(y) = daly), ô= l. 


The corresponding kernel k(x, y) can be written in the form 
k(z, y) = i (x) Poly) + Bo (a) Be (y) 


> Cn [ Ponp (2) Pon—i(y) F Poa (æ) Ponts (y) i 


All the traces of this kernel are zero; hence it has no ordinary funda- 
mental functions. Nor does it admit asymptotic fundamental functions 
in either a or y which are constant on {¥,, as may be shown by the method 
used in Example 1. Hence the transformation defined by (15) admits no 
invariant element. 


* The form of this transformation was suggested by an example kindly furnished me 
by Profesgor E. W. Chittenden. 
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Example 4. Consider the transformation 


re (a) wle) + Sys, yorlyjdy + a(x) we, 


ads = “We, 


where 


oe 


(2s Y) = De abal), eE) = ala). 


The corresponding kernel kl, y) given by 
K(@, y) = Bi (x) Poly) + > Cn Bayr(t)Ba(y) 


has no ordinary fundamental functions since all of its traces are zero. 
The transformation admits a single invariant voint given by the asymptotic 
fundamental function 


wle) = B:(e) = ($2), 0), 
while tut admits the two invariant lineorda 
aly) = Ply) = (0, 1), rly) = Poly) = (holy), 0). 


It can be. verified immediately that the invariant point is on, \ both of the 
~ invariant lineotds. l 


§ 7. REDUCTION Ta CANONICAL’ FORM. 
Two transformations 


a S=(6+22) 
e es 


are said to be projectively equivalent if there exists a non-singular projec- 
tive transformation T with inverse T=: 


suck that P ' 

(16) | TST = 8. 

The relation between Š and Š is evidently a reciprocal one, since from (16) 

it follows that TST: = S. 

_ Suppose now that S admits the invariant point à = (@;(x), @:). Then . 

S admits as invariant point the transform of & by T. ` For from the equation 
So = ra, 


which expresses the fact that & is invariant under S, there follows by use 
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„of (16) 7 
TST-\( Ts) 
TSa 

= [ro 

= (Ta), 


S(T) 


Í 


which expresses the fact that Tò is invariant under Se. 

Likewise, if S admits the invariant lineoid 7, then S admits as invariant 
lineoid the transform of 0 by T. 

It is evident from these remarks that a necessary condition for projective 
equivalence is a one-to-one correspondence between the invariant elements 
of two transformations. This condition is not sufficient, and we shall not 
undertake here the general question of sufficient conditions. 

We shall show, howevey, that a projective transformation which admits 
any invariant element is projectively equivalent to a transformation of one 
of the three forms 


(17) ~ oy g a\ Bry 0\ 
€e 6 0 j 0 6 
of which the first admits the invariant point (0, 1), the second admits the 


invariant lineoid (0, 1), while the third admits both of these invariant 
elements. 


We shall need to make use of the explicit forms of the coefficients of 8 
in terms of the coefficients of T, S, and T™ as determined by (16). These 
can easily be written down by use of the formulas obtained in Proj. Trans., 


$5. In terms of the abbreviated notations there used, we have 


ER BBB’ oie B, = 
= BBY’ + ByB’ + yBB! + (JYV) + a eB! + BU yy’ p 
+ dJyBbyY + Sd yyy! + adey’ + pla’ + JJyad + Jade’, 
= B(Ba! + Jya + ad’) + Jya + Jya + a6’) + alea + 86’), 
= (B+ Jey + e)p + S(eB + Sey + ôe)y + Sea + õò)e', 
= Je(Ba’ + Jya! + ad’) + Jea + 86)8’. 
Suppose now that S admits the invariant point (6, a), that is 
roy = Bar + Jya + Ate, 
Tag = Jeo + wz. 


Then if T be so chosen that 
(æ, 8’) = (a1, G2), 


~j Tj} 


(18) 


wii ai Qi] 


(19) 


the value of & as determined by (18) may in view of (19) be written ~~~ 


n a = r(Bæ + Jya + ad’). 
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* Hence 


RII. 


= 0, 


on account of the relations bezween the ccefficients of T and T- (see (9^ 


of Proj. Trans.,.1); and the transformation 8 projectively equivalent to S 

is of the form occurring first in (17). 
Similarly, it may be seen that if S admits the invariant lineoid (a, d), 
and if T be so chosen that 
(& 9) = (di, 52), 


e= 0; 


then 


that is, the transformation S is of the form appearing second in (17). 
The third transformation ir (17) admits tke invariant point (0, 1) and . 

the invariant lineoid (0, 1)—t+o elements whick are not conjoint. Hence 

no transformation can be equivalent to it unless it admits two similarly 

related invariant elements. Let us then suppose that the transformation 

S admits the invariant point (G1, @:) and the invariant lineoid (ñ, 72), and 

that these two elements are noz conjoint, that is 

(20) J wi + wag = l. 

We shall show that under these conditions, T may be so chosen that S is 

of the form occurring third in 117). For this purpose it will be sufficient, 

in view of the two cases just preceding, to exhibit a transformation T with 

inverse 7 satisfying the two conditions 


(e, ò) = (i, 72), (œ, ò) = (or æ). 


We may on account of (20) and the homogeneity of coördinates assume 
without loss of generality that if Jé,d, = 0, then a = i, = 1. This will 
simplify the discussion. 

Consider the transformatica 


_{ Fry a 
l € 6 
in which 
(21) £ = G Y= Cw; ° 01, e a 1, e = Üi, o= V2; 


e being a constant to be determined. 
The coefficients a’, 5’ of the inverse transformation T~ are given by 
the formulas” 


a(x) = AWP, ô = DJB, 
* Proj. Trans., (8). 
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§9. FREDHOLM TRANSFORMATIONS. 


° According to Theorem V, every non-singular transformation of Type I 
is projectively equivalent to the product of a functional multiplication and 
a transformation of form a 


| (tty 0). 
i (0S y 
This latter is, in non-homogeneous coördinates, the ordinary Fredholm 
transformation l 


$= $+ Jye. 


Conversely, if a projective transformation is. projectively equivalent to 
the product of a functional multiplication and an ordinary Fredholm trans- 
formation, it must admit an invariant lineoid and an invariant point not 
on it. “Hence : 

THEOREM VI: A necessary and sufficient condition that a non-singular 
projective transformation be projectively equivalent to the product of a functional 
multiplication and an ordinary Fredhcln transformation is that it admit an 
invariant lineoid and an invariant point which are not conjoint. 

COROLLARY: Every non-singular symmetric projective transformation is 
projectively equivalent to an ordinary Fredholm transformation and multiplica- 
tion by a constant. | 
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A GENERAL THEORY OF LIMITS. 
By E. H. Moors ann H. L. Sworn. 
Introduction. 


I. As to Nottons.—In this paper we investigate a simple general limit 
of which, as will appear in § 5, the various classical limits of analysis are 
actually instances.* The general limit in'question is an obvious generaliza- 
tion of the following two limits: - 

1. An infinite sequence {a,} of real or (ordinary) -complex numbers 
a, (n= 1, 2, ---) converges to a number a ‘as a limit, in notation:. 
Laso Gn = a,—as clearly defined about a century ago,—in case for every 
positive number e there exists a positive integer ne of such a nature that for 
every integer n Æ ne it is true that in absolute value a, — ais at most e. 
Here the numerical sequence {an} may be considered as a numerically 
valifed function a = (aa|n) of the positive integer n (or on the range [n] 
of positive integers n), viz., a(n) = a, for every th. 

-~ 2, Relative to a general (i.e., any particular) class Q = [q] of general ` 
elements q and the class 6 = [s] of all finite classes s of elements q, a numer- 
ically valued function a = (a(s)|s) on the range S converges to a number 
a as limit, in notation: L,a(s) = a, in case for,every positive number e ` 
there exists a class s, of such a nature that for every class s including se 
it is true that in absolute value a(s) — a is at most e. The limit (2) belongs 
to General Analysis, i.e., to that doctrine of analysis in which a general 
class, here Q, plays a fundamental rôle. The limit (2), introducedt in 
1915 by the senior author, plays a central réle in his second theoryt of 
Linear Integral Equations in General Analysis. , This general theory has 
as notable instances: (a) Hiulbert’s theory of limited quadratic forms in a 
denumerable infinitude of variables; here the Hilbert space [e] of infinite 
‘sequences a = (a(n) |n) of real numbers with convergent 2,a(n)a(n) plays 
a central rôle; (b) an analogous theory in which the corresponding rôle 

*The only other attempt in this direction is by Dimitry-Kryjanowsky, Nouvelles 
Annales de Mathématiques, Ser. 4, Vol. 14 (1914), pp. 49-34. , In this paper it is shown how 
all the classical limits, by means of a transformation, may be reduced to a certain canonical 


form. The theory is not as general as the present one; indeed it does not include the limit ` 
2) below. l ' i 

+ E. H. Moore, “Definition of Limit in General Integral Analysis,” Proceedings of the 
National Academy of Sciences, Vol. 1 (1915), pp. 628-632. | 

t (Addition of Sept. 19, 1922.) The basis of this theory, is included in his paper, “On 
Power Series in General Analysis,” Festschrift David Hilbert zu seinem sechzigsten Geburtstag, 
pp. 355-364, Berlin, 1922, and Mathematische Annaien, vol. 86, pp. 30-39 (1922). 
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. is played by the Hellinger space [a] of real-valued functions a = (a(x) |x)* 

of the real variable x on the interval (0 S21) with a(0) = 0 and 
I a 

f e a vee convergent, 8 being a fixed monotone increasing function 

of 2; (e) various instances involving integration over function-spaces. 

It is obvious that the limits (1), (2) are in close analogy. In each case 
a numerically valued function a = (a{p)|‘p) on a certain range $ = [p] 
is sald to converge, under certain conditions, to a number a as limit; in 
(1) B= [n], in 2) P = © = [s]; moreover, notations apart, the condi- 
tions in (1) become the conditions in (2) on replacing the relation =, 
between two positive integers (n = ne), by the relation including or 2, 
between two classes ($s > se). Thus the authors were led independently 
to the general limit (3) of which the limits (1), (2) are special instances. 

3. Consider a generaleclass P= |p] of members or ‘elements p and a 
binary relation R on the class P; according as an element pı is or is not in 
the relation R to an element Pa Write 71RD2 or Pi~ Rp». Then we say that 
a numerically valued function a = (a(p)|p)* on the range B converges (with 
respect to the relation R) to a number a as limiit, in notation: 


ae . L,a(p) =a or Le = a, 
or, with the relation R in evidence, 
Lina(p) =a° or Lee = a, 


in case for every positwe number e there exisis an element pe of such a nature 
that for every PRpe (i.e., for every element p in the R relation to pa) tt ts true 
that in absolute value a(p) — a is at most e.f 

In order that the theory of the general limit (3) may include the principal 
parts of the theories of the limits (1), (2), we impose upon the relation R 
two conditions obviously satisfied in (1), (2), viz., the conditions: 1) R is 
transitive (R"),—if p: is in the R relation to pe and p is in the R relation 
to p3, then pı is in the R relation to p:; 2) R has the composition property 
(n°),—for every two (not necessarily distinct) elements pip there exists 
an element p3R(?1, P2, that is, an element p in the R relation to each of 
the elements 7192. 

Thus, as fundamental system È of notions for the general limit (3), we 
have the system: 


2 = (A; P; PP- 


* Throughout the paper « will denote a numerically valued function on the range, 
not restricted to be single-valued unless so stated. 

+ If a is not single-valued, this inequality is understood to hold for all determinations 
of a(p); unless otherwise stated similar understandings will hold in the case of all inequalities 
involving multiply-valued functions. 
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. that is, the class A = [a] of all real or (ordinary). complex numbers G , 
a general class $, and a binary relation R on the élass $ which is transitive 
and has the composition property. 

Il..As to Scope.—The present study of the gnom limit (8) 4s arranged 
as follows: 

§ 1. Elementary theorems. 

§ 2. Necessary and sufficient conditions for the existence of a limit. 

§ 3. Some modes of convergence. | 
§ 4. Quasi-limits. Upper and lower limits. 
5. Limits as to norm. 
6. Types of uniform convergence as to a general parameter. 
7. Double limits. 
8. Lemmas: Revised formulation of certain: theorems of Fréchet. 

§ 9. Composite range. Continuity. | 

III. As to Notations.—In order to expound briefly and luminously ive 
considerable body of doctrine outlined in II, we make systematic use of 
readily understood notations for constantly recurring logical and mathe- 
matical notions. 

For instance, the definition in I (3) of La =,a we write: there exists a 
_ system (Pele) such that for every prop, it is true that la(p) — a| =e, or even 
- more ve DUEN, there exists a system (pele) such that ` 


la(p) ~~ al Se*  (prp,). 


Throughout e denotes a positive number. 


$ 1. Elementary Theorems. 
Jn the Introduction we have indicated the fundamental system 
| 3 = (A; P; newVe-79) 
of notions under consideration, and defined the associated limit notion. 
We here add certain simple explanations and propositions. 

It follows from R“ that for every element v there is an element pp such 
that ppkp. For we have only to take in the definition of R? pr = p, po = P 
and then take Pp = 73. | 

In case prp for every p, Ris reflexive, in notation Rè. It is not assumed 
that R is reflexive. We shall however define an associated relation R,. 
which is transitive, has the composition property and is also reflexive. 
We define: piR,p2 in case either pyRpe or pı = po. The proof that RTCP 
is simple and is omitted. 

‘To the definition of limit given in the introduction should be added the 
following one: œ converges to cœ (e = + or —) as limit, in notation: 


L,a(p) = gœ ar La = oo, 
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or, with the relation R in evidence, 


Lpralp) = go or Leg = gœ 
in case there exists a system (pele) such that ` 
l gap) Ze (pRpe). 
The limit of œ eaisis in case there exists a number a such that La = a. 
* The limit of a exists finite or infinite in case oe La = + œ Tee = = — OO, 


or there is some a such that La = a. 

By a(o) will be denoted the function a reduced to be on Po = Cpo], a 
subclass of P; that is, œ considered only for elements po of Po. Every 
reduced function a(o) gives rise to a reduced limit La($po), if R as on Po Po 
has the property C.* The definition of La(Qp) is the same as that of La, 
except that all elements p must now be restricted to be.of Po. 

By A* will be denoted A enlarged by the addition of -+ œ% and — 0, 
Any element of %* will be denoted ay a” 

0. If Lea = a*, then Lea = a*, and conversely. 

1. If La = af Gad La = až, then ay = as, 

By proper choice of notation the possible cases may be reduced to six: 

1) a% and a; both finite. 


* 


20) af = co, as == 7, 
30) af = oo, až finite. 
4) as = +, ag = — ©, : 


Of these 30 and 4 icad to contradictions, leaving only (1) to be gadda 
since 2e are in harmony with the theorem. Let us consider (1). 
By hypothesis there are systems (piele), (2-|e) such that 


jalp) -a| sf (PRP, 


|a(p) — až]. = (PRPze). 


=- bilie Wi 


By R? there then exists a system (pe (e) such that (PeRPie, PeR Poe) for every e. 


Then l 
| az" -| Z laž — a(p.) | II |a(pe) — až] Se 

for every e, so that ja* — a¥| = 0 and a¥ = a¥. 

2. If La = a, then-Lla| = |al.t 

3. If La = a, then L(ee) = ca. (e). 

4. If Lay = a1, Læz = az, then 

L(a + a2) = a1 + de, 
L(ayas) = 0109, 
= = Pe j (az =p o; phe 


* The relation R as on PoPo is necessarily TP. l 
t Here |a], the absolute of a, denotes the function: |a| (p) =|a(p)| (p). 
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5. If La exists and, for certain  cdpo, lap): — c| = d for PRpo, then 


|La — e| £d. 


6. If alp) = c for every p ond Le exists, then La = c. 
The proofs of propositions 2-6 are simple. i . 
A single-valued function a is monotone increasing (relative to R) if 


ap) = a(pe) for every pair (pı, p2) such that Dikpe; properly so if. 


a(p1) > a(p2) for every pair of distinct elements (pı, pa) such that pıRpz. 
The term monotone decreasing is similarly defined. 

7. If a is single-valued and monotone, then La exists finite or infinite 
and 1s equal to Ba* or Ba, that is, Byo(p) or Bro(p), according as œ 1s Mono- 
tone increasing or monotone decreasing. 

Assume first that œ is monotone increasing and that Bpa(p) = a, a 
finite number. Then there exists a system (p,|¢) such that 


a= alpe) Sa-e (8). 


Then : 
a= alp) = alp) Za—e. (pRp) (e); 


and hence, | 
ja(p)—a| Se (prp) (@); 


so that Læ = a. The other cases are treated similarly. 


§ 2. Necessary and Sufficient Conditions for the Existence of a Limit. 
|; (Cauchy Condition). In order that Læ shall exist it is necessary and 
suficient that there shall exist a system (pele) such that 
alp) — al(p)| Se (pipe, Pape). 
This condition is necessary. For there exists a system (p.|e) such that g 


€ g wt 
|La — a(p)| 5S5 (pè ` (0). 


The condition is also e For there exists a sequence {Pn} such 
that PrtRPn (n = 1, 2, 3, ---) and | 
1 
[ap — a(p")| S55 
for (p’RDa, p'’RPn). The numbers a(pi), a(pe), :++ form a limited or 
bounded set since 


(alpn) — a(p2)| 5 (apn) — alpa) | + +++ + alp) — aip 


1 1 
Sorat ae +a = l, 





for every n > 2. Hence there exists a subsequence {p,,} such that the 
* Read: the (least) upper bound of a. l 
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: numerical sequence {a(pn_)|m} approaches some number a as a limit.*s 
That La = a now follows from the inequality 


|oe(p) - —a| £ Ri — a(Pn,)| + [2 Pan) — a| 


= s5 T la ' al, 


which holds for prp,,. 

The above theorem is true if R is replaced by Rẹ in the final line, as is ` 
` evident by $1, 0. 
2. In order that La shall exist it is necessary and sufficient that 


| Lp,p,Lo(pi) — alp) ] = 0, 
that is, that there exist systems (pie|e), (pze|e) such that 


la(pi) — atpe)| Se (piRPie, PRPr) (e). 


- This theorem follows at once from the preceding and the composition 
property of R. 
3. In order that La wate exist it ts necessary and sufficient that there exist a 
a system (Pele) such that | 


la(p) — a(p.)| Se (prp) (e). 


The necessity of this condition follows ‘from the r, form of theorem 1 
and its sufficiency also on taking tHe p, of the required (p,|e) of that theorem 
as the given Paz of the (pele) of the present theorem. 

4. In order that La shall not exist it ts necessary and sufficient that there 
exist ey and a system (Pip, Dap|p) such that 


PipRP, PRP, |a(Pip) — alpa) | > eof (p). 


5. In order that Le shall not exist wis mieoeasany and suficient that there 
exist eo and a system (pp| p) such that 


` PRP, (alp) — alpo) | > cat — (p). 

Theorems 4 and 5 follow from 1 and 3 respectively. 

‘The following theorems involve sequences {pa} and a property: mono-. 
tone (R), of sequences and two binary relations Ro, Ron the class of sequences. 
A sequence {Pa} is monotone (R) in case PaiiRPa (n). The notation 
{p,}Ro{p,} means- that p,Rp, (n). The notation {p,}R{p,} means that 
there exists a system (nm|n) such that p, Rp, (n). Plainly if the relation 
Ro holds for two sequences so does the relation R. 

* The ordinary properties of L,..* are here assumed known. 


t If a is multiply valued, this inequality is understood to hold for at least one mode of 
determining the functional values involved. 
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- 6. If ie = a*, there exists a sequence {p°} monotone (R) such that 
Lna(pn) = a* for every sequence {pa} such that { Dn}Ro{Pat, and also for 
every sequence {Pa} monotone (R) such that [pai Rf po}. 
Take {pa} such that pnp, (n) and | i . 


PR 
}a*—a(p)| S7 P) (n) 
` or 
ca(p) =n  (PRPa) o 


according as a* is finite or equals eœ, e = +. | 

= 7. Le = a* if there exists a sequence {p®} such that Lna(pr) = a* for 
every sequence {pn} monotone (R) such that {Pr} Rof po}. o 

We prove the equivalent contrapositive theorem: 

7’. If tt is untrue that La = a”, then for every sequence {pn} there exists 
- a sequence {pr} monotone (R) such that {pi} Rol Pa} and it is untrue that - 
r Lra(p,) = a*. a 
We have given ¢ and (pp|p) such that p,Rrp (p) and (for at least one 
7 determination of a(pp)) ! 
i |a* — a(pp)| > % (p) 
or l i 


TA(Pp) <e (p) 


~ paras 





according as a™ is finite or equals o~,*¢ = +.) Hence from the given 
sequence {pn} an effective sequence {pa} is obtained by recursion in the 
form {pp} on taking pı = pı and for n > 1 p.R(Pn, Pr-1)- 
8. The jolounng conditions on a* and the function a are equivalent: 
(A) La = a* 
(B) There pets a sequence {pi} such that Lno(px) = a™ for every sequence 
{Pn} such that {Pn} Rof pa}; 
(C) There exists a sequence {p} such that Lnal(pa) = a* for every sequence 
{pn} monotone (R) such that {p,)Ro{ pa}; ! 
(D) There exists a sequence {p,} such that Lna(pa) = a* for every sequence 
{pn} monotone (R) such that {p,}R{ pr}. 
This follows from 6 and 7. For by 6 A implies B and D: B implies C; 
` D implies C; and by 7 C implies A. 
9. In order that La shall exist it is necessary al sufficient that there exist 
va sequence {pf} such that Lal alp) — alpn) | = 0 for every eogi {pn} 
p? @, _ such that {Pri Rof Da}. , 
The necessity follows from 8. The sufficiency ‘is equivalent to 
ki ; 9’. If Læ does not exist, then for every sequence {pn} there exists a sequence 
{pr} such that {pi} Ro{ Pa} and it rs untrue that Lal @(pn) — alp) | = 0. 


‘lutely-unconditionally and clearly [L 
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In proof of 9’ we have given a sequence {pa} and by 5 a number es « 
and a system (p,|p) such that for every p ppRp and |a(p) ~ a(pp)| > eo.” 
nee taking the oe {Pp,} as sequence {ph}, we have for every n 
DRDn u| > e&t and accordingly, as stated, {pn}Ro{Dn} 
and the tet of Lalal — alpa] = 0. 





§ 3. Some Modes of Convergence. 


The non-existence of La implies by § 2, 5 the existence of a sequencet {pn} 
monotone (R) such that L,a(p,) does- not converge, and for every 
sequence {p,} the existence of a sequence§ {pa} monotone (R) such that 
{pn} Ripi} and EnlalPny1) —\e(pr)| = ©. Hence we are led to formulate 
the following modes of existence (or convergence) of La. 

La exists absolutely in case there exists a sequence {p$} such that 
Yn|O(Pnt1) — a@(pn)| < % for every sequence { pa} monotone (R) such that 
{Pn} Rpa}. 


La exists unconditionally in case Lrza(pr)’ conver ges finitely (or what is 5 


equivalent, in case Z,| @(Pai1) — atin) | converges finitely) for every) se- 
quence {Pan} monotone (R). 


La exists absolutely-unconditionally in case Zn\a(pn4i) — o(Pn)| < © k 


for every sequence {Pan} monotone (R). 
[Lla = a, the absolute limit of æ is a, in case a is the least upper bound 
of |a(p1)| + EnlalPr1) — alpa) | for all sequences {pa} monotone (R). 
Here it would be simpler and equivalent to consider finite (instead of in- 
finite) monotone sequences {Pn}. 
By the initial remark, La exists if Læ exists absolutely or uncondi- 


tionally. Evidently La exists absolutely and unconditionally if La exists — 


absolutely-unconditionally.. Finally, if |L|q@ exists, then Le exists abso- 
a= | Le]. 

That La exist unconditionally it is necessary and sufficient that La (Bo) 
exist for every subclass Po of P such that R as on Boo has the property C. The 
condition is necessary, since La, and a fortiori La($o), exists unconditionally, 
and therefore La($o) exists. To prove it sufficient, that is, that Lrw(pp) 
exists for every {pa} monotone (R), take Po = [pain]. Then there exists 
a system (nele) such that |La(Bo) — a(pa)|-S e for EVEry PrRPn, In par- 
ticular, for every p, such that n = ne + 1. Hence Lian) exists. 





It is readily seen from the second paragraph of §3 that if La exists .. 
then as to the, existence of La absolutely, Læ unconditionally, La absolutely- . « 


* For at least one determination of e(p) and a(p,). 

{t For-at least one determination of a(p,), a(p®), 

t Take pı at random and for every n Panyi = Ppp 

§ Take pı at random, PR(Pu Pi, Pd), and for every n Panyi = Pp , PonseR(Pengi, 
Ping ls Panga): OO | 


t 4 č . “ : 
ae, 
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. unconditionally, |L.| a, only the six situations can occur which are indicated 
in the table below. 


La La abs. Lae une. Le abs.-une. [Lie 

(1) + EY E ae T 

DS ee F T a = 

aD + a ye = 5 

qv) + + — - ~ 

(V)- + E T = = 

VD + ~ — ~ - 
Here a + sign indicates the existence of the concept at the head of the 
column, a — sign its non-existence. That these six situations ‘actually 

occur Is shown by the Eon examples (I) --- (VD. 

Let A = a, + ao can = Laár be an eaid convergent series, 
Let C =c; + e H ee = L,C; be a conditionally convergent series. De- 


note by PT the das Cn] of positive integers n. 
(I) P = PHE nRng in case ni Zn. a(n) = . A— Ap (n). 
(I) P= PH -+ æ. nRnzin casen, = n; ORD; CORN yo: a(n) =n 
(n); (œ) = 0. 
GI) 8 = PH, nyRne in case either n, odd ng, even or ny = n (mod. 2) 
with ny È na a(n) = C — Cay (n odd), A — Anse (n even). 
(IV) The same as (III) except that a(n) = n (n: odd), A — Anje (n even). 
(V) B= PE. nRa in case my = ne. a(n) = C— Cr (n). 
(VD The same as (III) except that a(n) = n (n odd), C — Caz (n even) 


§4. Quasi-Limits. Upper and Lower Limits. . 


La = a*, a quasi-limit of a is a*, in case there exists a system (pep |ep) 
such that pepRp (ep) and 


, [a* — alpep)| Se (ep) or . calpa) Ze (ep), 
according as a” is finite or is 7, 0 = +. ; . 
Loa = a*, a weak quasi-limit of a is a*, in case there exists a system. 
(pele) such that | = ! 


la* — a(p)| Se (e) or` salp) =e (¢); 
according as a* is finite or is cœ, ¢ = =. 

If Po is asubelass of P such that Y as on PoBo has the properties TC, the 
notations. La(Bo), Low(Bo) have obvious meanings. For two subclasses 
— $BiBe of P denote by Pır P2 the condition thar for every pz of Bz there is a 
p,of Pı for which pykpe. Hence if Lor R as on Be o has the properties TC. 

1. If La =.a*, then oe = g* 

2. In order that La = a®, it is i sufficient that La(%o) = a* 
uniquely for every RoR.. 


+ 
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The condition is necessary. Since La = a* and PoP there is a system » 
(p.|e)ot such that . 


la*—a(p)| Se (prpe) or salp) =e (prp), 
according as a* is finite or is eœ, e = +. Then by means of a system 
(Dep |ep)o such that pepR(P, Pe) (ep)o, it is clear that La(Bo) = a*. Itremains 


‘to show that Za(P) = af implies af = a*. From this hypothesis there 


is a system (Piep| ep) such that we have for every e 


| ai — a(Prep,) 





e. e 
= 3 OT 710(Prep,) = 3 ) 


|a* ah a(Prep,) | 5e or Ta(Dtep,) = @ 


(according to the values of at; a*), whence the conclusion a{ = a* 
follows readily. | 
The condition is sufficient. The proof is indirect. The untruth’ of - 


La = a* implies the existence of a positive number e and a system (pp|p) 


such that | 
perp (p),  |alpp) — a*| > e O or eurai (p), 


according to the value of a*. Since La = a*, P being a Bor, there is a 
system (Pep lep) such that 
PepRp (ep), |o(Dep) — a*| Se (ep) or’ oa(Pep) Ze (ep), 
according to the value of a*. The'class 
Bo = [ po | = [ %p = Poep Ep] 
is a class Por. Hence by hypothesis La(%o) = a*, whereas evidently ' 
la(Bo) — a*| >e or eao) <e. 

This is the desired contradiction. Hence La = a*, as stated. 

We assume. a to be real- and single-valued in the remainder of § 4. 

Associated with a are two functions a; œ (read: a upper; a lower) on 
P to W*, with | . 

alp) = B pimal); @(p)= B app alp), 

that is, a(p) is the (least) upper bourd of a(p:) for all prp; a(p) is the 
(greatest) lower bound of a(p:) for al’ prrp. Plainly @; œ are monotone 


‘functions decreasing; increasing, and for every p a(p) = a(p). 


The lower bound Ba = B,a(p) of the function @ is the upper limit La 
of the function a. Similarly the upper bound Be of a is the lower limit Le 
of a. It is readily seen that La = La. 

3. La = La; La = La. 

{In this proof the suffix 0 indicates that the- elements | Pe P, Pep, ete., involved belong 
to Bo. 


systems (Pele), (Dep ep) such that 
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t 


This follows from § I, 7. 

41. In order that La = a, it is necessary and sufficient that there exist 
systems (pele), (Pep lep) such that | 
(1) a(p) Sa-+e (prp,) (0), 

(2) PepRP; a(Pep) Za—e (ep). 

It is necessary. For there are systems Q le), (Penlep) such that 
a E Olpe) Sate (e), PepRp (ep), alp) — alpe) E Se (ep). These systems 
satisfy (1), (2). For a(p) =Z alp) Sa + e€ (pRp.) (e), and a = a(p) 
 a(Pep) + e (ep). 

It is suficient. For by (1) a(p) = a+ e (e); hence Le = (ADe) 
= a+ e (e), and accordingly La Sa; and by (2) a(p) = (Dep) = =za-—e 
(ep); hence a(p) = a (p), and cone Le = a. Hence La = a, as 
stated. 2 i 

4o. In order that La = a, t ws necessary and sufficient that there exist 


a 


(1) a(p) = a—e€ (PRpe) b, 


(2) PepRP; . aA(pep) Sate (ep). 


5. La = a* is equivalent to La = La = a*. : 

6. La = La, La = La. a 

7. La S La S La for every La finite, or infinite. 

Theorems 5, 6, 7 follow readily* from the definitions and theorems 3; 4, 
8. La = a™ is equivalent to La = a* uniquely. 

This theorem follows from 5, 6,7. > ; 


= $5. Limits as to No: orm. 
As basis for § 5 we take the system 
i Z = A; $; R; v), | 


where A, P, R have the same meanings as before and are subject to the same 
postulates, and where v, the norm, is a real-valued function on P to N 
which is monotone decreasing (R) and such that By = 0. 

Lia = a*, the limit of a ie a* as to the norm ly, provided there exists a 
system (d,|e) such that for every p such that vp) = de 


la* — a(p)| = Se o cap) Be, 
according as a* is finite or is zœ, o = +. | 


Associated with » is a relation R’ (having the propera T, C of the 
relation R) defined as follows: pıR’pz if and only if (p) S v(p2). It is 


* E.g., if Læ = a, from the systems (pele)(pep| op) of 42 we obtain a system. (p? lep) 


l effective for the proof of 62: Læ = La = a, as follows: For every ep take Pep®(P, Pe) and 


Pep = = Pep. ep : ; æ: 
l 
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easily shown that L, and L, are equivalent: Whenever either L,& or Lwa * 
exists finite or infinite, the other does and the two limits are equal. Hence 
the preceding theorems may be applied to L,. In particular L, is unique. 

We are-concerned in the sequel with certain relations between L, 
and Ly. 

1. If Lya = a*, then Lea = a* 

Assume a* finite. Then there ean systems (d, lo), aia such that 

ja*—a(p)| Se (p with v(p) Sd.) (e) 

and »(pe) Sde (e): Then |a* — a(p)| Se (prp.), as stated, since 
v(p) = v(pe) £ de (PRpe). The proof is similar for the case a* infinite. 

2. If Lac exists, then in order that Lia shall exist and equal Lra, it is 
necessary and sufficient that there exist systems (dele), (Pepp epip) such that 


PenpRP1, |A(Perpe— alp)| Sé (e, pi, p with v(p) S de). 


The condition is necessary. Take systems (dele), (pele), (Depp Epp) 


such that 
e 


£3 (p with »(p) = de) (e), 
v(pe) Æ de (e), 
Pepi pE Pi Pep pRDe (epip). ' 


(The Pepp may clearly be taken as the same for every p.) Then for every 
pı and e and every p with v(p) = d, we have 


Pepp RPI |alp) = a(Pepp)| E == Ja(p) - a L,a| a | | (Dep,p) | = e, 
as stated. _ i 
The condition is sufficient. Take (p.|e) such that-|a(p) — Lra] = e/2 
(PRPe). Then for every e and p with »(p) = des, we have 


| a(p) = Lra | = | a(p) = a(Dier2ynp) | se | @(Deei2)p,0) a Le | = 6, 
. as stated. 
~All of the classical limits are limits as to a norm, and as such are instances 
of our general limit. We consider, as es the Riemann and Lebesgue 
integrals. 
Let f denote a Pmcuon of the variable x, x ranging over J: a =Z g =b. 
Take $ to be the class of all partitions p of J; a partition of J is a set Í, 
-+, I, of intervals non-overlapping (except for end points) such that 
I=I,+.---+ In. We define »(p) for.a partition p= Ih, ---, In as 
the length of the longest I, (k = 1, ---, n). We say a partition p =d; 
+) Di is in the R relation to a partition p” = Ii, ---, I» if p’ is a re- 
_ partition of p”, that is, if every I, lies entirely i in some I; (except possibly 
for end points). Every function f gives rise to an associated can 





|a(p) — Le 
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* valued) function a on to X: alp) = allis «++; In) = Def (a) I, where Ir . 
denotes the length (or measure) of I, and a; is any point of Is. The. ordi- 
nary Riemann definition of integration for a bounded function f is, except 
for form, as follows: If the function f is such that for the associated function 
a, L,a@ exists, then L,a is called the (Riemann)' integral of f from a to b 
and is denoted by /2’f(v)de. But it follows from 1 and 2 above that Lia. 
used in place of L,« in the definition just given would yield a second and 
equivalent definition. 

This remark is important in that it leads to a aple and natural defini- 
tion of the Lebesgue integra] faf (x)dx as a limit.: To secure such a defini- 
tion from the second definition it is only necessary to define partition difi- 
erently, a partition now being a set of non-overlapping measurable sets 
In. +++, Ia such that I = h + +- + In. The junior author hopes soon 
to publish a theory of integration from this poirt of view which has , been 
in his possession since 1917. | 


l $6. Types of Uniform Convergence as to a General Parameter. 


The fundamental system for § 6 is 
I, = (A; P; yw eZ, D), 
that is, the fundamental system of § 1 with the adiing of a general elass 
©. = [q] of elements q. 

_ We consider functions a = (elp) |p) on B to Y; B= Bla) |g) on Q to 
X; p = (plpa) lpg) on BO to A. Thusa function o is a function of the 
variables pg which range independently over the (conceptually, but not 
necessarily actually, distinct) classes PQ; we denote by o(oq) = (ep |p), 
elpo) = Celp) lq) the functions œ on % to A, 8 on Q to A obtained from ¢ 
by fixing the respective arguments q, p. With respect to the limits now to 
be defined the argument q plays the rôle of a parameter. 

Lọ = B (Q; unif.), the limit of ọ is B over Q uniformly, in case there 
exists a system -(pe|e) such that 


lopo) — B| Se (prp.) (e). 
‘Le = B (Q; quasi-unif.), the limit of p te B' over Q quasi-uniformly, 
in case there exists a system (p.q|eq) stich that 
(1) the set ['p.,|q | is finite (e), ' 
(2) | e(pq) — B| Se (PRPea) (eq). 
Ly = 8 (Q; semi-unif.), the limit of p ws B over N semi-uniformly, in 
case there exists a system (peq/eg) such that 
(1) the set [p.,|q] is (finitely or infinitely) denumerable (e), 
(2) |e(pq) — B| Se (pRPea) (e9) 
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Le= 8 (Q; unil.), a quasi-lumit of p ts B over Q Lii mly, in case there 
exists a system (Pep lep) such that 


, PRP, | PP) — B| Se (ep). 


Lo = 8 (Q; quasi-unif.), a quasi-limit of p is B over Q quasi-uniformly, 
_in case there exists a system (Pepa |epq) such that 


(1) the set | Pepa |q lis finite (ep), 
(2) DepgRD, | P(Pepad) gi B@| =e (epg). 


Le = B (Q; semi-unif.), a quast-imit of p ts B over Q semi-uniformly, in 
case there exists a system (Pepa | epg) such that 


(1) the set [Pepa q] is denumerable (ep), 
(2) DepoRP, | o(Pepeg) — B| Se (epg). 


From the definitions of the three quasi-limits Z we obtain definitions of 
the corresponding weak quasi-limits Lo by omitting the subscript p and the 
conditions involving R. 

These types of uniform convergence as to a parameter are for use in 
$§ 7,-9. Obviously the quasi-uniform convergence L and the uniform 
convergence L are equivalent, and the quasi-uniform convergences L, L, Lo- 
imply the semi-uniform convergences L, L, Lo respectively. 


Ta 


$7. Duble Limits. 
From two systems 
B= A; B = [pj we), B=; BY = [p]; weet) 
of the type studied in §§ 1-4 we form the composite system 


SS (N; pt: = PP; R = pR’R’/on EEC 


of the same type. Here H’ P” are two general classes conceptually (but not 
necessarily actually) distinct; P = PP” is the product or composite class 
[p] = [p'p"] of all composite elements p = p'p”; and R = R’R” is the 
composite relation Ron BY: piRps = PiPiRpspP2 in case pR’p, and pR” pz 

We denote limits, quasi-limits, weak quasi-limits as to R’; R”; R of 
functions a’; a”; aon P; R; P to A by L’, L’, Lo; L”, L”, Ly’: L, L, Lo, 
respectively. For a function æ on P = P'P” to A L'e is said to exist in 
case for every p” L’a(op’’) exists, and in this case L’a denotes the function 
(L'alop h |p on P” to X; ete. 

The iterated double limits L/L”, WE and quasi-limits LI'L”, LL”, 
L’'L’, LIL’ have evident definitions. The simultaneous double limit - 
(L'L”) = (LL) and quasi-limits (L’L”) = (L'LL), (LL) = (Li'Li) are | 
defined as the simple limit L and quasi-limits L, Lo for the ¢omposite 


~ 


‘and hence by § 2, 3 Le exists, as stated. | 
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system 2. The simultaneous double limits (L'L” )= = (LL), L/)= (L 'Lo) | 
are defined as follows: | 


(L'L”’)aæa = a, in case there exists a system (Pip, Pew lep’) such that 
Dep BP’, |a — app p”)| Se (PR pe )(ep’); 
(LoL”)a = a, in case there exists a system (pa De le such that, 
ja — a(pip")| Se (p'n’p.!) (o. 
The limits (2’’L’), (ZoL’) are defined similarly. 
1. If La and L'a exist, then L” L'a exists and 1s equal to La. 


2. If L'a and L”a exist, then in order tha: La shali ee TÉ ws necessary 


and sufficient that L{a — L'a) = 0. ! 
The condition is necessary.* For by 1 Li 'L’a exists, equal to Lea. 
Hence LL’a exists, equal to La, and . 


Lla — L'a) = La — LL’a = La. — La = 0. 
The condition is sufficient. From the hypotheses we readily secure a 
system (Pi, Die) Doe Pele) such that for every e | 


Fá ? ? € 
la(p’p"’) — L'alop”)| 2: (p! Rapis PRY Die) 


f FF 


alppi) — apip) 


3 (pi R’ hu PR” Pze)» 
PIR Pie PR” Pha 

Then for every e (p’R’p., pP”R”pe) implies 
[alp p) — a(pepe)| = lapp) — L’atop’)| , 
: + |L/alop”) — alp") | + lap) — app) Se, 


F 
Í 
I 





= 


i 
f 


3. If Lia exists ($"; unif.) and L'a exists, then La, L'L”a, L/L’ 
exist and are equal. 

This theorem follows from 2 ane 1, the uniforinity implying the sufficient 
condition of 2. 

4,. If Lae exists, then in or der that (La = a u is necessary and suffi- 
cient that L'L”a = a. 

It is necessary. .We readily secure a a system cm olen such that 
Ci ‘RyPep')  (ep'), 


€ 
PRP, la g æl Dapp" 24 5 
/ n r; e f | Ki 
| al Pop Pep) =p a(Dip) | = 5 = Ep J: 


* This proof of the necessity was a by Professor W. A. Hurwitz of Cornell 
University. 
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, Then l 
ja — L’a(p'y0) |S |a — alive) + [aP Dew) ~ La(pipo)| Se (ep'). 
It is sufficient. We secure a system (Pep, Dep |ep’) such that 


p.'p', la — Lop) = (ep), | 


: 
2 

|L'alp0) — arp) S5 OR py) ep’). 
Then 


la — ap. p”)| = ja — La(pio)| + L'app) — app] Se 
(D”R” Pep) ep’). 
Ao. If L'a exists, then in order that (L'L”)œ = a it is necessar wy and sufi- 
cient that L” L'a = a. 


5. If L'a, La, VL ee éxist, then in order that L'L’a exist and equal - - 


L’L’q@ tt is necessary and sufficient that (L'L’) (a — L'a) = 0. 
. It is necessary. Now L” (œ — L'a) exists equal to La — L’’L’a, since 
each of thelatter limits exists. Since by § 4, 2 L’L’’a exists uniquely equal 
to L'L”a« and obviously FL” L'a exists uniquely equal to L’’L’a, we have 
PVL” (Q — Ve) = LVL'a — L”L'a = 0. 

Hence by 44, (LL) (a — L'a) = 0. | ; 
It is sufficient. We secure a system (Pie Pze pole) such that for every e 
L'L”a me, L’a(p’o) | = 


5 (p R "Pie)» 
) 


ai ch oa 


fog f N Ed A 4 
Dre’ Pio |a(PxeP") — L'alop”)| S3 (PRP). 


' Then 


|L'La — Lelop”)| = |L'L"a — Le(pieo)| + |L"alp,o) — alpap”)] 
+ ja(prep’”) — Lia(op”)| Se (p"R”p) (8. 
6. If L'a, L”a exist, then in order that L'L”a& shall exist it is sufficient 
that (L’Lo) (a — La) = 0. 
We secure a system (pi, 





p’ le) such that for every e` 
; e í 
|a(p'p) — L’a(p's)| S7 (p'Rap.), 


[alp p) — aa =5 (p’R'p,). 
Then 
[L’a(p'o) — L’a(pio)| = |La $) — a(p'p.)| 
+ |a(p’p?) — alp p) | + lalpp) — L'alo) Se (px p) (e). 
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7. If L'a and La exist, then by 5, 6 the following four statements are 
mutually equivalent: | 
(1) L’L’e and L” L'a exist and are equal; 
(2) LLa exists and (L'L’)(a — L'à) = 0; : 
(3) L L'a extsts and (L"L’) (a — La) = 0; 
(4) (L’L/\(a Sa L'a) poai 0, (LLa — L” a) = 0. 
8. If L'a, L'a, L'L”œ exist, then in order that Ù 'L’æ shall exist and equal 
L'L”a it is sufficient that 
LaLa) = 0 (g: E 
We secure systems (p; |e), (Dip lep”), (p, le) such that ti every € 
L” alpo) — L'L”a| S ( (p’R'D.), 
| e 
[pp |p" | is finite, | 
PoR Po | Lelop) — a(pip-p"’) i = 5 


tow 7 , on @ FIET. 
|e(PiP”) — L'alpro)| Ez (PRP) 


| 
I 
Rp | 


Then for every e p’’R’’p, implies 


| pane = LV'L”a| = |L’a(op”) — aD yp" | 
+ la(pip") — La(pio)| + [V'a(p\ 0) — LL"a| Se, 


and accordingly by § 2, 3 L’’L’a exists equal to L/L ‘a, as stated. 





§ 8. Lemmas: Revised Formulation of Certain Theorems of Fréchet.* 


As foundation for § 8 we have the system | 
= (UH; OQ; S; Loe = 0.1.2) 


where Q = [gq] is a class of elements q; © = [s] is a class of sequences 
s = {qn} of elements g, of Q to which belong 1) for every qof Q the iterative 
sequence ¢ = {qa = q|n} and 2) every subsequence so of a sequence s'of 
©; Lis asingle-valued function on © to Q, associating with every sequence 
s = {qn} of © a definite element q, the limit of $, denoted by Ls, L{g,} or 
ae for which 1) Lọ = q (q) and 2) Ls) = Ls for every sequence s of © 
and subsequence so of s. 

` We denote by Q a non-null subset of the dae Q. ‘For every two sets 
Qı Qe the sum Qı + Q: and the product QQ: | are respectively the least 
{This pl! exists since L”a(p’o) exists for every p’ aaa the elements p/ p” for fixed e 
are finite In number. 


* Fréchet, Sur quelques points du Calcul Fonetionnel, Rendiconti ... Ai Palermo, 
Vol. 22 (1906). f 
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common superset and the greatest common subset of the two sets, while. 
the difference Qı — Qe is the set of all elements g of Qı but not of Qz; thus 
Q, + Q is a set Q while one (but not both) of the sets QiQ:, Qi — Qe 
may be the null set. 

A set Q ts closed in case for every s (of ©) in Q the limit Le is of Q. A 


‘set Q is compact in case every infinite subset of Q contains an s (of ©) con- 


sisting of distinct elements. A set Q, is a region relate to a set Qo, in 
notation, a region (Q2), In case every sequence s in Q with Ls of Qi is 
ultimately in Qı, i.e., every element of s after a certain one js an element 
of Qı; accordingly, every set -Q is a region (Q). A set Q is covered b ya 
set [R] of regions (Q) in case every g of Q is of some R of [R]. A set Q. 
is énclosable in case there exists a denumerable set [ R | of regions (Q) such 
that 1) Q is covered by [R] and 2) if an element q of Q is an element of a 
region (Q), say Qo, then there exists a region R of [R] contained in Qy and 
containing q. l 

1. If {Q,} is a sequence of closed compact sets Qna, cach containing the 
following, then the product of all the seis Q, contains at least one element q. 

2. If a closed compact set Q is covered by a denumerable set [Rna|n] of 
regions (Q), then the set Q ts covered by some finite, subset of the set [Rn|n ]. 

For* otherwise, in contradiction to 1, {Q — (Ri+---+R,)} is a 
sequence {Q,} of closed compact sets, each containing the following, whose 
product is the’ null set, since every element q of Q is of some region Ra 
and hence not of the corresponding set Qn. 

3. If an enclosable set Q is covered by a set [R] of regions (Q), then it is 
covered by some denumerable subset of the set [R]. 

Denote by [Ri | a denumerable set of regions (Q) covering the set Q in 
the sense of the enclosability of Q. An element çq lies in a region R and 
accordingly in a region R; contained in R. Thus the set Q is covered by a 
necessarily denumerable subset [| Re | of the set [Ri] each of which is in a 
region R. Accordingly the set Q is covered by a denumerable subset [Rs | 
of the set [R], as stated. 

From 2, 3 we have the Heine-Borel-Lebesgue theorem: 

4. If a closed compact enclosable set Q ts covered by a set | R | of rEguons 
(Q), then the set Q ts covered by some finite subset of the set [R]. 

A function 8 on Q to X is continuous at an element q. of Q, in case 
L,B(gn) = B(q) for every sequence {qna} in Q with Lig, = q; and it is con- 
tinuous on Q, in case it'is continuous at every q of Q. 


§ 9. Composite Range. Continuity. 
The theorems of this section are with reference to the foundation. 
Z, = (A; Y; Roe ERAR: Q: GS}, Lon © to MEAN, 
* Compare Hausdorff, Grundzüge der Mengenlehre, p. 272. 


120 Moore anp Smu: A General Theory of Lamits. 


e where the notations have the same meanings as in §§ 1,'6, 8. 
We consider a subset Q of Q and a function ¢ on BQ to A. 
1. If the function (pọ) is continuous on the set Q for every p, and Loloq) 
exists for every q of Q, then in order that Le shall be continuous on Q at rs 
sufficient that 


r 
. 
. 


Llo — Le) = 0 (Q; quasi-unif,). 
| 


Consider an element q of Q and a sequence fga} of Q with Lig, = q. 

We are to prove that L Lo(oqa) exists and is equal to Ly(og). This is a 

. consequence of §7, 8. For Le(ogn) exists for every n; Lig (pdr) exists 

for every p; LLnv(ogn), qua Le(oq), exists, a the sufficient condition 
stated implies 


Ll 9(ogn) — Lelogn)] = 0 ` Cn]; cuasi-unif.). 


2. If the set Q is compact and closed, and the fanction o(po) is continuous 
on Q for every p, Loloq) exists for every q of Q, and Lio — Le) = 0 
(Q; semi-unif.), then in. order that Lo shall be continuous on Q, it is necessary 
that L(@ — Lo) = 0 (Q; quasi-unif.). | 

There is a set (Dtepq|epg%®) such that 


1) [Prepa] q 2] is denumerable 7 
2) PiepgRP, | o(Diepaq) = Le(og)| <£ 5 = e (epq of Q), 


For every (epq *9) let Qepa denote the set of all diene g of Q for which 


| 9(Preva?’) — Lelog’)| < e, 
Every set Qepg is a region (Q). Further for every: (ep) the set [Qep|q%2] 
is a denumerable set of regions (Q) covering Q. Hence by $8, 2 there iS 
for every (ep) a finite number of them | 


LQepay Qepa a -J 


which cover Q; for every q of Q set Pepa = Piepo, Where 7 is the erage 
integer such that Qepa contains g. Then the system (Pepglepg%2) i 
effective in proof of the.desired quasi-uniformity. ' | 
3. If the set Q is enclosable and the function (po) is continuous on Q 
for every p and Loloq) exists for every q of Q, then a Lae ts continuous on Q 


at as true that 
Lig —L¢e)=0 (Q; semi-unif,). 


For since L(y ~ Ly) = Le — LLe = Le — Le = 0 (Q), we have 
Liv — Le) = 0 (Q); hence there exists a set (Piena epg %9) such that 


PiepaRP, | Brena) Letog)| = > e (epg #9). 


EA . 
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. For every (epg *9Ì) let Qana denote the set of all elements q’ 1 of Q for which» 
| opera?) — Le(og’)| <e. Then every Qe, is a region (Q). Further 
for every (ep) [Qepq|q%@] is a class of regions (Q) covering Q. Then by 
§8, 3 there is a denumerable subset [Qep Qepa °°? 1 Of [Qenglg% 2] 
covering Q; for every q of Q set Pepa = Pepp Where t is the smallest integer 

. such that Qepa, contains q. Then the system (pepq|epq%®) is effective in 
proof cf the desired semi-uniformity. 

From 1, 2, 3 we have the theorem of Arzela:* 

4. If e(po) is continuous on Q for every p and Loloq) exists for every q 
of Q, then in order that Le shall be continuous on Q it is sufficient that 
L(g — Ly) = 0 (Q; quasi-unif.). If Q is compact, closed and enclosable, 
then that condition is necessary. . | 

5. If loq) is monotone decr easing for every q of Q, tt is true that 

1) of Le existis (Q), then Le exists (Q); 
(2) of Lo exists (Q; semi-unil.), then Le eaists (Q; semi-unif.). 
3) of Lo exists (Q; quasi-unil.), then Le exists (Q; unif.). 
This is easily proved. From 4, 53 we have at once the theorem of Dini: 
6. If Q ts closed, compact and enclosable, and the function (po) ts con- 
_ tinuous on Q for every p.and (oq) is monotone decreasing for every q of Q, 
and Le = 0, then Le = 0 (Q; unif:). 
Tue University or CHICAGO, 


Tum UNIVERSITY OF THE PHILIPPINES, 
October 30, 1921. 


* Arzela, “Sulle Serie di Funzioni,” Rend. di Bologna, Ser. V, Vol. 8, 1899. 
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SUBSTITUTION GROUPS WHOSE CYCLES OF THE SAME ORDER 
CONTAIN A GIVEN NUMBER OF LETTERS. 
By G. A. MILLER. 


Let G be any transitive or intransitive substitution group, and let 
aa - -ay be any one of the cycles found in one or more of the substitutions 


of G. If this cycle and all of its conjugates under G are counted once for 


every substitution of G in which they appear, then the total number of 
letters in all of these cycles is exactly the order of G, since such a cycle is 
transformed into itself-only by its powers by means of substitutions re- 
stricted to its own letters.* Hence the total number of letters in all the 
cycles of order k contained in G may be found as follows: Select a set of 
cycles of order k composed of all the different cy ‘eles of this order found 
in G. Let be the number of complete sets of conjugates under G contained 
in this set. The total number of letters in all the cycles of order k found in 
G is then àg, g being the order of G. | 

In particular, the holomorph of the cyclic group of order p, p being any 
prime number, contains p — 1 cycles of order p. ' | Since these cycles form 
a single set of conjugates under this họlomoroh A = I in this case, and 
hence the order of this holomorph is p(p — 1), as is also otherwise evident. 
As another very elementary illustration it may be noted that every intransi- 
tive group of order p” which has only transitive constituents of degree p 
involves only invariant cycles of order p., Thei number of the distinct 
cycles is p — 1-times n/p, n being the degree of the group. Hence A 
= n(p —.1)/p in this case and the total number of letters in all the sub- 
stitutions of G is n(p — 1)p”™ as is also evident from the fact that the 
average number of letters in all the substitutions’ of an intransitive group 
of degree n which has k transitive constituents is n — k. 

A necessary and sufficient condition that a group G of degree n which 
has k systems of intransitivity has the property that the total number of 
letters in all of its cycles of the same order is exactly g for every cycle which 
appears in these substitutions is that G contains cycles of each of the orders 
2, 3, -+-,%—k-+1. This is clearly impossible when G is intransitive 
since the degree of each of these transitive constituents would be less than 
n— k+ 1. Moreover, it is clear that the egies group of degree n 
involves cycles of each of the orders 2, 3, ---, n, and hence this group has 
the the property that the total number of ee in'all the cycles of the same 

E, Netto, Journal für die reine und angewandte M cthematik, Vol. 103 (1888), p. 323. 
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Yr 


order i is n! for every cycle which appease in the group. It is easy to verify, 


that the well-known triply transitive group of degree 6 and of order 120 


has the same property. 
To prove that this is the only non-symmetric group meh has this 


property it may first be noted that if the degree of such a group would 4 


exceed 7 the group would involve a cycle of prime order p, where p e = | 


the condition n/2 < p = n — 3, according to a well-known theorem due to 
Tshebychef. Hence such a group must be primitive, and it cannot involve 
a cyclical substitution of order p without being either alternating or sym- 
metric.* As the group could not be alternating since in the alternating 
group of degree n there cannot be cycles of both the orders n and n — 1, it 
must be symmetric. ° | 

It remains therefore only to prove that there is no transitive group of 
degree n less than 8, besides the triply transitive group of degree 6 to which 
we have already referred, which has the property that its substitutions 
involve cycles of each of the orders 2, 3, ---, n. As these groups are well 
known this proof may be regarded as obvious, since it implies at most an 
examination of.a few lists of substitution groups of low degrees. 

To the many interesting known properties of the triply transitive group 
of degree 6, which was considered at length by A. L. Cauchy in volume 
22 (1846) of the Comptes Rendus, and had been studied earlier by C. Hermite, 
we have here added one which all symmetric groups possess but which no. 
other non-symmetric group possesses. This property therefore belongs 
to this group both when it is represented on 5 letters and when it is repre- 
sented on 6 letters. In all other cases the symmetric group of degree n 
loses this property when it is represented on more than n letters. 

The alternating group of degree n involves cycles of each of the orders 
2, 3, +++, n except of order n, when n is even, or of order n — 1, when n is 
odd. Hence it results directly that the total number of letters-in all the 
cycles of the same order contained in the alternating group is equal to the 
order of the group with the exception that this total is equal to twice the 
order of the group in the case of the largest cycle found in such a group. 
This follows directly from the fact that these largest cycles constitute two 
complete sets of conjugates under the alternating group. A necessary and 
sufficient condition that the holomorph of a cyclic group, written as a 
regular group,'is composed of positive substitutions is that the orders of 
all the Sylow subgroups of this cyclic group are even powers of odd prime 
numbers.* ‘This is evidently also a necessary and sufficient condition that 

'* G. A. Miller, Bulletin of the American Mathematical Society, Vol. 4 (1898), P. 141. 

* This fundamental theorem relating to the holomorph of a cyclic group is not found 


jn my article on this subject, Transactions of the American Mathematical Society, Vol. 4 
(1903), p. 158. 
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all the generators of a cyclic group appear in one of the two complete sets 
of conjugates noted above. 

Besides the alternating groups there are’ various others which have the | 
property that the total number of letters in all the ‘cycles of the same order 
is equal to the order of the group with the exception that for one such 
order this number is twice the order of the group. If such a group is , 
transitive it must involve cycles of each of the orders 2, 3, --+, n except for 
one such order. This condition is evidently sufficient as well as necessary. 
It is easily seen that the degree of such a transitive group could not exceed 
15 since there are at least two distinct prime numbers which satisfy the 
condition n/2 < p & n — 3 whenever n is a pcsitive integer greater than 
15. This fact can easily be verified by means of tables of primes extending 
to one million, and for larger values of n it results directly from known 
formulas. Cf. E. Landau, Primzahlen, Vol. 1 (1909), p. 91. In fact, from 
such formulas it results also that at least two such primes always exist 
when n exceeds a much smaller number than one million. 

From the existence of at least two such primes it results directly, just 
as in the case of symmetric groups, that if the Cegree of a transitive group 
exceeds 15 it cannot have cycles of each of the orders 2, 3, ---, n, except 
one, without being alternating. It is easy to verify that-no non-alternating 
group whose degree exceeds 8 satisfies these conditions and that the group 
of isomorphisms of the simple group of, order 168 is the only transitive 
group of degree 8 which is not alternating but satisfies the conditions in 
question. In this group of order 336, just as in the alternating groups, 
the number of letters in all of the cycles of the ‘same order, except the 
largest one, is equal to the order of the group, while the number of letters 
in the cycles of order & is equal to 672. 

There is no transitive group of degree 7 which satisfies the conditions 
in question but there are two such groups of degree 6, viz., the largest 
groups which contain 2 or 3 systems of imprimitivity. These groups are of . 
orders 72 and 48 respectively, and the number of letters in all their cycles 
of lowest order is twice the order of the group while the number of letters 
in all of their cycles of each other order is equal to the order of the group. 
On 5 letters there is clearly only one such non-alternating transitive group, 
viz., the group of order 20, while on 4 letters the cyclic group and the octic 
group constitute the only instances. In the cyclic group and the group of 
order 20 the number of letters in the cycles of order four is equal to 
twice the order of the group while in the octic group this is the case as 
regards the cycles of lowest order. 

Hence there are just six transitive groups which are non-alternating but 
have the property that the total number of letters in all the cycles of each 
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order save one is the order of the group while for this one the total number e - 
of letters is twice the order of the group. Three of these have in common 
with all the alternating groups the property that the cycles in which the 
largest number of letters appear are also the largest cycles, while in the 
other three the largest number of letters appear in the smallest cycles. 

If in a constituent of an intransitive group the total number.of letters 
found in all of its cycles of the same order is k times the order of this con- 
stituent, then the total number-of letters found in these cycles for all the 
substitutions of the entire group is also equal to k times the order of this 
group. In particular, if each of k constituents of an intransitive group 
contains a cycle of the same order, then the total number of letters in all 
the cycles of this order contained in the group is at least & times the order 
of the group. Hence it results that if an intransitive group has the property 
that the total number of letters found in its cycles of the same order, except 
one, is equal to the order of the group and for this one it is equal to twice 
_ this order, then no more than two of its transitive constituents can involve 
cycles of the same order. If two such constituents involve cycles of the 
same order, the total number of letters in all the cycles of the same order 
found in these constituents must be the order of the constituent. 

It is evident that the intransitive groups which have for one constituent 
the regular group of order 2 and for the other any symmetric group, or the 
triply transitive group of. degree, 6, satisfy the condition that the total 
number of letters found in their cycles of order 2 is twice the order of the 
group while the total number of letters in all of the other cycles of the same 
order is equal to the order of the group. Moreover, these are the only 
intransitive groups in which at least two transitive constituents have cycles 
of the same order and which, moreover, satisfy the condition that the total 
number of letters found in the cycles of one order is twice the order of the 
group while the total number of letters found in all the cycles of every _ 
other order is equal to the order of the group. If no two transitive con- 
stituents have cycles of the same order, the orders of these constituents 
must be relatively prime. 

As the orders of all the transitive groups which have the property that 
either the total number of letters in the cycles of the same order is equal to 
the order of the group for every order of such a cycle, or this is true of all | 
cycles except those of one order in which the total number of letters in- 
volved is twice the order of the group, are even with the exception of the 
alternating group of degree 3, it remains therefore only to consider the 
intransitive groups having for one constituent this alternating group. The 
other constituent is evidently the symmetric group of order 2, and hence the 
intransitive cyclic group of degree 5 and order 6 is the only intransitive 
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egroup which has the property that the total number of letters in ever ry , 
cycle of the same order except one is equal to the order of the group and 
that the number of letters in the cycles of this particular order is equal to 
twice the order of the group while the orders of the transitive constituents 

are relatively prime. 

If no two of the complete set of conjugates of a given cycle of a transitive . 
group have a common letter, then these conjugates constitute a substitution 
which is Invariant under the transitive group. Moreover, if a substitution 
is invariant under a transitive group, its subgroup which is composed of 
all its substitutions omitting one letter must omit more than one letter, 
and hence the group must involve a cycle whose conjugates under the group 

_ have no common letter. That is, a necessary and sufficient condition that 
there 1s a substitution, besides the identity, which is commutative with every 
substitution of a transitive group is that the group involves a cycle such that no 
two of the conjugates of this cycle under the group have a common letter. The 
total number of substitutions which are commutative with every substitu- 
tion of a transitive group is therefore equal to the number of its different 
cycles which involve the same letter and have the property that no two of 
the cycles in any one of the complete sets of conjugates to which they 
separately belong have a common letter. 

As the total number of letters found in identical. eycles and all their 
conjugates is equal to the order of the group, it results directly that the 
number of cycles which are identical with a cycle having the property that 
no two of its conjugates involve the same letter is equal to the order of the 
group divided by its degree. In particular, the number of such cycles 
which are identical is an invariant of the substitution group. A necessary 
and sufficient condition that a transitive group is regular is that every 
one of its cycles has the property that no two of its conjugates under the 
group have a common letter. The g — 1 complete sets of conjugates of 
the cycles of a regular group G of order g give rise to g — 1 substitutions 
which are separately commutative with every substitution of G. The 
fact that these g — 1 substitutions together with the identity constitute 
a group follows directly from the facts that all the substitutions which are ` 
commutative with every substitution of G must constitute a group and that 
each such substitution besides the identity must be of degree g. We thus 
have a new proof of the fact that all the substitutions which are commutative 
with each substitution of a regular group of order g constitute a regular 
group of this order. | . 

Since every transitive group whose order is of the form p”, p being a 
prime number, involves invariant substitutions, it results that it involves 
cycles such that no two of their conjugates under the group involve a 
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common letter. When the group is non-regular each such cycle must ° 
appear in more than one substitution. In fact, the number of substitutions 
in which it appears is always equal to the order of the group divided by 
its degree eyen when the order of the group is not a power of a prime., In 
particular, when the degree of a group of order p™ is p’, m > 2, its only 

. cycles which appear in more than one substitution are those which are 
found in its invariant subgroup of order p. That is, in every transitive group 
of degree p? and of order p”, m > 2, the total number of letters found in the 
conjugates of every cycle which does not appear in the invariant subgroup of 
order p is equal to the order of the group. | 

If a transitive group of degree n is regular or of class n — 1, it evidently 
cannot involve two substitutions which contain the same cycle. It is not 
difficult to prove that every other transitive group contains such substitu- 
tions. To prove this theerem, let G be any transitive group of degree n 
which involves at least one substitution s whose degree does not exceed 
n—2. If Gis at least doubly transitive, it must involve a cycle of order 2 
which does not involve any of the letters of s. The subgroup generated by 
sand a substitution involving this cycle will clearly have this cycle in one 
half of its substitutions, and as the order of this subgroup exceeds 2 it may 
be assumed in what follows that ẸŒ is simply transitive. It will also be 
convenient to assume that G is a group of lowest possible degree which 
does not involve two substitutions,containing the same cycle but involves 
at least one substitution whose degree does not exceed n — 2. 

The subgroup G, composed of all the substitutions of G which omit a 
given letter is of degree n — a. If a> 1, it is well known that G, is in- 
variant under an intransitive group which has one transitive constituent 

` of degree a. This intransitive group evidently involves at least two sub- 
stitutions containing the same cycle. Hence it may be assumed thata = I 
and that Gi is formed by a simple isomorphism between transitive groups 
of which at least one is of a class one less than its degree while the others, 
if any, are regular. Ifa transitive group of degree k and of class k — 1 can 
be represented in more than one way as a transitive group whose degree is 
exactly one unit larger than its class, every invariant regular subgroup must 
include all the subgroups which appear in the regular form when the group is 
represented on a smaller number of letters. This follows directly from 
the fact that in a transitive group of degree k and of class k — 1 every 
substitution of degree k — 1 is transformed into k distinct substitutions by 
the substitutions of the regular subgroup of order k and this subgroup of 
order & must be found in every invariant subgroup which involves a sub- 
stitution of degree k — 1. 

The substitution s may be supposed to be found in Gy. If the group 

generated by s is transformed into itself by a substitution of G which is not 


> 
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e found in G, this substitution and s will clearly generate an intransitive , 
group having a constituent whose order is less than the order of this in- 
transitive group and therefore a cycle which apvears in more than one of its 
substitutions. Hence it may be supposed thet s is transformed under G 
into a substitution of G, with which it is not conjugate under Gi. As this 
substitution may be supposed to involve the same letters as s does, it results. 
that the transforming substitution and s again generate an intransitive 
group involving a constituent whose order is less than the order of this 
intransitive group. Hence it has been proved that a necessary and sufficient 
condition that a transitive group of degree n contains a complete set of distinct 

_ conjugate cycles whose total number of letters is less than the order of the group 
1s that the class of the transitive group is less than n — 1. 

If a substitution group of degree n involves cycles of order n or of order 
n — 1; the total number of letters in a completesset of conjugates of such 
a cycle is always equal to the order of the group since such a cycle cannot 
appear in two different substitutions. This is a special case of the evident 
theorem that if a group of degree n involves a cycle of order n — a but no 
substitution on @ or less than a letters, then the total number of letters in 
all the conjugates of this cycle must equal the order of the group. In 
particular, if a primitive substitution group of degree n involves a complete 
set of conjugate cycles of order n — 2 such that the total number of letters 
in all the cycles of the set is less than the order of the group, the group must 
be the symmetric group of degree n, and if an imprimitive group of degree 
n involves such a complete set of conjugates, n must be even and the group 
must involve the abelian subgroup which has for its independent generators 
n/2 transpositions. . 

In the preceding paragraph there appears a new definition of the sym- 
metric group. As another such definition we igive the following: The 
symmetric group of degree n is the transitive group of this degree in which 
each cycle of order 2 appears in (n — 2)! substitutions. It may also be 
noted that if a multiply transitive group of degree n is not of class n — 1, 
then each of its cycles of order 2 must be found in more than one substitu- 
tion. In fact, each such cycle can be transformed into every other such 
cycle since the group is at least two times transitive. Some’such cycle must 
appear in more than one substitution, since the cycle of order 2 which 
involves the letter a, for instance, must involve another letter which does 
not appear in at least two of the substitutions of the subgroup composed 
of all the substitutions which omit a. Hence the theorem: Every cycle of 
order 2 found in a multiply transitive growp appears in more than one sub- 
stitution whenever the class of this group is not one less than its degree. 
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BOUNDARY VALUE AND EXPANSION PROBLEMS: OSCILLATION, 
COMPARISON AND. EXPANSION THEOREMS.* 
| By R. D. CARMICHAEL. 

1.| Algebrate Oscillation and Comparison Theorems.—-On any convenient 
horizontal straight line segment, say the points s such that a Ss = b, let 
us erect n perpendiculars two of which are at the ends of the segment 
while the other n — 2 are evenly or unevenly distributed on the interior 
of the segment. Let these be marked from left to right by the numbers, *. 
1, 2, ---, n; and consider them as analogous to the n codrdinate axes of a- 
space of n dimensions. Let the greatest distance between two consecutive 
axes be called the norm of the system of axes. Having given the set of 
real constants 2, U2, **-, Ua, let us take a point on the ith axis at a distance 
|7;| from the original segment and above it or below it according as u; is 
positive or negative. Having done this for each value 2 of the set 1, 2, 
+++, n, join by straight line segments the point on each interior axis to the 
points on the two adjacent axes. We thus obtain a broken line which we 
shall call the graphic representation’of the point (u, te, +*+, Un) in space 
of n dimensions or of the set of constants ur, uz, --+, Un. This broken line 
is the graph of a continuous function u(s) of the real variable s on the 
interval a =s =b. We shall say that this function u(s) is obtained from 
the set of constants: ui, Uz, --+, Un by linear interpolation with respect to 
the given n axes. The zeros of w(s) we shall call the zeros of the set of 
constants with respect to the given system of codrdinates. 

Let us consider the system of n equations ` 

n+2 
(1.1) ` 2 @ijtj = 0, 4 == 1,2, --:, 7, 
J=l . : 

in the n + 2 unknown quantities 21, %, +--+, n49, the matrix'of coefficients 
of this system being of rank n. Let D; denote the determinant of the 
matrix obtained from the matrix of coefficients in (1.1) by striking out the 
ith and (i+ 1)th columns. We. then have the following fundamental 
theorem:f . E "ORR l 

Taurorsm I.° Let D; for a gwen range, R of consecutive values of the 
integer i be of one sign and let I denote the interval of the s-axis corresponding 
to this range of i in the sense of the first paragraph above. Let u: and v; be 
any two linearly independent solutions of the system (1.1) the matrix of whose 
coeficients is of rank n; and let these solutions be extended, by the method of 

* Presented to the American Mathematical Society. | 

t American Journal of Mathematics, 43 (1921): 69-101; see p. 84. 
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linear interpolation employed above, to the functions u(s) and v(s). Then on 
the interval I the zeros of uls) and o(s} separate each other; that is, between 
any two consecutive zeros (on I) of one of these aaa there is one and jusi 
one zero of the- other function. ° i 

On examining the proof of this theorem, in the article cited, it is seen 
that the only use made of the hypothesis on D; is in showing that w 


Uz Vi 
w; = 








. (Uii Vil ‘ l 
is of one sign in J, so that the theorem might be restated with D; replaced 
by w: in the first line. The theorem as first stated is in the more useful 
form for suggesting analogous theorems in the transcendental cases; but 
the second form will be found more suggestive for proofs. 

The foregoing theorem is analogous to the Sturmian theorem of oscilla- 
tion for homogeneous linear differential equations of the second order and 
indeed reduces to that theorem by a certain limiting process. The object 
of this paper is (a) to derive (§ 1) the algebraic theorems which are analogous 
to the Sturmian theorems of comparison for homogeneous linear differential 
equations of the second order and of which the latter are limiting forms, 
(b) to obtain (§ 2) theorems of oscillation for cifferential equations of order 
n and for certain functional equations including difference and q-difference 
equations, (c) to derive (§ 3) corresponding theorems of comparisons by 
aid of the named algebraic theorems of comparison, (d) to point out (§ 4) 
a certain generalization of boundary conditions for expansion problems, 
and (e) to indicate (§ 5) the character of certain expansion problems for 
g-difference and integro-g-difference equations. 

In what follows in this section we shall assume that the notation in 
(1.1) is so chosen that the determinant D, is different from zero. If the 
equations are taken in a suitable order (and we shall suppose them so written 
already), it is obviously possible to combine them into a new system having 
the same solutions 2 in such way that the new coefficients ai; have the 
value zero when j > i + 2 and such that every a; ns is different from zero; 
and we reduce the latter to unity by dividing both members of the 7th 
equation by a;,i2. We shall now suppose further that the original, and 
_ hence the new, matrix ||a:;| has the property that the determinants of 
orders 1, 2,---, n in its upper left-hand corner are all different from zero 
in value. Then it is possible to' make further combinations of equations 
in the system-so as to arrive at a new system with the same solutions x and 
of such sort that the new coefficients as; are zero when j < i. Then, 
changing the order of terms in the equation, we have a system in the form 


(1.2) Ti? + CL Ie ipl + Biti = 0, —_ L 2, e A, 
where a; and 8; are determinate functions of the original coefficjents a,;. 
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~ On writing x; = yit; the foregoing equation reduces to the following: 


(1.3) | . Yuti + AY + By = 0. 


We set Yi = Biyi If y and y are any two numbers different from zero, 
we have o 4% ' | 
Youu = Bribie Pb, Yor = Boi—2Bei—4+ + Babyz 


If 8; is positive for all z and if yı and ‘yw are positive, it is clear that y; is 
always positive and hence that u; and 2; have always the same sign. There- 
fore the functions (s) and u(s), obtained by linear interpolation from 2; 
and u; with respect to a given system of codrdinates, have their zeros on 
the same intervals of the codrdinate system (though not necessarily at 
the same points). Equation (1.3) may be written in the form 


(1.4) n wi + Piltin + w= 0, Pi = a, Zit i 
Yi. 

where g; is a determinate function of the a;; in (1.1). From the principal 
properties of the distribution of the zeros of u (s) one knows the principal 
properties of the distribution of the zeros of x (s) provided that 8; 1s positive 
for each value of 2. 

A second equation of the form (1.1), under such hypotheses as we have 
just employed, would reduce to the normal form 


(1.5) Dina tia +a: = 0. 


Comparison theorems for the distribution of the zeros of the functions 

u(s) and o(s), obtained from the constants u; and v; by linear interpolation, 

yield corresponding. theorems for the two original systems of form (1.1). 
) We shall derive arid state the results only for the normal forms (1.4) and 

(1.5). 3 
Multiplying (1.4) member by member by Vipi oa (1.5) by — > Wip and 
adding, w we have a result which may be put in the form 


A {Uitti — Udit} F (pi — Pitit = 0; 
whence, on summing as to t. from u to m, it follows that | 
(1.6) (Umpami — Umpmt2) — (Uutta T Up2% 41) 

a 
| + p? (pi — Pitna = 0, 


. where u and m are any two numbers of the set 1, 2, ---, n such that x = m. 
If solutions u; and v; of (1.4) and (1.5), respectively, interpolate into 
functions u(s) and v(s) having a common zero, say on the uth interval, 
and if u(s) has a zero on an interval to the right of the uth, say on the 
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(m + 1)th interval, m being chosen as smal. as possible, we may show, 
that o(s) has a zero between these two zeros of w(s) provided that g; = yu, 

a= p, w+ 1, ---, m, the equality sign not holding for all these values. 

Without loss of generality in argument we take u(s) and v(s) to be positive 

each on the interval from its zero on the pth interval to its next zero to the 

right. We shall prove the statement in consideration by showing that 

we are led to a contradiction if we suppose that o(s) is nowhere negative 

between the two consecutive zeros of u(s). We have 2,410, — Uputa = 0, 

since u(s) and o(s) have a common zero on the pth interval. Then from 

(1.6) we see that we now have 


mi ` 
UmpoUm41 ~~ Um imp = 2. (Yi ~ puw > 0. 
toy ` 


This requires that o(s) shall have a zero on the (m + 1)th interval and to 
the left of that of u(s), so that v(s) is negative near the right-hand end of 
the interval between the named consecutive zeros of u(s), contrary to 
hypothesis. Hence v(s) has a zero between these two consecutive zeros 
of w(s). : . 

If we take any solution J; of (1.5) linearly independent of v; then the 
corresponding function (s) has a zero between two consecutive zeros of 
o(s) by theorem I. Hence (ə) has a zero on the interior of the interval 
between two consecutive zeros of u(s). Combining this result with that 
in theorem I we have the follewing fufidamental theorem of comparison:* 

Turorem I. Let u; and v; be solutions of (1.4) and (1.5), respectively, 
and let w(s) and ols) denote the funetions into which they interpolate linearly 
with respect to a given system of codrdinates. If u(s) has consecutive zeros 
on the uth and (m + 1)th intervals, u < m, then vls) has a zero between these, 
zeros of u(s) ‘provided that either 

(a) p: Zvi, t= wept id, +, m, the equality sign not holding for all 
these values; or, 

(b) go = Ya t= u, pt 1, ---, m, and the sets of constants u; and Vi, 
fort = u u+ 1, ---, m, are linearly independent. 

By means of this theorem we can readily establish other properties of 
comparison for u(s) and v(s). Suppose that m + 0, u +0, g: SY: for 
t= 1,2, ---,v, and that w/m > w/in. Then, if uls) has k zeros on the first 
v intervals of the codrdinate sysiem, v(s) has at least k zeros on these intervals 
and the jth of these zeros (in wncreasing order) of v(s) ts to the left of the jth one 
of uls). In view of theorem II it is sufficient to prove that the first zero 
of v(s) is to the left of the first zero of w(s). Let the (m + 1)th interva 
be the one containing the first zero of u(s). If m = 0 we employ the 

* Compare the related theorem due to M. B. Porter, Annals of Mathematics (2), 3 
(1902), p. 65. - 2 
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_ relation ufu, > vfu to show readily that o(s) has : a zero to the left of the 
~ first zero of uls). If m> 0 we employ (1.6) for u = 1. Either o(s) 


vanishes to the left of the first zero ‘of u(s) or, on taking u and ù positive | 


(as we may do in proof without loss of generality), we have tmjo0mt1 
— Uniitmiez > 0, so that o(s) has a zero on the (m + 1)th interval to the 


left of that of u(s) on this interval. This establishes the property in 


consideration. 

Let ui, V, Uki, Very be all different To zero and let ufu, > wjn. Let 
uls) and v(s) have the same number (which.may be k of roots on the we k 
intervals. Then we, have 


(1.7) ees AR, 
Ung Vet | 
provided that 9; Sy; Tra 4=1,2,---,k. From the result in the foregoing 


paragraph it follows that*the riehtinost root of u(s) on these k intervals — 


is to the right of that of (s), if either has a root on these intervals. Taking 
first the case in which they have at least one such root, let » denote the 
number of the interval containing the rightmost root of u(s) not at its 


right extremity. Without loss of generality in argument, we take tiup’ 


and 0,41 to be equal and positive. Then v, > u, so that ui410, > Uy0,42. 
In (1.6) we take m = k. Then we have ur40k41 > Upiiter2, Which reduces 
to (1.7). If u(s) and o(s) have no root on the k intervals, we take w and v 
positive (as we may in proof without loss of generality). We employ (1.6) 
with u = 1 and m = k. We have again Upsetyr1 > Ukr Whence (1.7) 
follows at once. ~ 2 

In like manner certain cther similar results may be obtained from 
theorem IT by modifying the form of certain of the inequalities in hypothesis 
and conclusion. . 

2. Transcendental Oscillation- Theorems.—It is well known* that various 
types of transcendental equations may be realized as limiting cases of 
algebraic systems. For certain of these we shall now prove the propositions 


into which theorem I of § 1 passes under the appropriate limiting processes. 


For a homogeneous linear differential equation of the second order, y” + py’ 
+ qy = 0, the result is classic in the Sturm theory: the zeros of any two 
linearly independent real solutions separate each other throughout any 
interval in which p and q are real-valued single-valued continuous functions 
of the real variable z. 

Let us consider the difference equation - 


' (2.1) L(x)u() + Mæju + 1) + N(@)ue + 2) = 


in which all the indicated functions are real-valued single-valued continuous 


* For references see a paper entitled “ Algebraic Guides to Transcendental Problems” 


` in The Bulletin of the American Mathematical Society, (2) 28 (1922): pp. 179-102. 
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+ functions of the real variable x for x = a, and Lix) aid N(x) are both of one 


a 
“+ 
= 
r 
a 4 
a 3 
’ » 
æ 
r 
+ 
ji 


and the same sign for v Za. Let m(x) and w(x) be a fundamental system 
of solutions of this equation. Then, if we write 











, A | tæ) Ue (2) |. : 
(2.2) . aa wiz + 1) ule- pi 
we have ' 
X aeti tale + 1) £ LOR 


the last member being gotten from the second last on replacing u:(£ + 2) 
(t = 1, 2) by its value in terms of u;(x) and. u:(x -+ 1) gotten from the fact 
that u:(x) satisfies (2.1). It follows from this that the numbers w(a), 
wla + 1), w(a + 2), +-+ are al: of one sign (and ‘hence not zero) if a is a 
real number not less than @ and such that w(a) + 0. . 

Let us now consider the set cf constants u,(a), uila + 1), ula + 2),--- 
and let us interpolate them linearly into the function ū:(æ) with respect 
to a system of codrdinate axes »btained by drawing lines perpendicular to 
the z-axis through the points c, a + 1, a + 2, -+-. Then from theorem. 
I of § 1 and the remark following it we see thet the zeros of the functions 
ü (£) and ŭü(x) separate each other throughout the range a=a< ow, 
Let the zeros of i;(x) on the range a S & < œ be called the characteristic 
points x for the function w;(%) with respect to the point a. Then a charac- 
teristic point is a point on a sub-interval (a + k, ʻa + k+ 1) of the co- 
ordinate system in which wu;(z) has a zero, and in fact an odd number of 
zeros if it has no zero at an extremity of this interval, a Zero being counted 
an odd or an even number of times according as the function does or does 
not change sign in the neighborhood of the zero, If w;(a) has a zero at 
one end of the interval (a+ k, a+ k+ 1), it does not have a zero at the 
other end (since wla + k) + 0) and the one zero at the end is in this case a 
characteristic point. ' 

The results thus obtained may be put into the form of the following 
theorem: | 

Turorem I. Let w(x) and u(x) be a fundamental system of real-valued 
single-valued continuous solutions of equation (2.1) and let w(x) be defined 
by (2.2). Let a be a real number not less than a for which w(a) +0. Then 
the characteristic points x for the function w(x) and those for the function 
u2(x), both with respect to a, separate each other; that is, between two consecutive 
characteristic points for one of these functions there ws one and only one ‘for 
the other function.* ! 


* Compare the closely related theorem due to M. B. Porter, Annals of Mathematics, 
(2), 3 (1902), p. 65. 
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, This result can be readily generalized to an extensive class of functional - 
equations of the second order. Let us consider the substitution s$, 


éi 
d — E a a 
v x, > Say + y 


E 


and denote by 2’ = s? the nth power of this substitution. Let it be such 7 


that there exists an open interval I of the real axis of such sort that — 


lim sa = B 


a= 


for every. xo of I, B being an end-point of J and the limit being approached 
. monotonically. .[In the case of equation (2.1) we have s = + 1 while 
a<2x< © isa suitable open interval J for every real value of a] Then 
consider the functional equation 


(2.3) Læyule) + M(x)u(ss) + N(a)u(s?) = 0 


in which the functions L, M, N are real-valued single-valued continuous 
functions of the real variable x on the interval I and L(x) and N(x) are both 
of one and the same sign on this interval. Suppose furthermore that Ss is 
such that equation (2.3) has a fundamental system of solutions uw (), ule) 
which are real-valued single-valued and continuous on I. 

Let a be a point of I and consider the set of constants u,(a), wisa), 
uils), «++; let us interpolate them linearly into the function u(x) with : 
respect to the system. of codrdinate axes obtained by drawing lines per- 
-pendicular to the z-axis through the points a, Sa, s*, ---. Let the zeros of 
ai;(x) on the part of I which is between a and £, inclusive of a and exclusive 
of f, be called the characteristic points of u;(x) with respect to a. Then, by 
the same procedure as in the previous case, we have the following theorem: 

TuroreM IT. Let w(x), w(x) be a fundamental system of real-valued. 
single-valued continuous solutions of equation (2.3) and let a be a point of I 
for which (a) +: (), where 
wla) = ulz) w(x) 

Ursa) UalSa) 

Then the characteristic points x for the function u(x) and those for the function 
w(x), both with respect to a, separate cach other. 

If we take sz = ga where q is a real number greater [ less | than unity, then 
a suitable interval I is that defined by the inequalities a<a< œ [a>x>0] 
or that defined by the inequalities — œ > > — ©[.-a<2< 0], where 
a is any positive number. We have therefore an interesting special case 
of the foregoing theorem applicable to q-difference equations of the form 


L(a)u(e) + M(a)u(ge) + N (julg) = 


Each one of a great variety of functional equations finds a similar place here. 
Let us next consider the analogous results for homogeneous linear 
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-differential equations. They are classic for equations of the second order. | 
Hence we may confine our present attention to 2quations of order n where 
n > 2. Such an equation we write in the general form 


. (2.4) ym + pur) -+ eds + Daw — Pru = 0, 


where the superscripts refer to differentiation and where the coefficients 
p are real-valued single-valued continuous funztions of the real variable ` 
x on the interval (ab). Since this involves an n-fold infinitude of solutions 
we shall require boundary conditions to restrict the permissible solutions 
to a two-fold infinitude so as to bring the present problem into the closest 
possible analogy with that involved in theorem I of'§ 1 and so that the new 
theorem shall indeed be a limiting case of that theorem. We shall suppose 
that these conditions are of the form 


Vv b. 
(2.5) 2 L;;(u)dbij(v) = 0,i = 1,2, ---, n— 2, v = positive integer, 
J= a 


the integrals being taken in the sense of Stieltjes, the functions Y:;(@) 
being functions of bounded variation on (ab). and the L,;(u) denoting 
homogeneous linear differential expressions in 2 of order not greater than 
n — 1 (the case when some L;;(u) are of the form q;;u being included by 
convention as differential expressions of order z2ro). We assume that the 
conditions are so chosen that (2.4) has two and just two linearly inde- 
pendent solutions satisfying (2.5). This is th case, for instance, when 
the conditions reduce to the following: u(a)=0, w’(a)=0, ---, w"-» (a)=0. 

Let i, tz, +--+, Un be a fundamental system o? solutions of (2.4). Define 
the constants A by means of the relations : 


2.6) È f Daada =r ST oR 
Let u be a solution of (2.4) and write it in the form 

(2.7) u = Cyt +. cüt + + + onlin, 

where ĉi, G2, «+, Cn are constants. The conditions to be met in order that 


u shall also satisfy conditions (2.5) may now be written in the form 


(2.8) Aac -+ A i2092 + ons + A inn = 0, a = i 2: E i 2. 


The required condition that (2.4) and (2.5) shall have just two linearly 
independent simultaneous solutions now reduces to the condition that 
system (2.8), considered as a system for determining the coefficients ¢1, c9, 
--+, Cn, shall have just two linearly independent solutions; and for this it 
is a necessary and sufficient condition that the matrix | |\,;| | of coefficients 
à shall be of rank n — 2. Thus we have a necessary and sufficient condition 
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« thgt the problem (2.4), (2.5) shall have two and just two linearly independent ° 
solutions. 
If we write 
: U(X) = Cyt, + Crete + +++ + Cintha, 
u(x) = Cyt + cü + +++ + Cinn, 
` where wu, and wù are two linearly independent: real solutions of (2. 4), (2.5) 
and the c’s are constants, then we have 


Aitu j$ Aiti t ttt F Ninina = O, 
Aata t Mit F eee F Ninen = O, 
It may be shown that a constant C exists, different from zero, such that 


Cii ij 
Co; zj 


= CM ;;, 








where -/;; is the algebraic complement of 


Ui Uj; 
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Now if we write 
olx) B , : f 
U(x) u(x) 
we have 
ola) = cut ets Gintin Ont t +++ + Contin 
cut, + +++ + Cindi, Cort) + ee + Contin 
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Por this it follows that the Zeros of w(x) on (ab) are hes same as those of 
D(z) on (ab).* 


* This result can be generalized to the case in which the range of 7 in (2-5) is over 
the set 1, 2, --+, k, where k is any one of the numbers 1, 2, ---, n — 1, these conditions 
being so chosen that the number of linearly independent solutions of (2-4) subject to 
the new conditions is n — k. If such linearly independent solutions are denoted by u, 
de, ***, Un— and if constants à are defined as before by means of a fundamental system of 
solutions @, ña, +++, Aa of (2-4), then for a suitable non-zero constant C we have the 
identity ° 
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Let us consider any second fundamental system of solutions of (2.4). „ 

The functions in it can be represented in the form — 

— yata + Yate + e+ + Yinün, a= 1,2, n 
where the y’s are constants such that the determinant |-;;| is different from 
zero. It we form the determinant D(x) of this new system of solutions, 
corresponding to D(x) for the former system, it is.easy to show by means ` 
of the multiplication theorem for determinants that we have D,(z) 
= |:;|D(x). Hence the zeros of D(z) in (ab) are independent of the 
fundamental system of solutions emploved. The points a, 6 and these 
zeros therefore define a division of the interval (ab) into sub-intervals 
Ih, In, Ig, --- such that D(z) vanishes at the extremities of these segments 
other than the points a and b and does not vanish in the interior of any of 
these segments; and this. divisicn of (ab) into sub-intervals depends solely 
on the equation (2.4) and the boundary conditicns (2.5). 

We may now readily prove the following theorem: 

Turorem II. If m and w are any two linearly independent real solutions 
of (2.4), (2.5), then between any two consecutive zeros of one of these solutions 
in the interior of one of the intervals D, Io, Iz, «+> hes one and only one zero: 
of the other solution. 

_ Since w(x) = CD(x) the determinant w(a) is of one sign in the interior 
of an interval Iy. Without loss of generality we may take it to be positive 
in the interior of I}; doing this we have 


(2.9) Uu — UU > 0 


within Ją. Let a and £ (a < £} be two consecutive zeros of u on I. We 
may (and we will) take w to be positive in the interior of the interval (a8), 
since if it were negative we could replace u- and ua by — w and — ug without 
disturbing. any other assumed properties or relations. Then wi(a) > 0 
and ui(8) <0. Then, since ma) = O= (8), it: follows from (2.9) that 
ula) < 0 and w(@) > 0. Hence there is one zero of w(x) between two. 
consecutive zeros of u(x) in the interior of Ip. There cannot be more than 
one, since the result just obtained can be used to show that a zero of (æ) 
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It is possible to use this result to obtain certain generalizations of theorem ITI and of the- 
consequences which result from it; but when k <n — 2 the results do not maintain an. 


elegance comparable with that when k = n — 2. 
i 
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lies between any two consecutive zeros of w(x) on J;. Hence the theorem- 

is established. : 
_ Let us now consider the problem of applying the result in the foregoing 
theorem ta the case of any two linearly independent solutions of (2.4) with- 
out reference to any preassigned boundary conditions. Let uw and w 
. denote any two linearly independent’ solutions of (2.4). Holding these 
solutions fixed let us consider them and the differential equation in connec- 
' tion with certain associated boundary conditions of the form (2.5). By 
conditions associated with the given differential equation and given solutions 
we shall mean any n — 2 conditions capable of expression in the form (2.5) 
and such that the solutions of (2.4) and the determined conditions (2.5) 
are those functions and those alore which are linearly dependent -upon 
am and uz.. | 

As a simple example,of such associated boundary conditions we have 
those determined as follows: Let the initial constants for uw and t at a 
point x = a of (ab) be 


ua) = pw k=0,1,2,---,n-1, t= 1,2. 
Let the coefficients o;; be so chosen that the equations 


(2.10) oul) + caw la) + es fog, nau Y(a) = 0, . 
t= 1,2,---,n—-2 


have those solutions and those alone which may be written in the form 
uP (a) = apis + dp, k= 0, 1,- n— 1, 


where a; and œ are arbitrary constants. Then the solutions of (2.4) and 
(2.10) are those functions and those alone which are linearly dependent 
upon wu and u. Such conditions (2.10) afford a special form of boundary 
conditions to be associated with the equation (2.4) and the given linearly 
independent solutions 2% and w. 

By means of the so determined boundary conditions (2.5) and a funda- 
mental system tı, ie, --:, Ün of solutions of (2.4) we may define a deter- 
minant D(x), as in the earlier treatment when the conditions (2.5) were 
preassigned. Let the zeros of D(x) on (ab) be called the special points™ of 
(ab) with respect to the given solutions w and w and the named associated 
boundary conditions. These special points are independent of the particular 
fundamental system of solutions used in defining them. By aid of the ` 
foregoing theorem we now have readily the following theorem: | 

Tutorem IV. If um and w are any two linearly independent solutions 
of (2.4), then between any two consecutive zeros æ, B of w on (ab) there is one 


* Tt is clear that the special points are not altered if u and u: are replaced by any two 
linearly independent functions which are linzarly dependent upon them. 
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_ and just one zero of u or there is on the interval (a8) a special point of (ab) 
with respect to the given solutions w and uw and any set of boundary conditiéns 
associated with (2.4) and the given solutions wm and w in the way indicated. 

As a very simple example illustrating the first of the two foregoing 
theorems let us consider the equation and condition 


w” (£x) + w(x) = 0, u'(0) + u(0) = 0. 


A fundamental system of solutions of the differential equation is 1, sin a, 
cosa. The determinant D(z) formed with these is now 


. {1 sine COs x | 
D(x) = 10 t — a I 
ii 


Hence there are no special points. Hence any two linearly independent 
solutions of the given differential equation satisfying the given boundary 
conditions have together the property that their zeros separate each other. 
In illustration of the last foregoing theorem, let us consider the two 
solutions 
w = a+ sin 2, Ug = COS 2 


of the same differential equation w” (@) + u'(x) = 0, where a is a given 
real constant. We have 


m(0) =a, ui(0)=1, uy(0)= 0; w0) = 1, w(0) = 0, u0) = — 


As a single associated boundary condition relevant in this case we may 
take 
u(O) — au’(0) + u” (0) = 0. 


Then with the fundamental system 1, sin a, cos æ of solutions we find that 
D(x) has the value 


1 sing COS 2 | 
D(z) =j0 cosg — sin g|= — (asin e-+ 1). 
1 —a 0 








Then the corresponding special points are the zeros of a sina+1. If 
|a|< 1 they are absent and the zeros of w and uz separate each other. If 
|a| = 1 the special points interfere with this characteristic relative distribu- 
tion of the zeros of m and w. If {a|> 1 it is clear that u has no zeros so 
that in this case at least one special point must occur on every interval 
containing two zeros of t. | 

We have assumed that the differential equation (2.4) is of order greater 
than 2. It is clear that a similar and in fact much simpler analysis of the 
game general sort as that given above is applicable to the case when n = 2. 


+ 
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and that the principal theorem which thus results is the classic theorem. 
of Sturm. The two foregoing theorems may be considered as the natural 
extension of this in one important direction. Some elements of elegance 
are absent, from the more general results, a fact which is inevitable as the - 
simplest considerations show and as is implicitly apparent from the examples 

_ just given. The present general results afford fairly definite information 
as to the way in which the situation is complicated when n > 2. 

Let s,(x) denote either x + n or.g™x, where q is a real number greater than 
unity,” and let us consider the functional equation of order n greater than 2, 
(2.11) wf{en(a)} + pr{snai(x)} + -+ pa-iu{si(x)} + Prufe} = 0, 
in which the coeficients pı, Po, +++, Pn are real-valued single-valued continuous 
functions of the real variable x for x = a (a being positive for the case of the 
q-difference equation). . Let u,(a) and w(x) be two real-valued single-valued 
continuous solutions of (2.11) which are linearly independent with respect 
to periodic multipliers P(x) such that P{si(v)} = P(x). Let a be a point 
such that a = a and w(a) + 0, where 


U(x) 


w(a) = — a un {si(x)} | 


In connection with these solutions we consider associated boundary conditions 
which are capable of representation by means of Stieltjes integrals in the 
form 


(2.12) feudb(e)=0, i=1,2 n — 2, 


where b is any conveniently chosen number greater than a and the ¥,(x) 
are functions of bounded variation in (ab), these boundary conditions being 
selected in such a way that the problem (2.11), (2.12) has for real-valued 
single-valued continuous solutions those functions and those alone for which 
it is true that — 


(2.138) wufs,(a)} = cyam{s,(a)} + come{s,(a)}, | ke0 14-2; 


& and ¢ being arbitrary constants. A particular set of such boundary 
conditions may be written in the form 


og ipu{a} -|~ go 16 {81(a) } -{- fhe ~f- Ti, n—1U{ Sn—1(a) } = 0, 
i=1, 2, n—2, 


* The results in the remainder of this section can be extended without difficulty to a 
class of functional equations obtained from those treated here by replacing sa(x) by s} 
where x’ = sh is the nth power of the substitution z’ = s, treated in connection with the 
second theorem of this secticn. Moreover, in the case of a q-difference equation in which 
- gis positive and less than unity we may employ the transformation x = 1/t, (æ) = v(t) 
and so obtain a new g-difference equation included in the class treated in the text. Sim- 
larly, on replacing x by — £ one changes from a q-difference equation with negative g to 
one with positive q. 


d 
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.where the o;; are so chosen that this algebraic system has those solutions 
and those alone which may be written in the fcrm of the first n equations 


(2.13), cı and c being arbitrary constants. 
Let ù, th, ---, ŭn be a fundamental system .of solutions of (2.11) and 


_ let constants à be defined by means of the relat:ons 


` T= 
“ey: 
` a” 


Fo 1,2, n— 2 

9 J4 ba dw(2) = Ve; i » 4s ’ ’ 
( ) Sat; Plx) Nijs j= 1, 2, vee, ne 
Then if we write | 3 

ulr} Tafe} © Gin (2) | | 

ta{si(x)} te{sie)} -- tnf{or(x)} 

a Àn A "Àn ; 
Ee Nol oo E Aon 
An—2, 1 Nn, 2 2e  @ Anz, n 


we may readily show that w{s,(a)} = CD{s,(a'}, where C is independent 
of k, the method of proof being similar to that by which the relation w(x) 


= OD (x) was proved for the foregoing problem in differential equations. 


By a characteristic point of any function v(x) with respect to a we shall 
mean a zero (to the right of or at a) of the function (x) obtained by linear 
interpolation from the constants vfa}, v{s(a)}, v{se(a)}, «++ with respect 
to a set of axes obtained by drawing perpendiculars to the z-axis through 
the points a, (a), »(a), --+. The charactezistic points of D(a) with 
respect to a we shall call the special points for tie solutions u(æ) and u(x) 
with respect to the boundary conditions (2.12. , They are clearly inde- 
pendent of the choice of fundamental system ù, U2, + > +, Ün used in defining 
them. 

The quantities cotse(a)} are all of one sign if the variation of k is so 


`- restricted that all the points s;,(a) lie on a sirgle interval containing no 


special points. Then through use of the methcd employed in proving the 
first two theorems in this section we are led easily to the following theorem: 

THEOREM V. If w and w are any two real-valued single-valued con- 
tinuous solutions of (2.11), which are independeni, then between any two con- 
secutive characteristic points a, B for m with respect to a point a for which 
w(a) + 0 there is one and just one characteristic troint for w or there is on the 
interval (aß) a special point with respect to the geven, solutions u and u and 
any set of boundary conditions associated with (211) and the gwen solutions 
Uy and Up in the way indicated. 

By taking s(x) = «+ k, we have in this theorem the extension, to 
equations of order greater than two, of the resulis stated for a second order 


difference equation in the first theorem of this section; and by taking - 


aS 
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N S(t) = = x, q> 1, we have a corresponding theorem for’ q-difierence e 


equations. : 
3. Transcendental Comparison Theorems.—The results stated in theorem ~ 


II of § 1 and the following paragraphs have as limiting cases certain of the 


classic theorems of comparison of Sturm for homogenéous linear differential 


equations of the second order; and they were indeed suggested by these 


Sturmian theorems.’ The latter,- with considerable loss of elegance, have 
been extended to homogeneous linear differential equations of general 
order k.* It is possible to extend the algebraic results of the latter part of 
§ 1 to the analogous algebraic case, namely, the case of algebraic systems 
with + linearly independent solutions; but the results lack (in some respects) 
the desired elegance. From them one may in turn obtain corresponding . 
properties of a certain class of functional equations. We content ourselves 
with giving these results far the most interesting case, namely, that in which 
the equations have just two independent solutions. 
Let us consider the functional equations . 


(3.1). u(s2) + glw)ulsz) + ula) = 0, 
(3.2) v(s2) + W(z)v(s2) + ole) = 0, 


in which v(x) and W(x) are real-valued single-valued continuous functions 
of the real variable x on the interior of the interval I, where sz, 82, I are defined 
as in the paragraph following theorem I of §2. If a is an interior point of 
the interval I, we define the char acteristic points of a function t(x) with 
respect to a to be the zeros on the interval a = «æ < 8 (ora = x > fp) of 
the function t(x) derived from the constants (a), t(s,), t(s2), --- by linear 
interpolation with respect to the system of codrdinate axes obtained by 
drawing lines perpendicular to the x-axis through the points a, a, Site 
From theorem II of § 1 we have at once the following theorem: 
THnorem I. Letu and v be real-valued single-valued continuous solutions 
of equations (3.1) and (3.2), respectively.. If u(a) has two consecutive charac- 


teristic points with respect to a on the uth and (m + 1)th intervals (u < m) of 


the set of intervals whose end-points are the consecutive pairs of the sequence 
d, Sas 82, `" *, then v(x) has a characteristic point between these two characteristic 
points of u Promdi that either 
(a) p(x) = y(x) at the end-points of each of these intervals from the uth 
to the mih inclusive, the equality sign not holding for all these end-points; or, 
(b) o(a) = W(x) at the end-points of each of these intervals from the uth to 
the mth inclusive and the two sets of constants, E 


uls), ust), te, Wsu); . o(k™), ol), e (se), 


are linearly independent. 
* Annals of Mathematics (2), 19 (1918): 159-171. 


* 
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This theorem affords certain properties of comparison for the relative 
distribution of the zeros of u(x) and v(æ). Other related properties may 
be obtained similarly from the italicized results following theorem II of § 1; 
we state them without further elaboration of the proof. ; 

THEeorEM II. Let wand vbe real-valued singie-valued continuous solutions 
of equations (3.1) and (3.2), respectively. Let us suppose that ula) + 0,. 
ola) + 0, ulsq)/u(a) > v(s,)/v(a); and that g(x) = W(x) for x = a, 8a, È, 
eee, oh. If ula) has k characteristic points cn the y intervals whose end- 
points are the consecutive paire of the sequence a, Sas 8Sa +++, S4, then v(x) 
has at least k characteristic points on these wnterva-s; and the jth of these charac- 
teristic points (counted from a towards si) of v(x) is nearer to.a than the jth 

characteristic pornt of u(x). 

THEOREM IlI. Let u and v be real-valued ' single-valued continuous 
solutions of equations (3.1) and (3.2), respectively. , Let u(a), v(a), uls), v(s%) 
be all different from zero and let ulsa fula) > visg)/v(a). Let u(x) and (æ) 
have the same number (which may be zero) of characteristic points on the k 
intervals whose end-points are the consecutwe paws: of the sequence a, Say 3%, 

-+, 8%. Then we have ! 
ulset?) (sa) 
tu(s) O(S) 








provided that v(x) = W(x) for x = a, Sa, t°, SEL 

Since the point a (in each of these theorems) has a great range of varia- 
tion, the stated results give a large measure of information about the 
relative distribution of the zeros of u(x) and v(x) even though the arbitrary 
elements of the solutions of (3.1) and (8.2) are functions (rather than 
constants) restricted merely by a relation of the form p(s,) = p(x) and 
certain considerations of reality and continuity. ‘They have their greatest 
use in yielding information concerning the solutions of a given equation 
(3.2) by comparing them with some simple functions which are known to 
be solutions of equation (3.1) with appropriate determination of the ¢(z). 

4. A Generalization of Boundary Conditions for Expansion Problems.—By 
means of the differential expressions 


a= = m aa a. 


Lilu) = a are a? a+ as m <n, 


Uia i pi -t lou, l 


ynl 


in which the coefficients l», gẹ with their derivatives of all orders are real- 


- valued single-valued continuous functions of z in an interval (ab) and I, is 


positive throughout (ab) while gm does not vanish in (ab) [and hence is 
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either positive or negative throughout (ab)], we define the differential . 
* eqtation ' j 


(4.1) L(u) + Milu) = 0 
and its adjoint : 
e - Ma) + >AMi(v) = 0, 


where M(v) and M,(v) are the adjoints of L(u) and Ln(w), respectively. 
We have classic identities of the form 


G3 Gh = Gy) = < Rat. boreas £ Ge oi: 


The quantity 
[R(u, v) + AR (u, v) [Es 


is a bilinear form in the two sets of variables 


Ce (a) 3 ane (alpinen w (a) ’ (a) ; er (b) pe u’ (b) » U (b) 
and ; ; | 
v(a) J v (a) ema ia R (a) » Vv ai (a) J v(b) ) v (b) > ve ) yr) (b) . 


If this form is arranged in a square array whose columns contain the ws 
in the order written and whose rows contain the v’s in the order written, 
then the matrix has the following properties: every element below the main 
diagonal is zero; every element in the upper right-hand fourth of the matrix 
is zero, the division being made by horizontal and vertical lines; the deter- 
minant of the matrix has the positive value {l,(a)l,(b) }*. 

This bilinear expression may be written in an infinite number of ways 
in the form . 


(44) [R(w, 0) + AR lu, 0) 1! 
= X (Uu) +N }{Vasle) + PaO), 


where the Ur: Uzi, Vig Vo; are linear homogeneous functions with constant 
coefficients, the first two in the variables u and the last two in the variables 
v, such that the determinant of the linear forms U,;(w) + XU2;:(w) in the 
variables u is independent of à and different from zero and such that the 
determinant of the linear forms 7;,;(v) + V2;:(v) in the variables v has the 
same properties. Then with (4.1) we associate the boundary conditions 


(4.5) Ulu) + AU) = 0, += 1,2, +--+, n; 
and with the adjoint equation (4.2) the adjoint boundary conditions 
(4.6) Filo) + AV 2;(v) = 0, =n +. 1, wees Qn. 
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We say that the problem (4.1), (4. 5) and the problem (4.2), (4.6) are each | 
the adjoint of the other.* 

The following theorems may now be eaves in the same way as the 
special cases of them are proved in the article ‘ust cited: ; 

TuroreM I.. If for \ = a solution a(x) inot identically zero) of (4.1), 
(4.5) exists, then a solution 5(x) of (4.2), (4.6) also exists for A = N; if Ga). 
as unique (except for a constant factor), (x) ts also unique (except for a constant 
factor). 

Turorem I. If Ys Y, +++, Yn are n linearly independent solutions of 
(4.1) for \ =X, the condition that A is a charac-eristic value t as that the deter- 
minant 


Uunly) + MUn ly) Uulu) +. dU ax (ye) see Oiyn) + MUn (Yn) 
fies Valy) a MUn) ae a MUn) Bes aie + MUn (yn) 


Ei Ual) + KUn) Us, Gy) =e KUn l) ning? Unlu) T XUoalyn)| 


shall vanish; a characteristic value A of d ts simale when and only when some 
firet minor of A does not vanish. 
Here the terms characteristic value and sunple characteristic value are 
used in the same sense as in the treatment of the special case referred to. 
From the equations 


L(u;) + A Ly (u;) = 0, M(;) + A; Milo) = 0 


we have 
fol Llu) + AcLi(us) J wd Ma) + Mis) H Ai — Az)uidr(0;) = 0. 
Integrating with respect to x from a to b and simplifying by use of equations 
(4.3) and (4.4) and the boundary conditions 
Urlu) NUl) =G t= 1,2, +++, 0, 
Vielo) -+ NiVor(d;) dii (A; Fa AD Talv) s C, t=n -+ 1, uae 2n 


we have 
(A; — 49) 2 Vox(v5) { Ulud + Ài U,.(u,)} -} Ai eoe AD Sui Mi (opde = 0. 


From this relation and that obtained by interzhanging the rdles of u and v 
we deduce at once the following theorem, gemeralizing theorem III of the 
preceding paper: 

Turorem HI. If u;(x) and 0,(z) are solutions of (4.1), (4.5) and (4.2), 


* For a special case of these adjoint problems, with references to the literature, see 
ANERICAN JOURNAL OP Maruenmatios, 43 (1921}: 232-270. 
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ds Q), respectively, the first for \_= \; and the second for \ = N; and if Mi + Ni, 
then we have 


` So’ willls(0;)de E > Vax(v3) | { Ui, (u) a AG U: ne( Us) } 


kon+ 


So’vjly(u;)da + > Uor (us) | Ful) + WV. an(0;)} = 0. 


I 


0, 


The novelty in this form of the problem is in the appearance of the 
parameter \ in the boundary conditions. It is clear that a corresponding 
generalization exists for the various boundary value and expansion problems 
treated in the memoir mentioned above; and that the development of the 
theory follows lines closely parallel to the earlier treatment. 

5. Expansion Problems for ¢-Difference and Integro-q-Difference Equa- 
tions.—-Let us consider the adjoint systems of q-difference equations 


(5.1) us(qa) — uila) = DY (weg + Wada), t= 1,2, +++, 0, 
jal 


(5.2) v(x) — ve(qe) = 2 (gj + Apidos), i= 1,2, n, 
j= f 


' where q is a constant whose absolute value is different from unity and where . 
the ¢;; and w,; are functions of x which are analytic at infinity and have a 
zero there. These systems of equations possess fundamental systems* 
uE), Un j(2), st E talt); tx), %;(2), mt ty Unj(2) 

of solutions each function of which is analytic at infinity, say, analytic for 
|x| = R, R being an appropriztely chosen positive constant; moreover, the 
constant term in the solution «;;(æ), and that in the solution v:;(æ) as well, 
is 6;; where 6,;; denotes unity or zero according as 7 is or is not equal to 1. 
Any solution which is analytic at infinity is made up from the foregoing 
solutions by taking linear combinations of them with constant coefficients. . 
We confine attention to such solutions of (5.1) and (5.2) as are analytic 
for [|= R. 

If we multiply (5.1) member by member by v:(qæ) and (5.2) by — wle), 
add the resulting equations member by member, and sum as tot from 1 ton, 
we have 


n 


(5.3) da 6{uz(x)v:(x)} = 0, 


where ô denotes the operation defined by the relation ôf(æ) = f(q¢x) — f(a). 
Let a be a number such that |a| = R. In (5.3) sum as to x from a to œ, 


* These existence theorems are readily proved by means of the theory of power series. 
- There also exists a like theory in which the point zero plays the rôle played hoye by the 
point infinity. ; 
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where -runs over the values a, ga, g’a, -++ or the values a, q'a, ga, +- 
according as |q] is greater than or less than unity; thus we have 


(5.4) © {ui(co)o(2) —-us(ao,(a)}=0. 


icc 


The first member of this equation is the analogue, for the present theory, . 


of the bilinear form in the first member of equation (4.4). It is a bilinear 
form in the two sets of 2n variables each 


' wle), u(©), ife “Un(®); 14 (a), a) Un(a); 
ulo), wl), Crt, nl), v(a), pr, 23 Un(a). 
Since the bilinear form is obviously of rank 2n it may be written in an 
infinite number of ways in the normal form | 


n 2n 


(5.5) 2, {u:(0)v:(%) — u:(a)v:(a)} = 2s Uiu) V(r), 


i=l 


where the U;(u)|_V;(v) | are homogeneous linear expressions (with constant 
coefficients) in the variables u[v |. Then with our systems of g-difference 
equations we associate the boundary conditions 


(5.6) Ulu) gi 0, t = 1, 2, "ry Th; 
(5.7) Vee, Se oon. 


Then relation (5.4) is satisfied in virtue of the boundary conditions alone. 
Turorrem I. If for \ = da solution’ ii;(x) (not identically zero) of (5.1), 
(5.6) exists, then a solution ,(x) of (5.2), (5.7) also exists for A =; if the 
solution t;(z) is unique (except for a constant factor), the solution lx) is also 
unique (except for a constant factor). 
For \ = \ we have 


Uiu) = U2(%) S a, U,(%) = 0, | Onn (tu) + 0, 


' the inequality holding for some k of the set 1, 2, ---, n, since from the 
relations U;(a%) = 0 for i = Lieto 2n it would follow that @;(0) = 0 
fori = 1,2, «++, n, so that &; would be identically zero, contrary to hypoth- 
esis. In the n-fold totality of solutions of (5.2) for A = À, there is at least 
one, say ;(x), which satisfies the n — 1 conditions 


Viti) = 0, 
where 7 runs over all the numbers of the set 1, 2, ---, n except k. But 
(5.4) must be satisfied when u; and v; are replaced by ù; and p; respectively, 
since the latter are taken for the same value of A. Thence, through aid 
of the identity (5.5) and the boundary conditions for ü; and 3; already 
verified, we have Uniz(t@)Vnye(@) = 0. Therefore Vape) = 0, so that 
the solution 0,() satisfies all the boundary conditions (5.7). 


a 
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It remains to show that ,(x) is unique whenever ŭ:(æ) is unique. We 


“shall prove this by supposing that the solution ð;(æ) is not unique and then 


showing that the solution u;(7) can not be unique. Since 4;{2) is now 
supposed to. be not unique, let 3;(x) and vf (e) be two linearly independent 
solutions of (5.2) and (5.7) for X=. Then different numbers 7 and k 


of the set 1, 2, ---, n exist such that 


V;(0) + 0, Vrlo”) + 0. 
ViVa) = Vso") V0), 
V ;(o") + 0, V) +0, 


If then 
we have 


so that the functions 
vile) = V5(0*)i(a) — V;(0)v* (2) 


afford a solution of (5.2), (5.7) which is not identically zero. If 


| (5, 8) l V; (5) Va (ö) 


Vi) Val”) 


is zero for every æ of the set 1, 2, ---, n, then we shall have V;(v) = 0 for 
a= 1, 2, ---, 2n, a result which is impossible since it would imply that 
v{%2) = 0 @= 1, 2, ---, n) and hence that v;(7) is the identically zero 
solution (contrary to the hypothesis about the linear independence of 
d;(a) and v¥(v)). Hence for some g of the set 1, 2, ---, n the determinant 
(5.8) is different from zero. We fix upon such ana. Now choose u7(2), 
linearly independent of ŭü;(æ), so as to satisfy the n — 2 conditions 


U ;(u*) = 0 


- for 2 running over all numbers of the set 1, 2, ---, n except j anda. Then 


from (5.5) and the boundary conditions already satisfied we have 
U;(u*)V (0) — Uu") Va) = 0, 

Ulu) Vi) — U.(u*) Vv") = 0. | 
since the determinant (5.8) is different from zero it follows from this that 
U ;(u*) = 0, U,(u*) = 0, so that už (æ) satisfies (5.1) and (5.6) for A =, 
contrary to the hypothesis that these equations have unique solutions. 
Hence follows the truth of the second statement in the foregoing theorem. 

A value of à for which the system (5.1), (5.6) [and hence the system 
(5.2), (5.7) | has a solution will be called a characteristic value. The 
characteristic value is said to be simple if the solution corresponding to it 


is unique (except for a constant factor). 
Pew Awe ee FF TL 
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are n linearly independent solutions of (5.1) for \ = N, the condition that \ į qe @ 
characteristic value is that the determinant 





Uily) Uily) ++.  Uy(y) 
A= Ooty) Ualy) +++ Ua(y) ; 
Tey) Waly) Valu) | 


shall vanish; a characteristic value N of A ts simple when and oniy when some 
first minor of A does not vanish. B 
If we take the general solution of (5.1) for A = X in the form 


u(x) = > Ciy? Xa), l = |, 2, "t Ms 


we see that the vanishing of A is a sufficient condition that the boundary 
conditions (5.6) may be satisfied through an &ppropriate choice of the 
constants ¢;;, When some first minor does not vanish this choice is unique 
(except for a factor which is constant through the set). 

TueoreM II. If uP) and v(x) are solutions of (5.1), (5.6) and 
(5.2), (5.7), respectively, the first for \ = M, and the second me A = hz and if 
Ag + At, then 
(5.9) È È DS pP = 0, 


=ü 


where t = q or q™ according as |q] is greater im or less than unity. 
We have the systems 


uP (qx) was uP(a) = 2 (03; -f Nhal (x), 


wa) — Pige) = a pri F NeW) 09 (Gu) — Ox = VŠ Vsile)o (ge); 


multiplying the first by vf? (ga) and the second by — u(x), adding member 
by member, summing as to ĉ from 1 to n and then as to x from a to infinity 
over the set a, ta, Pa, ---, we have a result which, (in view of the boundary 
conditions and the omission of the non-zero factor A — dz) reduces to the 
relation given in the theorem. . 

Let us flow suppose that the problem is set up so that we have the 
infinitude of characteristic values ^, ^g, As, +- and corresponding solutions 
of the u-problem and of the v-problem; and let us suppose ‘that the first 
member of (5.9) is different from zero when / and k are equal. Then if 
given functions f;(z) (i = 1, 2, -> pn have expansions in the form 


; filx) = > ent"), Us I; 2j cot, n, 


_ 
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the same coefficients cy being employed for each of the functions, these ° 


i coefficients are readily determined as follows: For fixed 7 multiply both 
members of the last equation by w;.(x)o(qz), sum as'to 2 and 7 from 1 to 
n, and sum.as to x over the set a, ta, ĉa, -.-; employing theorem III we 
come through readily to the relations* 


ee k = 1, 2, 3, + 
5 D4 24 Ws s(at®) uP at) (att) 


Let us illustrate these fundamental expansion formule of the q-dif- 
ference calculus by considering a particularly simple example. We start 
from the equation | 


ulga) = (1 +*) ue, lal< 1, 
and its adjoint 


(1 + *) v(gu) = v(x). 
Appropriate solutions of these are the following: 


Ata 1 
u(x) = 1 -+ 2 ir = Da mie ’ va oO : 


| We may also write l 
ufa) -4 +2) 


thus exhibiting u(x) in factored form.] The condition (5.4) now reduces 
to the simpler form u(æ)jo(%) — u(a)o(a) = 0. As suitable boundary 
conditions implying this relation we may take | 


au(o) — ula) = 0, v(%) — av(a) = 0, 


where a is a given non-zero constant. Since u(o) = 1 = v(o) and 
u(a)o(a) = 1, these boundary conditions require merely that A shall satisfy 


the relation u(a) = a, or 
9 


Aa 
i E EE 
D yee 


The roots of this transcendental equation in A are the characteristic values 
of A for this special expansion problem. If «œ is not an exceptional value 


*If we use a single equation of order n to replace the n equations of order unity in 
- each system, we shall come through to an expansion problem very closely related formally 
‘to that for differential equations in § 4. 


° 


\ 
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for the function of à in the second member of this equation, the. numberof 
such characteristic values is enumerably infinite; ‘so that we have an instance 
of the case supposed in the preceding paragraph. The simpler expansion 
formule pertaining to the present case may be written cow at once by 
specializing the formule of the preceding par agraph. 

If we apply to systems (5.1) and (5.2) a limiting process which has. 
become classic through the investigations of Volterra, we are led through to 
adjoint integro-q-difference equations of the fozm! 


ulge, c) — u(x, 0) = L2 lole, o, 7) + (a, o, 7) }u(a, adr, 
vlz, o) — olg, c) = SL iele, 7, 0) + AW(2, 7, o) jolige, r)dr. 


Under appropriate hypotheses the method of successive approximation 
yields existence theorems for equations of this sort. ‘For them there exists 
also an expansion problem analogous to that which we have just treated. 
In the theory of this expansion problem we have the ORNES equations 
analogous to (5. 4) and (5.9): 


SPi{ul(o, owo, gi — . ula, ojola, o))do = Q, 
2 SE SEW at’, T, cu (at, ojoh (att, r)dedr (x. 4 Ie l. 


Then if we have an expansion oi the form 


fæ, c) = >> gu (a,c); 


ee D ee ee ee 2 
~ 


the coeflicients C have the values 


2 SESEV ab, 7, o)f(at’, cP (att, a TEN 
a A eee 

>, SES Pv at’, r, c)u™ (at, oo (attt, r)dedr. 

go a 


A similar expansion theory exists for a great variety of generalizations 
of the q-difference and integro-q-difference equations of this section. It 
is of importance to have a detailed analysis of the character of the functions 
which are representable in the form of cer tain of these expansions. 


“University or ILLINOIS, . 
April, 1921. ; ! 


ON A THEOREM IN GENERAL ANALYSIS AND THE INTERRELA- 
TIONS OF EIGHT FUNDAMENTAL PROPERTIES 
OF CLASSES OF FUNCTIONS.* 


By E. W. CHITTENDEN. 


INTRODUCTION. 


In his ‘‘Introduction to 2 Form of General Analysis” t E. H. MOORE 
defined eight properties of classes of functions: 


LO D-A AA Ks, Ka Kost 


If we denote by $ a general class, A a development of P (cf. § 1), M a 
class of functions u on $ to the class X of real numbers; then the prop- 
erties L, C, D, A are indepencent of the character of P, while the properties 
A, Ki, Ke, Ke, are defined in terms of the development A. The property 
K; is a generalization of convergence, the property K; of continuity, while 
the property Kye, is defined in terms of the functions which are at once 
convergent and continuous on $ relative to A and St. The eight prop- 
erties are not independent but admit among others the important relation: 
DAK i K: imply Key- $ r 

A. D. PrromeRl| investigated the interrelations of these eight properties 
and their negatives and found that 108 combinations are impossible, and 
exhibited examples showing the possibility of 145. There remained three 
combinations whose character was left undetermined, out of a conceivable 
total of 256. His investigations led him to the conclusion that the property 
K4 is implied by the composite property D:AKi K.2B;, where D; is a domi- 
nance property weaker than D, and B; is defined in terms of a development 
A.T 

The developments A assumed by MooRE and PITCHER are finite, that 
is, each stage consisted of a finite number of subclasses of P. The author 


* Presented to the American Mathematical Society at Chicago, April 21, 1916. 

+ Tae New Haven Mathematical Colloquium (Yale University Press, New Haven, 
1910), pp. 1-150. To avoid frequent acknowledgments the author wishes to state that 
the symbolism and terminology employed are due to Moors and A. D. Prrcner (citation 
below). 

t The eight properties are defined in the following pages in the order in which they 
occur in the discussion. 

- § Moors, loc. cit., p. 145, Theorem IIT. ; 

| “Interrelations of Eight Fundamental Properties of Classes of Functions,” The 
‘Kansas University Science Bulletin, Vol. VII, No. 1, (1913), pp. 1-67. 

M Pircuer, loc. cit., p. 44, Theorem I. 
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Aem ed this restriction and extended the thecry of Moore to the case of , 
infinite developments, obtaining a theorem of which the two theorems of ` 
Moore and PircHer mentioned are instances." 

It is the purpose of the present paper to siow that the hypothesis B; 
of PITCHER is non-essential and that Ky, is, ir. fact, implied by D,AK; Ko. 
It results from this proposition that two of the three properties whose . 
character with respect to existence was not determined are self contyadietory 
(cf. § 7).- 

§1. DEFINITIONS AND Notation.—We ere ‘concerned with classes 
MN of.real and single-valued functions which ars assumed to be defined for 
each element (point) of a given general class (space) B, and with properties 
of such classes Jt defined in terms of a development A of $$. Denoting the 
class of all real numbers by X, we speak of funztions on $ to A. 

A development A of a class $ is a system ((3™)) of subclasses P™ of P; 
the indices m, l being integral valued and the range of the index J, for fixed 
m, dependent on the value of m.. The system of all classes $3”! for a fixed 
value of the index m forms stage m of the cevelopment. A stage of a ` 
development is finite if the corresponding system (Pr is finite. A de-. 
velopment is finite in, case every stage is finite.f | 

Unless the contrary is stated the developments which occur in the 
following discussion are assumed to be finite. ‘here will be, for each value 
of m, a finite number L” (= 0) of classes P” oF stage m. 

If a point p belongs to a class B”, if is saic to be developed of stage m. 
The class of all such points is denoted by P”. Tts complement P — P” 
is represented by the symbol P”, denoting the class of all points unde- 
veloped of stage m. 

THE RELATION Kpm. If a point p is miai of stage m, or some 
later stage (that is, stage of index m’ > m), it is in the relation Kpm relative 
to a development A of the space G: The class cf all points p in the relation 
Kym for given m is denoted by Pa. The complement Pm of Pm is a very 
important class, in fact,.the class of all- pointe developed. of stage m and 
every succeeding stage. The statement that p kelongs to P—m is represented 
by the symbol Kpm. | 2 8 | 

THE RELATION Kp,p.m. Two points 71, pa of P are connected of stage m | 
in case there is a class 8”! which contains bota. If two points pı, Pz are 
connected of stage m or some later stage, they are in the relation Kp,p.m- 

THE DOMINANCE PROPERTY D;. A class Yt of functions has the domi- 

* “Infinite Developments and the Composition Prope-ty (Ki2B,), in General Analysis.’ K 

+ A development is ultimately finite in case there is an integer mo such that for all 
values of m = mo, stage m of the development is finite The theory here developed is 


concerned only with the ultimate character of the develcpments which enter and there is: 
no loss of generality in the restriction to finite instead of -sltvmately finite developments. 
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-, naņce property D; in case for every pair m, Me of functions of Qt there is a ` 
constant a and a function u of M such that the inequalities, 


(1) — | 1| = aju], |u| = aļu], 


hold uniformly on P. [It is customary, when writing inequalities between 
. functions which hold uniform!y in the variables, to suppress the variables. | 
THE PROPERTY Ky. A class St has the property. Ka( K-M) relative to 
to a development A of the range $ in case for every function u of the class 
Wt there is a function u: of Yt such that for every small positiwe number e 
there is a positive integer me such that whenever two points pı, p are in the 
relation K>p,p.m, then. 
(2) | Hp — Hp = e| unl. 


| Henceforth we shall use the abbreviation: there is an Mme, to replace the 
italicized part of the preceding definition. Thus the definition of K 
might be stated: there exists m and m. such that Kp ,pım, implies, etc. | 

§ 2. SOME CONSEQUENCES OF THE Property K2.—If we denote the 
oscillation of a function u on a class P™ of a development A of the range 
B by w™!(u) and the lower bound of u on $™ by B”(u), itis easy to see from 
inequality (2) that whenever m exceeds me then 


(3) — w(u) E 2eB™ (ue). 


It follows that if u vanishes oh W™ (m 2 my) or has the lower bound 
zero, then yw is constant on $$”, Therefore, unless u vanishes identically 
on $”!, u is bounded from zero on that class. Conversely, if u is not 
constant on $™, then u must be bounded from zero on $™. Consequently, 
if u is the common dominant of uand ye, the function wis (in view of in- 
equality (1) and the preceding remarks) bounded from zero on every class 
P™ (m = m). This result is stated in the following theorem: 

If a class Mt of functions on a general range B with a development A has 
the property Ke relative to A and the property Dy, then for every function u of 
the class Wt there is a function F and an integer m, such that, for every m = m 
and class B™, either u vanishes identically on P™ or is bounded from zero 
on $B, _ | | 

The classes 8” on which u vanishes identically form a set which may be 
null but is almost denumerably uifinite. Relative to the function u, we 
represent by $8” the classes on which u is identically zero and by R” the 
remaining classes of the development. The system Ay of all classes P™e 
forms a development of 8.* Likewise the system of all classes $B" forms 
a development A, of P. - In the developments Ao, A; it is understood that 


* We shall find it convenient to say that the function » vanishes identically on the 
development Ao. 


156 CHITTENDEN: On a Theorem in General Analysis. 


the ee m < mare empty. For the purposes of this paper the develop- , 
ment A may be regarded as equivalent to a development Ay + A. 

We understand by a representative system ((r™)) of a development a 
system of points r”!, where r™ is an element of the class $B" If a class 
P™ is null, it will not have a representative element. 

Let St be a class with the property Ky, and suppose that pı, p: are. 
common elements of a class 2” of a stage m = m, (effective in inequality 
(2)). Then if we replace p, by r™ and let p: represent any element p of 
Pa we may write 

) [up] = el normal + [deme = 





If we set e = 1 and let am be the greatest: value of | sepme| | Hpne 
for all points’! representative of classes of stage m, then we have for all 
points of P” (m 2 mı) 

(4) |u| E am. 


It should be noted here that the value of m depends on u. 

$3. Tur DEVELOPMENTAL PROPERTY A.—By definition, a class M 
with the developmental property A contains a system D = ((6")) of func- 
tions subject to two conditions of which we need consider only the first at 
this time: (la) there is an m, such that, for all m = me, 


- (5) [D/om—afse, JEE e, 
g y | 


where g denctes a value of the index / for which p belongs to $™, and the 
prime on the summation sign denotes that the summation is restricted to 
existent classes of stage m. The condition applies‘only in case p is ARE 
of stage m. | 

Let M be a dass with the properties D,, A. Since the apiece A 
is finite there are but a finite number. of developmental functions 6” of 
each stage m. Hence from Dy, there is a function üm such that, for all 
indices / of stage m, 


(6) | [öp |= | um]. 


If we give e in inequalities (5) the value ż, then for every point p de- 
veloped of stage m there is at least one index / for which 





| WE 

where L” is the number of classes P” of stage m of A. 
Therefore, the function um is bounded fram zero on $$”; in fact, for 
every point p developed of a stage m (m = m, effective in inequalities 
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. (5)), we have 
R.. 
(8) - | Hep = aL” ` 


THE PROPERTY K,. A class M has the property Kı(KıM) relative to 
a development A in case for every function.» of Pè there is a function py 
of M and an me such that Kpm, implies 


(9) ipl = Plil: 





THE RELATION Kpmm, If pis a point in the relation Kpp,m, with a point 
p of Bom (§ 1), then p is in the relation Kymm,. The class of all such points 
is the class Bim, It is evident that if m is not less than m, Bam, = P-n- 

If the class DM has the composite property DAK: Ka, there is for every integer 
m an integer m = m such that Bm, = Pm. 

Suppose that the inclusion Bam, = Bm, fails for every value of mı >. m.. 
Then there must exist a sequence {Pm} of points such that for every mı 
there is a point gm, of B_m in the relation Ky, am, m» While © Pm is not in Pm, 
that is, the relation Kpn, m, holds. 

Let u be any function of the class M. Then, because M has the property 
Ke, we have w and Me such that pam, implies 


(2’) |p — Ba| Æ e| ma]. 


Since ‘$_,, belongs to $™ for every value of m > m, it follows from (4) that 
wand pe are limited on B-m. Therefore u and pp are limited on the sequence 
{dm}. Hence u and w are limited on the sequence {pn}. 

But, from the hypothesis that the class M has the property Ky, there is 
a function u and an integer me such that Kpm, implies 


| Hy | S ela]. 


Since u, must be bounded on the sequence {pm} it follows from the above 
inequality and the hypothesis on the sequence {pm} that |up,| tends 
toward zero with m. 

However, the class Jt contains a Haeo: u bounded from zero on 3™ 
for some value of m, > m. This function u must therefore exceed some 
number ao > Oat all points of B-m (= H™). But from inequality (’) we 
infer, for all k such that k = me, that the relation K,,9,m, holds, and 


| Hn, | = | Ho, | a e | eo, | 
=: ty — ebz, 


f 


where by denotes the least upper bound of u on B-m. Since e is arbitrary, 
the sequence |y»,| cannot tend towards zero, contrary to the result pre- 
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‘viously obtained. Hence the hypothesis that Panni, = Pm, fails for every |: 
mı > mis untenable and the theorem is established. , 

From the results of §2 and the present article we readily infer the 
following: e 

If a class M has the composite property DAK, every function p of Mt as 
bounded on Bm for every value of m. For every positive integer m t iate sa 
function um bounded from zero on Bm: 

Furthermore, if M has the additional property Kı, then, for every positive 
integer m, there is an integer m > m such that Bam, S P—m, every function u 
is bounded on mm, and there is a function pm, bounded from zero on Pumm,- 

§ 4. On Functions oF THE Crass (WW Jæ Denoting by P’, BY’ two 
oge which are conceptually distinct and by W’, M” classes of functions 
p’, u” on B’, B®” respectively, we define the class OD”), as the class of all 
functions which are the limits of sequences of linear combinations of func- 
tions of the multiplicational composite class WIM”, ' the convergence being 
uniform relative to a scale function from the class MM”. That is, if we 
introduce the notation _ : 3 | 


IS l a ' 

a > Onghngjhad) 

j=l : 
the class (Nt), is the class of all functions € of the form 
0 = L,On, a 


where the convergence. is uniform on $ ig í relative to some scale function 
u'u” of the class MM”. By definition, there is! an Me such that for all 
Nn = Ne i 
(9 — 0n] £ eļu'u'"|, 
uniformly on B'P”. 

The following proposition is an immediate consequence of this in- 
equality: 

If the classes W, Mt’ each have the dominance | ‘property Dy, there exist a 
function tı = riri of MWM” and an integer m such that, for all n = m, anı 
dominates O, u'u”, and On whenever a is a sufficiently large positive constant. 

Let Ay = ((8’"*)) be the system of all rate $B’ on which 7, vanishes 
identically. Then all the functions O, py’ uw’, Oa (n = m) vanish identically 
on Ay. We recall; from § 2, that there exists a -unction g’ which dominates 
7, and is bounded from zero on each class $’"4 of the development Ay. 
whenever the class WY has the properties Dı, K3. 

The following theorem of PrrcuHER (loc. cit., p. 30) is of importance in 
the sequel: 

If relative to a development A’ of B' the class WY has the dopat Ki, andif 
WM and M” each have the dominance property Di, then ory function © of 
NM! ^, has the property KWE MN’). | 
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-, §5. CONDITIONS IMPLYING THAT THe Crass (Xt), Have THE” 
PROPERTY K-M (Mt). —Moorr has shown that if W has the property 
DK and M” has the property D,* the class (MY’M”), has the property — 
KM (M”’).+ Prrcwer.showed that the property D in the hypothesis on 
Mi’, can be replaced by the weaker property DB}. The property B, will be 

. defined later. We shall show that the conclusion is true under the hypoth- 

esis, W has the property Di4’ Ki K3. 

If a class WY has the composite property D:A'Kiz, and a class IM" has the 
property D, every function of the class (WDY) y has the property KM’ (WM). 

The proof of this theorem follows the plan of the proof of the correspond- 
ing theorem of PrrcueEr,f{ differing from his proof in details whose character 
will be indicated later. 

From the theorem of Moors stated in § 4 there exists for every function 

O of (WM), a scale funetion uiu, such that Kpm, implies: 


(10) |O f ru | . 





Since W has the property K; there is a function u and integer m, such 
that Kp’p’m” implies: 
(11) [mp — Met 5 


It readily follows from the two preceding inequalities that there is an 
Me such that the simultaneous presence of the relations 


r + , 
Kp mes Kote Ky pame 








implies 
(12) JO of |S e| kopiti |- 
i By definition, if a class Yt has the dominance property D, there exists 


for every sequence {um} of functions of M a function ‘u and sequence {am} 
of positive real numbers such that for every m, |ämu| = |um|. It is at 
once evident that any class of functions which is limited on a range Q and 
contains a function bounded from zero on Q has the property D. 

The development A’ of W determines by an obvious reduction a develop- 
ment Aj, of the class Bm. From the results of §§ 2, 3 it follows that 


Teen eel 


* A class M has the dominance property D in case there exists for every sequence 
{un} of functions of M a function x of Mt and sequence {an} of positive constants such that 
for every n, |un|= dale]. 
7 A function @ on BB” to A has the property KM (M) in case there is a function 
u'u” of WM” and an m, such that K'ptpjm, implies - 


|p! — Op E elene” |. 


A class N of functions on WP” has the property KiW (M”Y in case every function 8 of N 
- has the property. 
t Cf. Prrcnmr, loc. cit., § 39, pp. 40-438. 
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e relative to P-a the class W has the property D. It is easy to see that every | 


function has the property K; relative to the development A‘, of B-m, since 
` no element of Bm is undeveloped after stage m. Hence the class DY, of 
functions on $n, obtained by considering the functions of M op Pm only, 
has the composite property DI, relative to to Ah. The result of MOORE 


cited above applies here, and we. conclude that relative to Aj, the function , 


O has the property KM’ MN”). That is, there exists, for every integer m, 


„a. 2 function Mb of MM” and an integer Mem such that Ky. p'm implies 


(when pi, 2 are points of Pom) 
a3) [Ox — O51] S e| umpe |. 


We have seen in § 4 that there exist in WW” a function 7; = rir, such 
that 7, dominates 9, and that, relative to7;, A’ = As + Aj, where 7; vanishes 
identically on Aj, and a functicn o’ , dominating z,;, which is bounded from 
zero on vey class P” of Aj. 

Since o’ is bounded from zero. on the poirts of B-m which belong to 
classes $’"’:, and since um is bounded on B_m, we may find a constant an 
such that |y:,|a@,|0’| for all such points of Bm. From the property 
D (of the class W^) there is a function go” in WM” and a sequence {an} of 
positive constants such that, for all points of P”, 





| im | S On jo’ | 
® 7 s . 2,0 + . R 2 
Replacing Hnum in inequalities (13) by o's” we obtain Mem such that 
K; po'm implies, whenever pi, pz are elements of Rim, 


(14) ` [Op — Opi E e|ogo” |. » 


For, if pi, pr are connected of stage m’ = Mem of A’, they are connected of 
this stage in one of the two developments Ab, Ai. In the first case Oy’ 
= Ox = 0 (p”), and in the second case | 


H) œ$ 
(Harha S = Amim | T'O | . 
Let » = y'r” be a common dominant of uiu”, Houi, o'o”. Then there 
is an integer m, such that ! 


(15) Kyn Kym Ko! n'm, implies lOr] + 19r] S eļ»pl. 


From a theorem of § 3, we have an integer m, (dependent on me) such that 


* The inequality (14) can be established with less difficulty, in fact without the inter- 
vention of the system Ao, if the class Nt' contains a function u’ bounded from zero on Pim 
for.every value of m. This fact led A. D. Prrcumr to make this hypothesis which he 
introduced as the property B3. In the present proof the hypothesis A is introduced to 
provide functions bounded from zero on the classes m. The hypothesis B} provides a 


single function effective on all G_,». Such functions are needed in order to prove that the 


reduction of W relative to $_., has the dominance property D. 


. 
t 
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whenever m =m, then Bim £ = P-n; and for m = m, there is, because of ° 


inequality (14), an integer m% > m, such that 


(16) Krim K, m Kapim? implies ley — O,'|S e| vy" | 


It fellows: from the inclusion of Pa, m in Pm , that K”? + implies that 


PIP2Me 


. both pi, pz belong to -w or else neither is contained in Pim, It is now 


€asy to see that if ;, pa are in the relation K, pim’, then one of the inequalities . 


(15), (16) must hold. That is, there is a function u (= v) and positive. y 


integer me (= m) such that 


(17) © Kitytm, imphes ep = OS 





which was to be proved. 

§ 6. Tue PROPERTY Ky,..—A class W has the property Kis, if for every 
class M” with the composite property LCD* the corresponding class 
(MM), is equal to the class of all functions O on PWR” to YW which are 
functions of W?” for every element p’ of P’ and have the property Ky.’ (Me). 
When the class M” does not enter explicitly we drop the prime and speak 
of the property Ky, of a class Mt of functions on $ to M. 

Moore demonstrated that the property DAK, Kk, implies the property 
Krs PITCHER showed that Kiz 1s implied by D:AKıK:B;, where B; is 
defined in terms of the development A (cf. §5). From the result of $5 
and the following theorem of Moors, “if Mt has the properties Di, A’, K;, K, 
and M” has the property LCD, every function which has the property 


KIM”) and belongs to AM” for every point p’ of P-belongs to 
(MYM)... f we have the theorem which forms the subject of this paper: 


If Mt is a class of functions on a range $ to the class A of real numbers and 
has the properties Di, A, Ky, Ko, relative to a finite development A of P, then 
the class W has the property Kao... 

In view of related results of Moore we obtain at once the further 
conclusion: 

The class My has the properties L, C, Di, A,.Ky, Ke, Kio 

§ 7. ON THE INTERRELATIONS OF THE E1guT Properties L, C, D, A, 
A, Ka, Ke, Kiz,.—All of the eight properties, L, C, D, A, A, Ki, Ke, Kiy,, 


have been defined previously except the property A. A class Jt is absolute . 


* The property D is defined in a footnote to § 5. A class Mt of functions is LINEAR 
(L) if it contains the function ayy; + Qus, whenever m and ye are functions of M and a, ae 
are real constants. A class Jt is cLosep (C) if it contains all functions 9 of the form 


0 = Larn (P; u), 


that is, all limits of sequences of functions of M converging uniformly relative to a scale 
function of the class M. 


+ Moors, loc. cit., § 80, Theorem II, p. 140. The class {#9 is the class of all func- 


_ tions ap”, where a is a real number and u” belongs to W”. 
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. (A) if it contains the “abscliite function. |u| of every function u which 
belongs to Mt. . | ; Eg 

Ifa class W is linear (L) and absolute (A), it has the setae ee 
D;. It follows that the property LAAK,K, implies Kis (§ 6)... Denoting 
‘the absence of. a property P by the symbol ~P, we represent ‘two ‘of the 


a 


three composite properties whose character was left undetermined by | 


Prrcuer as follows: 


LC ~DAAKi Ke “Kiry : 
L~C ~DAAKi Ke King. : 


It is clear that these combinations are self contradictory. 


Of the 256 possible combinations of the eight properties the results of . 


PITCHER and the present paper show that 145 exist and 110 do not exist. as 
composite properties of a class W of functions. 
The remaining combination ° 


| 
Pes LC~D.-AAKK,~Kuy | 
oe | 


presents an unsolved problem. PITCHER has exhibited a number of classes 


of systems (A; P; A; Mt) for which this composite property does not exist. 


From the theorem of § 6 we may add that this composite property is non- 
existent in any system in which the class M has the property D.. 


Tue Unrversiry or Iowa, | 
Auaeust, 1920. ~ o 


. 
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‘PLANE INVOLUTIONS OF ORDER FOUR. 
By Tempie Ricu HOLLCROFT. 


1. A plane involution of order four or a (1, 4) point correspondence 
between two planes is said to exist when to one point in the first plane 
correspond four points in the second to each of which corresponds the 
original point in the first. . The planes may be distinct-or coincident. 

Plane involutions of order two have been completely ¢lassified by 
. Bertini* and those of order three by Miss Howe.t Miss Scott has treated 
metrically a case of (1, 4),point correspondence which is a special form of 
‘type 3 of this classification. 

The purpose of this paper is to discuss and classify the algebraic methfils 
of relating two planes in (1, 4) point correspondence. All the methods 
that are reducible to each other by means of birational transformations will 
be counted as one, and the most general of these will be called a type of 
(1, 4) pomt correspondence. ‘The types are thus birationally independent. 

The general methods employed are due to Sharpe and Snyder§ and have 
-been made use of since by A. M, Howe.|| The new features of plane 
involutions of order four over those of order three and two are found prin- 
cipally in the discussion of coincident images.. Involutions of order higher 
than four, however, present no new features, that is, an involution of order 
four may be generalized for any order n as demonstrated in the latter part of 

this paper. Itis felt, therefore, that involutions of order four are of sufficient 
importance to warrant their classification, since they are of the highest - 
order that has distinctive characteristics and those of order n cannot be 
classified. 

2. A type is defined eye two algebraic equations in 24, Zo, T3 and 21, Ta, T3 
of the form 


(1) z riu ++ tau + tzuz = 0, 
(2) 7 rin + aot, + tgv = 0, 


._  * E. Bertini, “Ricerche sulle trasformazioni. univoche Ewatatore nel piano,” Annali 

-di Matematica, Ser. 2, Vol. VIII (1877), pp. 244-286. 

tA. M. Howe, “A Classification of Plane Involutions of Order Three,” AMERICAN 
JOURNAL oF Matn., Vol. XLI- (1918), pp. 25-40. 

tC. A. Scott, “Studies in Transformation of Plane Algebraic Curves,” Quarterly 
Journal of Mathematics, Vol. 29 (1899), pp. 329-381, and Vol. 32 (1901), pp. 209-239. 

$ F. R. Sharpe and V. Snyder, “Types of (2, 2) point correspondences between two 
planes,” -T. A. M. S., Vol. 18 (1917}, pp. 402-414. 

|] A. “M Howe, ioe: cit. 
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wherein u; = 0 and v; = 0 ar2 curves of (x) intersecting in four variable, - 


points. These equations so relate the planes (æ) and (^) that to a point 
P’ of (x’) correspond Pa, Pz, P, Ps of (x) and to each of these image points 
of (x) corresponds. the original point P’, for the coédrdinates of a point of 
(x) determine uniquely a pair of curves of (2) intersecting in four non-basic 


points and the two curves so determined are in (1, 1) correspondence with. 


the codrdinates of the point of (#’). Ordinarily the four image points 
will be distinct, but the codrdinates of P’ may be'so chosen that the corre- 
sponding curves of (a) shall have one or two contacts. The locus of such 
points P’ is a curve of (2’) called the curve-cf branch points. It will be 
denoted by the letter L’. The locus of the contacts in (æ) is called the 
coincidence curve, denoted by K. When two image points coincide on K, 
the other two lie on a residual curve T. The complete image of K is L’; 
of L’, KT; of T, L”. L and K are in (1, 1) correspondence; L’ and T (and 
therefore K and I’) are in (1, 2) point correspondence. 

To a line of (x^) corresponds a curve of (æ whose image is the original 
line of (x) counted four times. To two lines of (2’) intersecting at P’ 


correspond two curves of (e) intersecting in four non-basic points, the . 


images of P’. The remaining intersections of the two image curves of (æ) 
are fixed points common to all image curves of (2). Since these curves are 
in (1, 1) correspondence with the lines of (2’) they form a net. The basis 
points of this net are the fixed points common to all the image curves. 
Their images in (x) are basis curves the order of the curve being equal to 
the multiplicity of the point on the line images. When a given curve of 
(x) passes through a basis point, its image in (2’) is composite, consisting 
of the curve-image of the basis point (counted as many times as the multi- 


plicity:of the basis point on the given curve) and a curve called the proper — 


image of the given curve of (xi. 


oh 


The jacobian of the net of line image curves of (x) is the locus of the _ 


contacts of the curves of the net. It therefore either is the coincidence 
curve K or contains it as a factor. In the latter case the other factors are 
basis curves of (x). The residual curve I’ is sometimes called the co- 
jacobian. = 

To the lines of (x) correspond rational curves of (x). Since the trans- 
formation from (g^) to (æ) is not rational the image curves of (x) can have 
basis points only of higher multiplicity than two. The images of these 
basis points are irrational basis curves of (x) whose order is the multiplicity 
of the basis point on the line images of (2’). 

3. There are ten independent types of (1, 4) point correspondences. 
-Each type is defined by two equations of the form described in the preceding 
section. The equations are koth linear in (2"), so the types depend only 
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on he choice of u; and v; of (£). The following table shows the curves ° 
represented by u; and w; for each type. Subscripts.of C denote the order 
of a curve, coefficients and subscripts of P the number and aay 
respectively: of its basis points. 


Type © =o oa, = 0 
l-4 . line pencil > e EP 
2 | line quartic 
3 cubic; 5P; cubic; 5P; 
4 conic l conic 
5 cubic; 8P: Cio; 8P4 
6, cubic; 8P: quartic; 8P: 
7 conic; Pi cubic; P» 
8 conic; 2P; cubic; 2P: 
9 conic; 2P, quartic; 2P, 

10 cubic; 7P, quartic; Ps, 6P 


.4. Type 1.—The defining equations are 


(1) 21, + are = 0, 
(2) . vpi + tp + ays = O, 


g(x) = wgus(a, t) + Twil 2) + waw (a, T2) F 238 4(21, 22) + tilt %2) = 0, 
wherein Us, vi Wi, Si ti are homogeneous functions of the respective degrees 
n — 4, n — 3, n — 2, n — 1, n in a, % Then equation (2) represents a 
C, with an (n — 4)-fold point at P = (0, 0, 1), the vertex of the line pencil. 
The equations of transformation from (2’) to (2) are ` 


pry = ——~ P3, 
? 
Pre = 1103; 
prs = Yo, T Tip. 


A line of (x^) with coefficients ai, a2, a3 corresponds to 
Crit = (ait = A221) O53 EN azltp — yı) = 0. 


Crn has Pag and is of genus 3n — 6. The curves p; = 0 and tip: — moi 
= 0 intersect in 8n — 12 points outside of P. These 8n — 12 P; are simple 
basis points of (x) through which pass all image curves of (x). Two line 
image curves intersect in four non-basic points which are collinear with 
P and are the images of the intersection.of the two lines of (2’). If the 
line of (e) passes through P’ = (0, 0, 1), its image is 


plait — ax) = 0. 


The curve ¢3 = 0 is fundamental, the image of P’, and the other factor is 
the proper image of the line through P’. 


x 
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To a line of (x) with coefficients a, a2, a3 ecrresponds e 
F eae ae + if t af + — 
Capi = gı + t2P2 + tsps = 0, 
wherein ø; has the same form as g; with — azta, azz and aa, — dev, sub- 
stituted respectively for a, tz and 23. Chp has an n-fold point at P’ and 


is of genus 0. The proper image of a line through P is a line through P”. 
counted four times. The basis point P has for its image the basis curve 
W = WU (— We, 1) + rl to 1) + tzul — ta %1) = 0. 

The basis curve w’ is of order n — 3 with Pa. 

Each-of the.8n — 12 P, corresponds to a line of (x) through P’ and 
tangent to L’. l 

5. The equation of the branch-point curve L’ is the condition on the 
parameters x; that the line and Cp given by the defining equations have 
a point of contact. This condition is of degre2 62 — 12 in the coefficients 
of the line and 6 in the coefficients of the C,. L’ is therefore of order 
6n — 6 with Pena. L will also be decermined as the image of K. 

The jacobian.of the net of line images in (æ) is 

P3 | o: ( 52 ug ae) z S (tay, — ng) | = 0. 

The jacobian consists of the basis curve p; = 0 and the coincidence curve K, 
K is of order 2n and genus 10n — 20 with Pons and 8n — 12 P;. The image 
of K is Lgn—s with Pon» and of genus 10n — 20. Then I’ has the.equivalent 
‘of 20n — 30 double points. 

If in the two defining equations we solve the equations of the line and 
C, simultaneously, simplify and arrange in powers of 23/21, the discriminant 
of the quartic in 23/2; is the equation of L’. Thus - 

Leng = S? + 2777, | 
wherein | 
S = 4s'y' — wt — 380”, 
T = ww t + ww — ot — wel” — w; 

u’ is the fundamental curve of (x’) and v’, w’, s’, t are curves whose equa- 
tions are like that of w’ with v, w, s, t substituted respectively for u. The 
curves S and T intersect in 12n — 18 non-bas:c points, which are cusps of 
L’. Then of the 20n — 30 double points of I’ 12n — 18 are cusps and 
8n — 12, nodes. The codrdinates of a cusp of L’ determine the line and 
Cn of the defining equations so that the line is tangent to the Cn at a point 
of inflection, and the codrdinates of a double point of L’ so that the line is 
a double tangent to the Cn. 

The class of L’ is 20n — 36. Then from P’ 3n — 12 tangents can be 


drawn to L’ which are the basis lines of (2’). P 
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The image of L” is a curve of order 12n — 6 consisting of K counted 
*twite and the residual curve I'g,g which has Psns, 8n — 12Ps, 12n — 18 
cusps and is of genus 28n — 53. 

K and T have 40n — 60 intersections among which are 12n — 18 con- 
tacts, the common tangent pessing through P. These contacts correspond 
to the cusps of L’, that is, at these contacts three image points coincide. 

` The fourth image point lies at a cusp of T on this common tangent. The 
remaining 16n,— 24 are simple intersections, images of the nodes of L’. 
To a node of L’ correspond two intersections of K and T such that the 
line joining them is tangent to T at both points and passes through P. ‘The 
two intersections represent a pair of coincidences. 

The class of K is 24n — 42. From P 20n — 30 tangents can be drawn 
to K consisting of 8n — 12 at the simple basis points and 12n — 18 at the 
contacts of K and T. The class of T is 60n — 102. From P 44n — 66 
tangents may be drawn to T which consist of 12n — 18 at the contacts 
of K and T, 8n — 12 bitangents through P and the 8n — 12 P, and 8n — 12 
bitangents at the pairs of coincidences. 

. The four images of a point of (a” ) cannot ordinarily coincide because a- 
general Cn of the defining equations has no point of undulation. When 

‘the equation of the Cù is so chosen that it will have such a point, certain 
of the pairs of coincidences will themselves coincide making four coincident 
images. Such a point is an undulation of T, the double tangent passing 
through P and a node of Kneithef of whose branches has contact with T'. 

“The corresponding point of L is a cusp of the second kind. 

6. L’ and the basis curve wv’ intersect in 12n — 30 points of which 2n — 6 

- are contacts corresponding to the 2n — 6 directions of K through P and 

| 8n — 18 intersections corresponding to the directions of T through P. 

The image of the basis curve wu! is P,-3 and a residual curve p of order 
2n — 3 with Pons and 8n — 12 P:. K and p have the same tangents at P. 
K meets p in 10n — 24 points besides at basis points. Of these 2n — 6 

lie on the 2n — 6 common tangents to K and p at P and 8n — 18 lie on 
the 8n — 18 tangents to T at P. The class of p is 12n — 30. From P 
8n — 18 tangents can be drawn to v. These tangents coincide with the 
tangents to T at P and pass through intersections of p with K and of p 
with T. , T and p intersect in 16n — 42 points of which 8n — 24 are 4n — 12 
contacts lying two each on the Qn — 6 common tangents to p and K at 
P and 8n — 18 intersections lying on the tangents to p from P and to Į 

_atP. The complete image of p is w counted three times. 

The image of the point of contact of a basis line of (x) and L’ consists 
of two consecutive points of K at the basis point and two pairs of con- 
secutive points of T not at the basis point. Then the line joining P to 


x e o ~ 
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a Pı has a contact with K at P- and two contacts with T not at Pi. A line 
through P and a P, has for its image the basis line of (x) corresponding ° 
to that P, counted three times. 

7. For the remaining types only the most important results are given. 
The defining equations for each type may be constructed from the table in 
section 3. The following notation will be used in tabulating result-: 

The symbol ~ meaning “corresponds to.” 

L’, K,T, curves as heretofore described. 

C, C’, variable curves of (x) and (^). 

P, P’, basis points of (æ) and (x^). l 

P, P’, variable points of (x) and (x^). 

- k, double points of L’. 

Subscripts of curves denote their order. 

Subscripts of points Cente their multiplicity on the curve being de- 
scribed. 


Type 2. 

C m Cs, 21 P. 

O,~ 0, Pa 

Dazd 102k ~ i. 21>: Iss, 21 Pu. 

Type 3. 

Cy w Cs, 5P», 12P. 

C, ~ C, 10P2. 

Lis T6k ~ K? 5Ps, 12 Ps; Tss, 5 Py, 12Piz. 
Type 4. | 
eP, , 

Cı oo Ou 3P.. ' ; 

Lig. 89k ~ K?, 12P2; Tao, 12Ps. 

Type 5. Q is the ninth basis point of the cubic pencil. 

Ci ~ Cis, SPs, Qu 20P1. 

Ci ~ Cio Pros 25P%. 

Qı ~ line not through | ae 

Pı ~ line through P’. = 

Ly Po 116k ~ Ko 8Pio, Qz, 20P;; Tiz, 8 Pio, Qas 20P;. 

Type 6. 

C: G Cr, SPs, Qi, 12P. 

C1 ad Cr, Ps, OP. 

Lyi Pa 79k A Ki; SP, Q, 12P;; Py, ara Qis, 12 Pi: 

Type 7. 

CL ~ Cs, Ps, 12P,. 

Ci ~ Cs, Pi 

Lz 40k w Ki. Ps, 12P;: Tzs, Pao, 12 P}. 
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= When C! passes through P’ the plane determined by Ci and P, passes ° 


* through P, and the projection of the curve common to that plane and S 
from P, on (x) is a line through P cut out by that plane. Thus the pencil 


of planes on PiP, cuts out the corresponding rays of the pencils on P and P’ 
of (x) and (2’) respectively. The n(n-+ 1) fixed planes of the pencil 


_ determined by the n(n + 1) lines of S cut out the n(n +. 1) basis lines of 


(x) and the lines of (x) through P and the respective Pı. Only proper 
images appear in this construction. 

A plane through a line C of (x) and P, cuts S in a curve of order n -+ 1 
with an n-fold point at Pa which projects from P; into a Chy of (£^ with 
P’ of multiplicity n. 

. The tangent cone to S Han P, is of order (n — 1)(n — 2). From Pı 
can be drawn a certain number of inflectional tangents and double tangents 
which are respectively cugpidal and double edges of the tangent cone. The 
intersection of this tangent cone with («’) gives the branch-point curve I 
whose cusps and nodes are occasioned by the cuspidal and double edges of 
the cone. The basis lines of (x^) are seen to be tangents to L’. 

The projection from P, on (a) of the contour curve common to S and 
the tangent cone gives the coincidence curve K. Each element of the 
tangent cone cuts S in n — 2 other points besides at the ordinary contacts. 
The projection on (x) from P, of these residual intersections is the curve I. 
An inflectional contact projects from P, into three consecutive points, 
two on K and one on I’, so that K andT touch at that point and their 
common tangent passes through P since it is the projection of the inflectional 


tangent to 8. The projection of the n — 3 residual intersections of the 


cuspida] edge of the tangent cone with S gives n — 3 cusps of T all lying 
on the common tangent to K and T. In the projection of a double contact 
from P, each contact goes into a point of K and two consecutive points of 
T so that the projection of the bitangent to S is a bitangent to T through P. 
It is not tangent to K. 


Each of the lines through P and a simple basis point of (x) is tangent 


_to K at that simple basis point and has n — 2 contacts with I’ elsewhere. 


For n = 1 the preceding becomes a three-dimensional construction for 
the ordinary quadratic transformation. 


WELLS COLLEGE, 
April, 1921. 


DIFFERENTIAL EQUATIONS WITH A CONTINUOUS INFINITUDE 
OF VARIABLES. 


By I. A. BARNETT. 


The existence of solutions of the simultaneous system of differential 
equations | 
Mem flrs ty 0+), (DL) 
has been proved by means of various devices. Moreover the nature of 
the solutions when regarded as functions of the initial constants has also 
been treated.” á 
Some of these results have been extended to differential equations with 
a denumerable infinitude of variables by Von Koch, Moulton and Hart.t 
In 1911, G. Kowalewski discussed the existence theorem for differential 
equations which involved Schmidt integral power series,f and in 1914, 
Volterra stated an existence theorem for. general differential equations 
involving functions of lines.§ He gives, However, few details of the proof, 
It is intended in the first section of this paper to restate this theorem of 
Volterra; and to give the details of the proof. The problem may be stated 
somewhat more explicitly as follows. Given the equation 


(1) | oe D = ft, r, we), | 


where £, & are real variables on the range (0, 1), 7 1s a real variable on 
lr — ro 5&5 a, ul) has the range of continuous functions for which 
max lult) — u(t’) | = £, and fLé, 7, ulis a functional eliminating the argu- 
ment ¢ and yielding for each ¢, 7, u of the above ranges a real number. 


* See, for example, the two articles by Bliss: “The Solutions of Differential Equations 
of the First Order as Functions of the Initial Values,” Annals of Mathematics, 2d Series, 
Vol. 6 (1905), p. 49; “Solutions of Differential Equations as Functions of the Constants of 
Integration,” Bulletin of the American Mathematical Society, Vol. XXIV (1918), p. 15. For 
other references, see Encyclopaidie der Mathematischen Wissenschaften, II, A4a, p. 195, 200, 

+H. Von Koch, “Ofversigt af Konliga Vetenskaps Akademiens Fordhandligar,”’ 
Vol. 56 (1899), pp. 395-411. 

F. R. Moulton, Proceedings of the National Academy of Sciences, Vol. 1, pp. 350-354. 
W. L. Hart, “Differential Equations and Implicit Functions in Infinitely Many Vari- 
ables, ” Transactions of the American Mathematical Society, Vol. 18 (1917), pp. 125-160. 

{K. Kowalewski, “Ueber Funktionraume IE,” Wiener Berichte, Vol. 120 (1911), 
ab. 2a. 

§ Volterra, “Equazioni integro-differenziali ed equazioni alle derivate funzionali,” 
Rendiconti della reale Accademia dei Lincei, 23 serie V (1914), p. 55. 

172 


176 BARNETT: Differential Equations. 


* can be made as small as desired, say less than e. Hence, since the elements . 
(E, 7, v,) and (&, r, v) are in (A), it follows by (Hz) of Theorem 1 that 


| SETE 7, oE, eV] — JEE 7’, oE, YJ = relr — ro] 
lim San JLE, A vE, T’) ldr’ = | ae EF T's of", r) jir’. 
But, by Lemma 4, v, r) = lim 2,(¢, +) so that it follows from the relations 


(2) that l 
ol, 7) = wl) + SISE r, oE, Yarl 

as desired. l 
| On differentiating the last relation with respect to 7, one sees that 
v,(&, 7) is continuous in (B) and satisfies the differential equation (1). 
Moreover by butting 7 = ro in this same equation, one finds that the 
solution reduces to the specified initial function ulë). 

It remains only to prove the uniqueness of the solution. 

Lemma 6. The equation (1) has only one solution o(t, r) which is con- 
tinuous in (B), for which v (Ey T) is continuous in (B) and which reduces to 
uo(é) for r = Ti). 

Suppose that besides v(¢, 7) there could be another solution a(€, 7) having 
the properties stated in the lemma. .Then this solution also would have 
to satisfy a relation like that in Lemma 5. It would then follow by (Ha) 
of Theorem 1, since both (£, r, v) and (Ë 7, 3) are in (A), that 


(4) lol, T) a a, Uie E { FTE, ri , a(t’, Ole FEE, y , ale’, AT) dr! | | 
= rKp|r ii Tol ? 
If now (H) is sequentially applied to the second member of (4) and use is | 


made of the last inequality, one obtains finally the inequality 


9 v eee v 
lo, x) — 0, p = Pee ol 
from which follows the statement of the Lemma by a passage to the limit. 
This completes the proof of Theorem I. 
- The following theorem, which is really a Corollary of Theorem I, will be 


found useful. 
Tarorem II. Let a set (A’) be defined by 


td’) Oss], Ir — to| =a, | | — wo] |S o. 


If the hypotheses of Theorem I are satisfied in this set and if | |f[é, 7, uo] |, 
then the conclusions of Theorem I will hold for the set of points (B’), 


(B’) | O88& 1, lr — |£ a. 


+ 


ae a 


pe 


BARNETT: Diferential Equations. Ley 


„Part (2) of Lemma 3 which deals with proving that the element (E, 7, 0) ° 
is in (A’) is of course unnecessary here. The smaller of œ and 8/y should 
in this case be replaced evidently by the number a. The convergence and 
uniqueness-proofs go through precisely as before. 


§2. Some DEFINITIONS AND Lemmas CONCERNING FUNCTIONALS AND 
DIFFERENCE FUNCTIONS. 


Before proceeding to a discussion of other properties of the solutions of 
equation (I), it will be convenient to give a few definitions and lemmas to 
which frequent reference will be made in the sequel. 

Let 4 stand for the-set of elements (m --- n) where the m --- n, are 
real variables with ranges which are composed of continuous intervals or 
discrete sets. For example, 7; might have the range 1, 1/2, 1/8, +~- and all 
the other 7’s vary over (0°1). Moreover, let u stand for the set of elements 
(ur +++ Us) Where u --- us are real continuous functions of ¢ on the interval 
0=& =1. Consider now a real-valued functional operation o[ £, 7, u] 
= o£, m +t qr, UL Us) defined by the relations 


oss [ma Plan GH1--- 9), 
[us~ uP] Sm G=) 


(R) 


In other words, ol 4, n, u] is of such a character that whenever the element 
(€, n, u) of the set (R) is given, the correspondence y determines a real 
number. Unless otherwise specified, attention will be confined to 7’s which 
represent sets of variables having continuous ranges. __ 

. Definition. —i| £, n, u] is said to be continuous in the set (R) if for every 
positive number e and for every u for which (E, n, w) is in (R), there exists 
another positive number 6... which is independent of (£, n) such that the 
inequality olé, 4, a] — Lk, n, w]|S e holds if (E; n, u) and (£, 7, @) are in 
(R) and if |F— E| S 4.4, [7 — nl E beul |8 ul] E be, u 


The notation |7 — n| means of course |7: — n:|, @=1 +- r) and 
| |%@ — u| | stands for | |ü; — ul], @= 1-83). | 
Lemma 1. If 


(1) olé, n, w] is continuous in (R), 

(2) The sequence {v, £, n, u |} tends to a limit aE, n, ul uniformly with 
respect to all elements [ £, n, u] of (R), then, oL£, n, uli is continuous in (R). 

In the- inequality 


LE, 7 N, u] = oé, N, u] = = WL, 7 N, ü]— valé, 1, aJi 
aa MEN qs u= rl È, 1, ult |v, Lé, N, ù] i o, Ns u]| 


one can choose vo so large that 


loli 7 Ns u] — MEN ns a]|+ lv, & N, U u | = ol, N, ul = ck 


e 7- 


178 | © BARNETT: Differential Equations. 


"by the uniformity of the convergence. Moreover by the continuity, of 
LE; 7, u] there exists a, number ô., u, v for which, 


MEN Un ü] m valé, N, ul z= = é/3. 


Take this 6,,.,,, as the 6 associated with the continuity of o£, n, u]. 

Let (R) be a set of elements [7, &] where 7 stands for a‘set (h +++ 3) 
with each 7; ranging over the whole linear continuum and ù stands for 
the set of functions (uw +--+ w%,) where the ü; are arbitrary continuous . 
functions of ¢' on the interval (0, 1). In all that follows in this section 
the elements (£, 7, u) and (¢, 7, @ shall be understood as SRo to (R) 
and (7, u) as belonging to (Ñ). 

Definition of the function af £, My Uy n, Ü; pul. 

-(1) a is continuous in [E, n, u, 7, a; m u |in the sense defined above. 

(2) aL, N, W, 1, ü; nm + Yom, Yt F Yz = vial g, N, Us KAKI > My in | 
+, pal E, N, Uy 0, Ü; Fo w), where (ht), (i 4 u) are elements of and Yi, Y2 
are arbitrary real numbers. 

(3) There exists a positive number u independent of [$ N UN Üg u] 
for which 

la[£, N, Us Ny ü; ty 7 = H| 4, t| |. 
The notation ||, &|| means the larger of [|[a| |, [jul] ~ 

Definition of a a difference function. 

alf, n, u, 7, T; 9, U] is said to be a difference function of fre, n,.u| if a 
has the properties (1), (2), (3) just defined and satisfies the relations 


JE, m ā] > JEE, n, u] = alé, n, u, 7, ia on, a ul. l : 


Besides the properties (1), (2), (3) of a there will be occasion to con- 
Se a fourth property.. 

:- (1) If in a, one substitutes for u, ù, ù the functionals v' ce 7’, w |, 
y Té, n”, w], v” TE, n”, w] respectively, where v', o”, v” are continuous in 
the sense dooi defined, then ki resulting expression considered as depending on 
En n, Dn, n”, g”, w, w, u” is also continuous in the same sense. 

It should be desto in (1’) that 4’, n”, n” may denote sets of vari- 
ables which have both discrete and continuous ranges. If for example 7 
has the range 1, 1/2, 1/3 ---, then (m) is continuous at the point 0 if 
|v(9,) — v(0)| = e whenever |7,|= 6 or what amcunts to the same thing 
lim v(m) = (0) when lim m = 0. The w, u”, u’” must have ranges given 
by (R). This last property is denoted by: AV ) because it is similar to (1) 
but much stronger. It will be understood therefore that whenever (1’) 
is'used it will replace (1). 

The following lemmas will be found very useful. 

Lemma 2. If fhe, n, u] has a difference function aLé, N, Us 7 ü; 3 7, ulin 
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_ the set (R), tt satisfies the Lipschitz condition described in hypothesis (Ha) of 
" Theorem I in this set. 

For, taking 7 = 7 and u, @ as single, real continuous functions, one sees 
from the definition of a difference function and property (3) that 


fLé n @] — JEE n, ull = alla — ull. 


Lemma 3. Jf flé, n, u] has a difference function in (R), it 1s continuous 
in (R) in the sense described above. 

For, if in the inequality _ E 
EE T 89 — SEE m ull EE a € — AE n w+ Ed — AEE m l 
one takes |n — ni|, |ū — ul| sufficiently small, one can make (flE, 7, a | 
— f|, n, uļ| as small as desired, since it is less than ulin — n, % — ull. 
Furthermore by property (1) of the difference. function the second ex- 
pression on the right tends to-zero with |£ — £|. It is to be noted here 
that because of the character of the u the continuity is surely of the type 
defined in the beginning of this section and even stronger. 

Lemma 4. Letot, n, wu] be a sequence of functionals with the properties: 

_ (1) The sequence converges to a limit function ol £, n, u |. 

(2) Each v| t, n, u] has a difference function b| E, n, u, n, ù; 7, u | with 
all of which are associated the same constant u. 

(3) The sequence {b,[ £, n, u, n, i; 4, u]} converges to a limit bEE, n, u, 4, Ù; 
a, u] uniformly with respect to all (E, 4, u) in (R), (È, 9, 2) in (R) and (4, u) 
for which ppu si 

Then, the limit b E, n, u, n, &; 7, u | has the properties (1), (2): and (3) and 
ie a diference function for ol £, n, u]. 

From (2) one has the relation 
vLE, 7 Ws i] — off n u] = blé, n, u u, N, Ü ü; — n %— u], v= Ly 2,7; 
so that passing to the limit as is allowable by (1) and (3), it is clear that 


[E m, a] — f, n, u] = Ey 7, B, 7 n, aw), 


It remains to show that b[£, n, u, 7, %; 3, &] has the peopentics (1), 2), (3). 


of a difference function. By (2) and (3) one sees that 
bLé, N, Uy, N, t; yim -F Yat, Yılı + Yaua | 


= lim 60, 9, w, 7, % ym + Yee, Nia + yw] 
Vee OO 
= lim {yb[é, 0, u, 1, Ü; th, m] + yab lE, n, u, 1, Ü; te, te]. 
y—> 0 i ad 
Since each term on the right-hand side separately converges, it follows that 


bLé, N, Us N, U; yı af Yona; vit HF yatta | 
= blg, Ny Ws n, i ) ae u | + wb, Ny u, DP U3 Ney uz] 


r . ae 
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which proves property (2). Moreover since each b, is continuous in, 
E, 9, U, 4, U, 7, 4 and since the sequence {b,} converges uniformly to b, it 
follows from Lemma I that the limit functional 6 will also be continuous in 
the same arguments. Finally, property (3) is an immediate consequence 
of hypothesis (2). | | 


§ 3. CONTINUITY OF THE SOLUTIONS WITH RESPECT TO THE 
INITIAL ELEMENTS. 


Consider now a set (Ao) of elements (£, 7, u) defined by the inequalities 
(Ao) Uae), Ir — To Sat ô, || u — woll E B + ô, 


where (£, Too, Uoo) is a particular element. Assume that all the hypotheses 
of Theorem I are satisfied in this set. Consider also a set of elements 
(E, T, To Uo) given by the relations, ° i 


(Bo) QS 1, lr — rol Sp, Ito — Tol £ Ô, || Uo — uol 5 Ô, 


where p as before is the smaller of a and 8/y. 
The set (A) associated with every element (To, Uo) for which = — Tol Z 
and || to — to|| = 6 is a part of (Ao) as is clear from the inequalities, 


Ir — Tol |r — rol + [To — rool a + ô, 
|| u — ttoo || = [| u = wo [+ |I o = too |] B+ 8. 


From this it follows that if one defines a sequence of approximating func- 
tionals {v,[ £, 7, To uol} by equations (2) where now [£, T, To, uo] are all 
thought of as varying in the set (Bo), one can. prove precisely as in Lemma å, 
section 1, that these functionals are all defined in (Bo) and that the sequence 
converges uniformly in (By) to a solution o£, T, To uo] of the differential 
equation (1). One has thus secured a set of solutions which for all possible 
variations of the initial element [, 7, 79, uo | in (B) has a common interval 
of definition |r — ro] = p. 

THrorem IIT. Jf the hypotheses of Theorem I are satisfied n the set 
(Ap), then in the set (Bo) the solutions o£, T, To, uo] are continuous functionals 
of their arguments in the sense of section 2. 

In the notations of section 2 the conclusion of this theorem has reference 
to a set (R) = (Bo) with the elements £ = £, n = (T, To) and u = uo. The 
proof of the theorem can be made to rest on the following 
- Lemma. If | 

(1) f[é, r, u] satisfies the hypòtheses of Theorem I in the set (Ao), 

(2) of, T, To, uo] ts continuous in (Bo), i 
then, the functionals gl E, T, To, to] = J; T, A’, 7, To, wol] and Sa gé 7’, 
To, Yo dr" are also continuous in (Bo) in the same sense. 
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Consider any two elements Lé, T, To Uo |, Be T, To, Uo] of (Bo). One may 
write 


(5) \oLé, 7 Ts To, tio | T glé, T; To, wl = = lgl E, 7 Ts To to | aaa TEF T; Tos uo || 
T ILE, 7 T; To, uo] aig gl E, Ty TO; uo |]. l 


Since f satisfies the Lipschitz condition in (Ay), it follows that the first 
expression on the right will not exceed «lal, 7, To, uo] — olé, 7, To, Uo ll. 
From the continuity of v it follows that this may be made as small as de- 
sired if (£, 7, To, to) is taken sufficiently near (£, 7, To, Uo). - It is to be re- 
marked moreover that the associated 6 is independent of £, 7, 79. Also, 
the second expression on the right-hand side of (5) can be made as small as 
one pleases, since:it is equal to |flé, 7, o£’, 7, ro, wo | |— JUE, r, 1&5 7, To, Uo] || 
and hence for each uo is uniformly continuous in £, 7, To This proves the 
first part of the Lemma. e 
Now, set - 
hE, Ti To Uo | = te gl E, r’, TQ; uo ldr”. 
Then, it is clear that | 


LE, 7 T, To üo] j hLé, Ts TO; uo || = Z SF IE, 7! š "To üo ldr’ | 
F see gLé, 7’ T3, To; tolr | : 
Fd, 0E T’, To, to] — gl, 7’, To Uo_l}dr’ |. 


Hence, opine the first part of the Lemma and Lemma 1 of section 1 
to the first.two terms on right, and the fact that gl£, 7, To, uo] is continuous 
in ies one sees that 


E, T, Tos üo] = h| £, T, To, Uo {|S y(| T — t|+| 70 — To|+ e|r = Tol) 


if (È 7, To dp) is sufficiently near tọ (E, 7, To uo) which proves that 
hl E, T, To uo] is continuous in (Bo). It is important to note that the uni- 
formity of the continuity of gl &, T, To ug | with respect to r was needed in 
this discussion. 

Consider now the approximating functionals 


volé, Ts TO; uo] = Uo(§), 
valé, T, To; uo] = Uo(—) + Fy TE, r’ T v Te, T TO; uo] ldr’ ’ 
y = 0, 1,2, --:. 
Suppose [£, 7, To uo] is any element of (Bo). Then for v = 0 one has | 


| Av | = | vol E, T, TO, üo] = volé, Ty TO; uo || a | T(E) E uo(E) | l is 
[Ave | =| BoB) — ol) [+ | wo) — wolG)|. 


But, if e is arbitrarily assigned there exists a ô., „ independent of & such 
that if £ — E| S ôe u then | uol) — ut) |= e This ô is independent of £ 





(2') 


so that 
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since up is a continuous function on a closed interval. Also there exists a , 
6, such that if || do — uo || = 6, then | Z(E) — wo(E)|S e This shows that 
DoLE, T, To, Uo] possesses precisely that type of continuity heretofore con- 
sidered and may therefore be used as the 2 £, T, To wo | of the preceding 
Lemma. Thus by successive applications of this Lemma one gets the 
result that all the »,[ é, T, To wo | are continuous in (By). Furthermore, 
as has already been remarked at the beginning of this section, the sequence 
fo lE, T, To Uol} converges to a solution o£, 7, To, uo] uniformly in (Bo). 
Hence, using Lemma I of section 2 with y = (T, To), u = ug one obtains 
the conclusion of Theorem III. | 


$4. DIFFERENTIABILITY OF THE SOLUTIONS WITH RESPECT TO THE 
INITIAL ELEMENTS. 


The main result of this section is embodied in the following 
Tarorsm IV. If 

_ (Hi) The hypotheses of Theor em T are satisfied in (Ap), 
(Ho) JTE, r, u] has a difference function a| È, 7, u, T, ù; r, wu] in (Ao), 


fLé, T ü] ga flé, Ty u | a al £, Ty Uy oT y t; T — T; U u], 


(Hs) The diference function of f has the additional property (1’) of section 
2 in (Ap), 
then, the solution olf, T, To, uo] has in (Bo) a difference function bLE, T, To, 
UOT, Toto; TTouo]. à 

The style of proof will be to interpret the sequence {v,[£, 7, To uol} with 
n = (7,79) and u = u of Lemma 4, section 2, as the sequence of approxi; ` 
mating functionals (2’). If then one can show that all the hypotheses of 
that Lemma are satisfied here, Theorem IV will be proved. 

Lemma 1. If 

(1) JUE, r, u] satisfies the E of Theorem LV, 

(2) o£, T, To, uo] has a difference function b| E, T, To, Uo, T, Toto; T, Tos ito | 
in (Bo), i . 


(3) ` (&, Ty EF, Ty TOs uo |) us in (Ao) for Every (E T, T0; uo) of (Bo), 
then, gL&, 7, To Uo] = JCE, r, oLE, T, To, mol] and SZ gE, T’, To, Uoldr’ also 


have diference functions in (Bo). 

By hypothesis (1) 
I gL, T, To tig | — gl£, Ta TOs uo] = al £, T, 9, fy 0; > t= v |, 
where v = o£, T, To, uo] and ð = aE, 7, To, io]. Moreover 


ol E, T, To üa] 4 of E, T, To; uo] _ _ z 
= bE, T, Tos Uo, T; TO Ug} T — T, T0 — Th Ug — uo |. 
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Hence, 


[E F Ty To üo] = fee T, To ug] 
i clé, T3 To, Uo, Ty TO; Uo; T T, TO — To Up = uo], 
ahere š 


eLé, T) Tos, Uo; T; Toto; T, T0; to | 
i al $, T, v, 7, 0; T, b t, T, TQ, Ug, T; TO to; T, To Ho | |. 


It remains to show that ¢ has properties (1), (2) and (8) of a difference 
function. Property (1) of c is an immediate consequence of the.property 
(1) possessed by the difference function a. Property (2) follows from 
property (2) of band a. Since (&, 7, v), (É, 7, D) are in (Ap), it is clear from 
property (3) of a that |e] = u || 7, b || and hence from property (8) of b that 
|c| = pA || 7, Fo, ùo ||, where A is the constant associated with b. Thus 
property (3) of cis proved. ‘This completes the proof that JTE, T, To, Uo | has 
a difference function in (B). 

Consider now the functional A£, 7, To, uo] = Sa gL, T’, To, wl. By 
means of an easy computation it is found that 


KLE, T, Tos to, T, To, Ño; 7, To, Wo] = TAa glé, 7+ O(7 — 7), To to dd 
(6) + Fofi! gLé, To + (70 — To), To, to db > 
l En ZE J e| £, T’, To, Uo T, To, Ño; 0, To, uo dr’, 
where . Es | 
kl, TiTi Uor Toto; T — T, TO — To ibg U o] = Al, T, TO tig | -=a ALE, Ti TOs wg]. 
Properties (2) and (8) of k follow readily from the identity (6), properties 
(2) and (3) of g, the continuity of c, and elementary properties of integrals. 
"The proof of property (1) follows readily from the fact that g and c are 
continuous in the sense of section 2. 
Lemma 2. Every approximating functional v, £, T, To, to | has a difference 
function b, in (Bo) of f satisfies the hypotheses of Theorem IV. 
It is clear from (2’) that vo £, 7, To uo] has a difference function bo = io. 
Then from Lemma 1, it will follow that every v, has a difference function 
b, where 


blé, T, To, Uo; T, TO, to; T — T, To — Tos üg — uo | 
i -< vlé, Ts TOs tig | oe vLE, Ts TÒ uo], Pp I, 2, ia 


It can be shown from the defining equations (2’) that 


bl &, Ts To, Ugs T, To, tho; T} TOs üo] = uo(E) . 
-+ t Jo JTE, T F O(r me T) vLE, T eje Or — 7) To; üo d8 
(7) + FoS FLE, To + O(70 — To), vLE, To + O( 70 — To), To, to |dO 


ke 7 f es ri as TA ~ ~ 
T Ja al é,7 sU T , Uy; 0, b| E 3 7, To, Uos TTO Uo; 0, T Qs to ldr’ 


where v, and v, stand for 2,[ £, T, To, uo] and v,[ £, 7, To, üo] respectively. 
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_ Lemma 3.. The difference functions b, of the approximating puncnanals 
have a common constant ^ associated with them. 
In the first place it is clear from the definition of bo that 


[bol = Ill F], [Fol [iol]. 


Furthermore it follows from (7) and the properties of f and a that if there 
exist functions 6,(r) such that 


[b E Br) {17 1, [ro], |wol ll}, 
then 2s 
[over] E 2y +] SK BL dr |} AT] 71, [ro], [aol ll}, 
so that 
| Bral) = 1+ 2y +| SZ B, 0dr]. 

One obtains therefore the following expressions of the functions 8, (r) ` 

Bo ao l, 

B= (1+ 27) + ea 


1 9 «ir rol "2 ae 2 
Be = (L+ 2y 4 Ot aan 4 Elna tel <4 anor, 


* 
K |r — rol” 
p} 
Kter — rolt 


PEGE ATOR 


Brn = (+ 29) {1+ $e 


Hence the common constant ) is given by (1 + 2y)e” where p = |r — rol. 
Lemma 4. If p,[&, 7, To uo] and plE, T, To, uo] are continuous in (Bo) 
and lim p, = p uniformly in (Bo), then lum c,(p,) = elp), where. 


cp] a Jo al £, 7, Vys T’, Dis 0, PLE, Ts TO u| ldr’, 
dp] zi Ia aL é, T’, v, T’, Ü; 0, pl E, Ty Toy uo] ldr’. 
It is seen that c[p] is obtained from e,[p,] by substituting for v, and 


J, the limits v and 6 respectively as v — «©, and putting for Py the limit p. 
One has from the linearity property of 


chp | a o[p,] = Se | (alé, r Ty Vy, g Üp; 0, p] Ta alé, r’ T V F 7 Vv; 0, pidr’ 
T ~ alé, r T , Vys ae ve 0, Pie p]. 


The integrand of the second term on the right does not exceed u Ilo, — o || 
so that it can be made as small as desired because of the uniformity of the 


os! 
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approach of p, to p. In the first term regard v, and 7, as depending upon . 


v, E, T, To, Uo and v’, E, T, To, Uo, Where v’ = 1/y. Since lim o,[£, 7, To, to | 
po OO 


we? 


== off, T, To, tio | and lim vlé, T, To, uo] = CE, T, To, uo] uniformly in (Bo), 
yo 00 


it follows that vo’, £, T, To uo | and olr, E, 7, To, ŭo are continuous functions of 
their arguments in the sense of section 2 so that. property (1’) of a difference 
function is applicable, thus showing that lim ¢,| p, | = clp] as desired. 


Lemma 5. The sequence {b,} converges uniformly in (Bo) to a limit b 
given by the expression (11) below. 
By Lemma 2 of this section one may write 


(8) | ‘ by a d, F cLb,], 


where 


(9) d, = Ul) + 7 fo fee, 7 +o — 7), LE’, Tr HOO — T), To to] ldo; 
+ TO Sef E, TO -+ Aro Te To), vLE, To +- O( 79 =~ To), To tin | d8 


and’ 


(10) ob, ]= SV aL, 7’, o,, 7’, 6; 0, BLE’, 7’, Toto 7’, Toit; O, To, to | |dr’.” 


. Repeating (8) v times one obtains 


Oy aa d, T e [da] T Cey dy» | an j Puce "al bo |, 
where the notation explains itself. 
Consider also the infinite sum | 


(11) e b= d+ e[d] + eld] + -+ eld] t 


where d and cd] have precisely the form of d, and ¢,[d,] only with v, 5 
substituted for v, and 3, respectively, and where c* means that the opera- 
tion ¢ is repeated x times. It has already been seen that each term of (10) 
is dominated by the corresponding term of (1 + 2y)e*|||7|, Fol, |aofl]. 
In a similar way it can be shown that the series for the last expression also 
dominates term by term the series (11). Hence there exists an integer 
ko of such a character that adl the terms of b,,; after the xoth have a sum 
which is in absolute value at most ¢/3 where e is an arbitrarily assigned 
positive number. The same is true for the series representing b. More- 
over, by repeated application of Lemma 4, one sees that there exists an 
index vo such that if » > vo, the first xo terms of b,,; can be made to differ 
from the first xo terms of b by a number which in absolute value is at most 
e/3. Hence lim b, = b uniformly in (Bo). i 
Recalling now that the v, converge to the solution v one sees that the 
hypothesis Ha) of Lemma 4, section 2is satisfied. Furthermore, hypothesis 
Ho of that Lemma is contained in Lemmas 2 and 3 of this section and Hig 
is nothing but Lemma 5. Thus the conclusions of Lemma 4 are applicable 
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- so that the solution og, i, Tos uo] has a difference function b i in (Bo) as | 
desired. 
$ 5. DIFFERENTIAL EQUATIONS InvoLvING SCHMIDT 
INTEGRAL POWER SERIES, 


Let u(¥) be a real continuous function on the range (01). Then the 
function of r+ 1 arguments 


(12) uP (EuP: (E) - -uP (E) 


where & «+: A also range over (01) and p, Pu, +++ pr are equal or distinct 
integers is evidently continuous. If now (12) is multiplied by an arbitrary 
function «(é, &, =- £) continuous in its arguments and the whole ex- 
pression is integrated with respect to & --- &, then. the resulting function 
(13) wt, u] = S SOKE, Gi, +++ ENWP Eu) e -wPr(Er)d&r- dEr” 


is again a continuous function of & The expression 
ATE, uJ = wilt, u] + wl u] + +--+ wE, u] 


is called a homogeneous- integral power form of the mth order (Schmidt) if 
Wi +++ Wn all have the form (13), and if for each w; p + pi + -+ p, =m, 
shar we may suppose always m = p. For a an integral power form 
of the 2d order has the following form, 


Soho + So l kou lé) + xno) u(Er) + Krool) + anea dye “dE ry 


when all the Ks are arbitrary continuouS functions of the r + 1 ar arguments 
£4, +++ £. This evidently reduces to 


alU CE) + uf) JOBE, &)wlh)dé + Sorrel, Edu Edi 
+ SPS ek, &, f)u()u(&)dbsdé 
The x’s or the a, 8, y ++» are called the coefficients by the form. 

Let AE, u] be an integral power form of the mth order and let u be 
replaced by u + ù, where ù is a continuous function of £. Then the sum 
of the terms involving the first power of & is called the first differential of 
AE, u| and is denoted by YE, u, u] (Kowalewski). It is clear that when 
u is fixed A[ £, u, ù | is an integral power form of the Ist order in & and for ù 
fixed, of the (m — 1)st order in u. This differential is precisely the dif- 
ference function defined in section 2 when & = u. For example to compute 
the difference function of an integral power form of the 2d order one con- 
siders the expression 


NE, a] — WE, u] = oe (V — VO]+ ONE EGE) de 
— ulé) MBE, ENuddi + Sov’, EDLE) — uk) Jdi 
+ Sy So Es Eo &)a(E) GE) — ulk)ul) |dédés, 


*It is clear that the variables of integration £,---% may be so arranged that 
p2p: 5p, and this will be assumed throughout the section. For an account of this... 
work see Kowalewski, loc. cit. è > 
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_ 80 that the differ ence function is 


a| $, u, T; U] = AOLE + HTH + LESBE, Haeddh 
+ ui) So BCE, uddh + Sov EDLE) + ul) Jucendé: 
t+ So So e(&, En ELUDE) + util) didt. 


The differential is obtained by putting @ = u and is ~ 


WE, u, u; U] = 2alEuOU(é + WO NE Sudé 
+ uf JP BE, &)ueddi + 2K yG, Edule)u(edde 
+ 2S) Soel&, Eo be) ule) ube) ddi 


Consider now the first differential W £, u, ù | of the integral power form 
ME, u] of the mth order. . If one puts in this u + @ for u and arranges the 
result according to the powers of ú, then the sum'of the terms of the first 
power in @ is called the second differential of M| £, u] and is denoted by 
Wet usu, Z|). Ina similar way one could define the higher differentials 
of A, u]. One may easily deduce the formula 


(14) AE, u+ a] = ME, u+ et Ek us te] Ls, uit 8 Pu 


with the analogues of Euler’s eae 
aL, ujuj= mA u], ME, w; u w] = mm — AE, u], - 
which may be obtained from the obvious relation 


l AE, cu] = om ULE, u], 


where c is an arbitrary constant. 

If in AE, u] all the coefficients are replaced by their absolute values 
and u(£) by 1, one obtains a function of £ whose maximum is called the 
height (Höhe) of ME, u]. In a similar way one may define the height of 
AE, u; ul, ULE, u; u, a], ete., by replacing the coefficients by their absolute 
values and u, u, @, --» by 1 and then taking the maximum with respect 
tof. If pis the height of M£, u], then by Euler’s relations my is the height 
of ALE, u; a], m(m — 1)u is the height of ME, u; ù, a] ete. 

One may now with Schmidt consider infinite sums of integral power 
forms (integral power series), viz., 


BLE, u | ma Nol E, u] F MEE, u] F Yel é, u] Speis Be 


where X LE, wu] is an integral power form of the pth order. Let up represent 
the heights of 2{,[£, u] and consider the series 


Bob pat t fet? e 


... If the radius of convergence R of this power series is different from zero, 


ey 
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. then the integral power series is said to be regular for |u(é)|S R. _if 
lul |= r < R, then the above power series is dominated by 
P(r) = pot mr + part +e 
since |M [tu] Supr. If uH r and |E] E s, r+ s<'R, one has 
immediately the inequalities 
(15) | lé, ul = = Hp P, | AlE, u; uli = Pups, 
(ALE, usu, l| 5 p(p — 1)uprr s. 
Moreover Kowalewski shows by means of these that the following expansion 
is valid: 


(16) PLE, u+ u]= BL u] + BLE u; u] + PLE u; t u] Wi 


where 
SE, u; u] = . ULE, u; ult WE, upu] t ---, 
PEE, u; %, 4] = W[E, u; %, 1] + WLE, u; %, W]+ ---, ete. 


From the inequalities (15) one obtains directly the dominance relation 


Qo 1 > 1 ' 
(17) +s Apra é uuu alle > py a Us Hpt, 
Pg E+ 


- Pg p! 
which may also be written with the help of (16) supposing r + s < R, 
(18) IBLE, u + a]l < P(r s). 
Furthermore T , 
(18’) i IBLE, u; ul|< P'(r)s, 


IBLE, u; ù, UJ Pie, ete., 


where P’(r), P” (r), etc., are the first, second, ete., derived series of P(r). 
It is desired now to investigate the differential equation containing 
integral power series 


ome) Le, u] 
: Pa o=0 © 


and see if the theorems proved in sections 1—4 are applicable. Kowalewski 
proves that such equations have solutions by a method very much analogous 
to that employed in proving the existence theorem for differential equations 
involving analytic functions. He shows in fact that the solution of 


(19) 


ET — PEE, u] 


may be developed as a power series in r with regular integral power series 
in u for coefficients. 
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It will be shown that the theory of the system (19) may be considered . 


` as & special instance of the theory described in this paper 


The following theorem is true. 
Tureorem J’. If P(E, uli is a regular integral power series for [ull = 


-then the system (19) has a unique solution v(£, T) continuous in 


7 aan <T <= — n B i _& P 
B) oss Ilse, (=p, 6=3) 
The set (A’) is now given by 
(A’) OSf=1, |rl< mo, llull =Æ. 


In the first place, since each term of the integral power series is a con- 
tinuous function of é, and since the series is uniformly convergent with 
regard to é for each fixed u of (A’), it is clear that hypothesis (Hi) of Theorem 
I is satisfied. To prove (H), replace in (16) the variables u, u by u, w — u 
respectively; with u, w both satisfying (4^). Then, for each such u and w’, 
one has 


(20) PEE, w] — BLE, Je PEE, u; w — r 
+ ARTE, u; w — u, w eee 


so that by the equalities (18’), one finds that the ee side of the 
last equation is dominated by 


| [PO +3 P” (6) + raa 


where s = ||w —u||. Hence, since s = || w — u|| = 28 and ka s 
= 3 <x, it follows from (17) and (18) that 


BLE, w] — BLE, uJ] = sP + s) SPR) || w — u k 


Thus the hypotheses of Theorem I are. satisfied. From the statements 
just preceding equation (15), it is clear that the value y = P(R) is an 
upper bound for BE, u]. ° 

The theorem on the continuity with regard to the initial elements reads - 
precisely as Theorem III and will not be stated here. 

Trrorem IV’. IfP[E, uw] is a regular integral power series for || u || = R, 
then in the set . . 


(Bo) Zla, IT — To] = p, [ro] S 8, i | uo || = ô, 


the solution ol E, T, To, uo] has a difference function bI.£, T, To, Uo, T, To, Uo} T, Totto] 
The set corresponding to (Ao) is here given by 


(4) OSES1, -—w<r<om, .|lull/se+s, @+s< R32). 
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It is requisite to show that the hypotheses of Theorem IV are satisfied. 
The proof that the hypotheses of Theorem I are satisfied in (Ag’) is the same 
as that given in Theorem I’. To show that B[£, u] has a difference function 
one makes use of the expansion (20). Consider. the right-hand side with 
the last argument u’ — u of each term replaced by u, 


al $, u, w; u] = BLE, us; u] T SPLE, U; w — Uy u | foes 


The linearity of the functional a in u is clear from the definitions of P| E, u; ù |, 
PE, u; w — u, &], etc. Furthermore, the functional a is continuous for 
every continuous function u. For, set s = || w — u|| and S=| |u|]; 
then, by inequalities analogous to (15), (17) and (18’), it follows that 


IBLE, u; a ]|« P'(B)S « P'(R)S, 
IBLE, u; u’ — u, &]|& P’'(B)Ss < P"(R)Ss, ete., 


Hence, the series for al £, u, w; ù] is dominated by P’(6 + s)S or P’(R)S; 
i.e., for a fixed u it converges uniformly with respect to its other arguments 
and consequently represents a continuous functional for each fixed u. ‘The 
constant u associated with the difference function is P’(R). 

It remains to prove that a has the property (1’). In the first place it 
can readily be shown by a method of proof similar to that used in the proof 
of Lemma 1, section 2, that, if each of a sequence of functionals has the 
property (1’), and the sequence converges uniformly in the set under 
consideration, then'‘the limit functional also has the property (1’). Since 
the above series for a does indeed converge uniformly, it suffices to prove 
that the difference function of (13) has the property (1 ). But it follows 
from the definition of a difference function and from the form of (13) that 
the difference function of (13) is a sum of integrals of the same type except 
that in the integrand product there occur two functions u, ù instead of a 
single function u. That integrals of this last type have property (1’), 
follows very readily from the fact that the integrals are continuous func- 
tionals of u and &. ý 
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THE nee OF THE RATIONAL PRIMES IN A CUBIC 
DOMAIN. 


By G. E. WAHLIN. 


I. INTRODUCTION. 


The object of this paper is to determine a set of functions of the coeffi- 
cients of a cubic equation whose character, with respect to the prime 
modulus p, completely determines the factorization of p in the cubic domain 
defined by a root of the equation. : 

Since every cubic equation can, by a linear transformation, be trans- 
- formed into the form 23 +°Ce + D = 0, where C and D are rational integers, 
there is no loss in assuming the cubic equation in the following discussion 
to be of this form. Moreover if C = p*-C, and D = p”. Dı where C, and D: ` 
are prime to p, when à = 2 and u = 3 the roots of the equation may be 
divided by a power of p and the equation thus further reduced. We shall 
therefore throughout the following pages suppose that 0 =A< 2 or 
OZ p< 3. 

We shall denote 2? + Cz + D. by F(z) and 302? + 9Da — 0? by Fo(z)- 
The discriminant of F(x) = 0 is — 27D? — 40? and shall be denoted by As. 
The discriminant of Fo(x) = 0 is — 34; and shall be denoted by As. 

Let m and pe be the roots of 


(1) | F(x) = 0. 


Since F(x) is supposed to be irreducible A; + 0 and hence A, + 0 and 
Hi F be. 

If u = (— 9D — v4)/60 aa mw = (— 9D + VAa) /60, x we shall write 
(Cu = Ya(— 9D, As) + on(— 9D, Ac) VÄ, where Yn and gn are poly- 
nomials. Hence (6Cup)” — (Cu) = 2¢,(-- 9D, Ac) VAs. 

We shall next apply, to the cubic F3(x) = 0, the non-singular trans- 
formation | 

MY F Me, 
“y+ 


After simplifying the new equation has the form F3(u;)y*-+ F(u) = 0 
Since 


y= Riala 22), 1_ As, 
(2) F3(a) = F(x) (= — 7) BG Fa 
and u and pe are roots of (1), we have F(u) = — (A;/3C)u; @ = 1, 2) 
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* and hence the transformed cubic may be written in the form ° 


3) - i pL 
(3) | Gra 


and the roots of this are p'— (w/m) (¢ = 0, 1, 2), where p is a primitive 


cube root of unity. The roots of F3(a) = 0 are therefore 








mp’ J-B m : : 
a ree 


and in simplified form ay = — yi/®- on + uy’). 

The above implies that C + 0,-but this does not invalidate the applica- 
tions which shall be made of it, because it will be seen that in all cases where 
it is used C is necessarily different from zero. 

The theory underlying the following development is that of the applica- 
tion of the p-adic numbers to the study of the algebraic numbers.* 


Il. EISENSTEINIAN FUNCTIONS. 


A polynomial of the form 
E(x) = a” + pomt 4 pagar? + -e + peta, ia + pan, 
in which all the coefficients except that of the Hige: power of æ are divisible 
by the prime p is called an Eisensteinian function. Eisenstein’g theorem, 
that every such polynomial in which e, = 1 is irreducible, is well known. 


O. Perronf has generalized this theorem as follows. The algebraic equation’ 


ain A- pleritig, grt -+ peet ggr? |. a + plat) eH an a -F D'an = 0, 


where @, G2, --* @ are arbitrary integers and an prime to p and e prime to 
n is irreducible. The proof of this theorem consists in showing that, in 
the domain defined by a root of the given equation, p is the nth power of 
a prime ideal and hence the domain must be of degree n. We note here 
that this method is also sufficient to show the irreducibility in &(p). 

In the “ Theorie der Algebraischen Zahlen” Hensel shows that every 
factor of an Eisensteinian function in &(p) is an Eisensteinian function and 
hence the number of factors cannot exceed the exponent of p in the last term. 

From Perron’s theorem we can conclude the following fact: 

‘3 Hensel, “Theorie der Algebraischen Zahlen.” Author, Transactions Am. Math. 
Soc., Vol. 16. A new development of the theory for quadratic domains was published by 
Hensel in Crelle’s Journal, Vol. 144. In the author’s paper, here referred to, he gives an 
extension of this to the general case. Of importance, in the following pages, is the iso- 


morphism between the two domains k(p:, a) and k(p, af”) discussed 1 in the author S paper. 
f Mathematische Annalen, Vol. 60, Theorem I. i 





N 
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A. If in E(x) e: Z én, on is prime to p and e, is prime to n, then, in the ° 
domain defined by a root of E(x) = 0, p is the nth power of a prime divisor 
and E(x) is irreducible in k(p). 

We shall prove the following fact: 

B. If in E(x) e: Z eni, end Æ €n/2, n > 2 and dn and a, are prime to 
p, then E(x) has a linear factor in k(p). 

Since an—ı and a, are prime to p there exists a ¢ such that ane + an = 0 
mod p. Then 


E (pe eme) = plen En-Dor -} plenenn) (MD) +erg enl 
H eee H peet enan o + plant F an). 


Since eni Æ @n/2, En — Cn-1 = en/2; and since n > 2, (en — ena)n > en 
Since ¢; Z ena for t E n — 2, (€n — en) (n — 2) + ei> Cn — Cai + 6: 
> en; and since nC + aa = 0 mod p, we see that 


E(pnme) = 0 mod p. 


If we next form E'(p tmc); the first term is divisible by pme) 070 
and since £n — ena = n/2 and n— 12 2, it is divisible by p™. The 
following terms up to and including the next to the last are divisible by 
powers of » whose exponents are, in the successive terms, greater than 
Ci, €2, "`> en and hence greater than én. The last term is divisible only 
by p=. Hence E(x) = 0 (p) has a solution in k(p),* and in this domain 
L(a) = (x = permet) - Q(z). | 

C. If in B, en = 1, Q(z) is seen to be irreducible by Eisenstein’s theorem 
because it is an Eisensteinian function whose last term contains only the 
first power of p. If in this case E(x) = 0 is irreducible in k(1), p is, in the 


domain defined by a root of this equation, the product of a prime divisor 


by the n — 1th power of another prime, as is seen by 4 and the isomorphism 


`- referred to in the note in the introduction. 


We are now ready to consider the factorization of p in the cubic domain 
k(a;). I shall denote the prime divisors by p. As there is no danger of any 
ambiguity regarding the degrees of the various prime divisors, I shall make 
no indications of them in the statement of results. 

We shall first consider the case when p > 3 and is not a divisor of As. 


III. A, a QuapRaTic RESIDUE MOD P. 


Since A; = 81D? + 12C* it may happen in this case that C = 0 mod p 
and we shall consider this possibility first. 

Since p is not a factor of A; it is not a factor of the discriminant of k(a;) 
and is therefore not divisible by a power of a prime divisor. Moreover the 


* Hensel, A.Z., p. 71, bottom. 
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¢ number of far tore of F(x) in k(p) is the same as the number of factors of 
F(x) mod p.* When C = 0 mod p, F3{2) = 23+ D mod p and we "see 
that when p = 1 mod 3, if — D isa cubic residue mod p, F3(x) = 0 mod p 
_ has three solutions in k(1), and when — D is not a cubic residye the same 
congruence has no rational solution. If p= — 1, — D is always a cubic 
residue mod p but in this case F3(a) = 0 mod p has only one solution in 
k(1). Hence when p = + 1 mod 3, if — D is a cubic residue mod p, F3(a) 
is in k(p) the product of three linear factors, if — D is not a cubic residue 
mod p, F’3(x) is irreducible in k(p) and when p = — 1 mod 3, F3(z) is the 
product of a linear and a quadratic factor in k(p). 
since the cubic character of — D is the same as the cubic character of Ag 
we can conclude that, when p = + 1 mod 3 if APD; = 1 mod p, then 
p~ Jr: Po: ps, and if APD Æ 1 mod p, then ip ~ p; and when p = — 1 
mod 3, then p ~ pı- Po. 
If C Æ 0 mod p the roots of (1) are units with respect to p. Since Ae is 
a quadratic residue F(x) is reducible in k(p). Hence, if As is not a square, 
p~ p-p” in ku) and if As is a square, k(41) = k(1) and p ~ y’. 
Let us now consider the equation 


(4) pro (p^). 


If p = — 1 mod 3 this will always have a solution in ky! f uy) but if p = 1 
mod 3 it has a solution when and only when (mju = J mod p^. But 
this condition is equivalent. to p{?-D/8 — {P-D = 0 mod p’ and hence 
according to the notation in the introduction it is seen to be equivalent to 
(pyis(— 9D, A) = 0 mod p’. But gp~1)/3(— 9D, Ae) is a rational integer 
and is therefore divisible by p’ when and only when it is divisible by p. - 
Hence in order that (4) shall have a solution in /(p’, m) it is necessary and 
sufficient, either that p = — 1 mod 3, or that gp-1)/3(— 9D, A.) = 0 mod p. 

Every number of k(p’, m) is for the domain of p’ equal to a number of 
k(p) and hence there exist rational p-adic numbers m, and ms such that 
u = m (p^) and u = m, (p^) and if (4) has a solution this is also for the 
domain of p’ equal to a rational p-adic number b. 

Let }’ be that prime divisor of p' in klu, V— (p2/u) | eee to 
the linear factor of (4). Then “— (m/m) = b (p) and P’ being a factor of 
p’, u = m and pe = m, (P). Hence, if we put ap = (mb + m)/(b+ 1) 
we see that a = ao (p^) and hence F3(ao) = 0 (p^). But from this it follows 
that Fs(a) = (2 — a) Q(x) (P^, and since the coefficients of both members 
of this equation are rational p-adic numbers it is evident that the two 
members are equal for the domain of p’ when and only when they are equal 


* Hensel, A.Z., p. 68, 
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. for the domain of p, and hence | 


(5) 3 F(x) = (x — ao) Q(z) (p) 


if (4) has a solution in k(p’, uy). | 

If however (4) does not have a solution in &(p’, m), it is irreducible in 
this domain and the same is then also true of F3(x) and hence a fortiori it is 
irreducible in k(p). 

In regard to Q(x) we observe that since its discriminant differs from A; 
only by a square-factor it is reducible when As is a quadratic residue mod p 
and is irreducible when A; is not a quadratic residue mod p. But A= — 343 
is a quadratic residue mod p and hence A; is a quadratic residue when and 
only when — 3 is a quadratic residue and hence when and only when 
p = 1 mod 8. 

Hence when p = 1 mod 3 if ¢(p-1)/3(— 9D, A) = 0 mod p, then /3(2) 
is in k(p) the product of three linear factors and if (p-1/3(— 9D, Ac) # 0 
mod p, F(x) is irreducible in k(p); and when p = — 1 mod 3, F}¿(æ) is in 
k(p) the product of a linear and a quadratic factor. 

Regarding the factors of p in k(a;) we can conclude that when p = 1 
mod 8 and p~1)/3(-- 9D, A) = 0 mod p, then p ~ pi: pa: Pa; when p = 1 
mod 3 and ¢p-~1)/3(— 9D, Ac) = 0 mod p, then p ~ P; and when p = — 1 
mod 3; then p ~ Dy Pe. 


IV. A, Nor a Quapratic Resmuz MOD p. 


When Ao is not a quadratic residue mod p, F(x) is irreducible in k(p) and 
hence in k(m) p is a prime of the second degree. Using the same method as 
. in III we see that the equation 


(6). y+ mlm =O (p) 


has a solution in k(p, pm) when and only-when ¢(p2-1/3(— 9D, A») = = 0 mod p 
because in this case it.is necessary -and sufficient that (w/m) 21 =1 mod p. 

Let us suppose that a solution exists and that p is the prime divisor of 
p in kluw — (u/u)] corresponding to the linear factor of (6). Then there 
exists an ao in k(p, m) such that ap = a(p) and hence as above F(x) 
= (x — ao) Q(x) (p). Again since the coefficients of both members of this 
equation belong to k(p, m) in which is a prime, we see that it is true for 
the domain of P when and only when it is true for the domain of p. Hence 


(7). - Pa) = (@ — a) Qe) p). 


If ao is a rational number, F(x) has a linear factor in k(p). If ap is a | 
_ quadratic number and ay its conjugate since F'3(a9) = 0 (p), we know that 
F3(a,) = 0 (p). Hence F3(x%) = (@ — ao): (x — a(z — a) (p) and since 
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the coefficients of (@ — ao) (@ — ao) are rational a must be rational and again | 
we see that F(a) has a linear factor in k(p). 
If (6) has no solution in k(p, m) in the same way asin III, we conclude 
that F(x) is irreducible in k(p). ; 
Considering the case when F(2) is reducible let us write F3(2) 
= (x — a) Q(x). As in III we conclude that Q(z) is reducible when and 
only when A; is a quadratic residue mod p and since now A: is not a quadratic 
- residue this is the case when and only when — 3 is not a quadratic residue 
and hence p = — 1 mod 3. 
_ Hence when’ @¢-1))3(— 9D, A) = 0 mod p and p= — 1 mod3, 
p~ Pre Per Ps; when ¢ip-1/3(— 9D, A) = Omodp and p= 1 mod 3, 
p~ pi pe; and when gonil — 9D, A) #0 mod p, p~ p. 


V. Ac=0 MOD p, p> 3. 


We shall next consider the factorization of those primes which are 
greater than 3 and are factors of the discriminant of F3(v). We shall write 
A; = p*A; where we suppose that A; is prime to p. As stated in I we shall 
put C = p*-C,, and D = p"D,. Since s > Oif Nor pis zero the other must 
be zero also and we shall consider this possibility first. From (2) we have 


| D 
(8) _ F(x) = Fole). (e= T) some p 


and the resultant- of the two factors R= RLFi(2), om — (3D/C) | 

= 1/C-(64D* — C’). Since A; = 27D? + 4C* = 0 mod p, 27D? = — 40 
mod p and hence R = — 9C? mod p and is therefore prime to p. Henge 
F3(a) is reducible-in k(p).* 

We shall again write /3(2) = (@ — a) Q(x) (p) and studying the quadratic’ 
factor in the same way as in III we can conclude that when $ is even and 
A; is a quadratic residue, Q(x) is reducible in k(p), and when s is even and 
A, is not a quadratic residue mod p, it is irreducible. , 

Using the isomorphism mentioned in the note in I we can conclude that 
-when s is-even if A, is a quadratic residue mod p, then p ~ pi; Pe: p3 in 
k(a;) and when A; is not a quadratic residue mod p, then p ~ p: te mn klai). 
When s is odd, p ~ }y- p2 in klai. 

Tf however \ > 0 it follows that u > 0 and we need only consider the 
eases when A< 2 or u < 3. We shall take up the two cases (a) \ 2 u 
eand (bD) A < p. 

_ (a) Since à 2 u > 0 by the restrictions imposed on A and u we conclude 
that in this case u = 1 or 2 and hence by II, A we know that Fala) is 
irreducible in &(p) and p ~ p* in k(æ;). 


* Hensel, A.Z. p. 71. 
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(6) Since now \ < u we see that this is possible only when \.= 1 and 


` hence, by II, B and C, we can conclude that F3(z) is in k(p) the product of 


ar 


a linear and a quadratic factor and p ~ pi- p4 in klai). 


VI. p= 3. 

We shall next consider the factorization of 3 in k(a;). As before we 
shall write C = 30, D = 3"D, and A; = 3°A3. Ii X= 0, s= 0 and we 
need only consider f'3(a) with respect to the modulus 3. There are six 
possible forms as follows: 


F(x) = x? + e = ge ++ 1); A; = — 1 mod 8, 
Fol) = z + 22 = (e — Iez + 1); A; = 1 mod 8, 
Fo = g t a+ l [= (e Di? +24 2); A; = — 1 mod 8, 
F3(z) = x? + 2x + 1 irreducible; A; = 1 mod 3, 
F3(2) = ie ge me peer): A; = — 1 mod 3, 
F3(v) = 2° + 2a-+ 2 irreducible; As = 1 mod 3. 


From a consideration of this table we note that when A; = 1 mod 3, 
3 ~ di: Pe: pif D = 0 mod 3 and 3 ~ pif D Æ 0 mod 3; and when A;=—1 
mod 3, then 3 ~ Pı” No. 

If s > 0 it is necessary that A > 0. As before we need’ only consider 
the cases when A < 2 ory <3. These we shall consider as follows (a) \=1, 
w= O0;()A>14u=0;()\ 2p; (dad) A< pb. 

(a) When X= 1, w=O0, Ag= — 27(D*+ 40°) and s 23. The 
function Æ (x) is 90122 — 9Dz — 9C? and m and be are roots of 


(9) | Cy? + De ~ CT = 0. 
In place of the equation (2) we have now 
. l D 1 A3 

1 F3(x) = 2 x—- Ofre- z) 5 a 
(1) Fale) = (C+ De- 0) (4-2) She 
and hence when s >-3, 

(11) Fl) = (Cia? + Da — C%) (2 — z) . Ta an, 

CO) GQ 
Since in this case (i.e., s > 8) D? +40} = 0 mod 3*°%, 
(12) D? = — 40} mod 3°73. 
Therefore . i 
2 3 i i 
F (=)= ee =a D? +08) = — 90; mod ges ‘ 
l ; 


and if s > 6, F3;(D/C) is divisible ots by 3%. Fu(D/C)/21 - = 3(D/C,) and 
is divisible only by 3. FY(D/ C;)/8! = 1 and is prime to 3. Hence using 


the theorem on pages 73 and 74 of Hensel’s Theorie der Algebraischen 


a 
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Zahlen we see that when s > 6, F3(z) has a linear factor in (3), and shall | 
write 


F(a) = (x — a)Q(x)- (3). 


_ Regarding the quadratic factor we can conclude in the same way as in V 
that it is reducible when and only when s is even and A, = 1 mod 3. By the 
isomorphism previously used we then see that if s is even, when A, = 1 mod 8, 
3 ~ P M- ps, and when A, = — 1 nied 3,3 ~ Pep; and that when s is odd, 
a~™ pir Pe 

If s = 6, let us consider first the case when A, isnot a quadratic residue 
mod 3. Then 
¢ _ P+AG, 40i _ 
(13) a 


` and- since D? + 4C} = 0 mod 3 aud D?=4=1 mod 3, C= — i mod 3 
and we can write (13) in the form 


— 1 mod 8 


— i = (i mod 3 
- whence — D? — 40} = 27C} mod 81 or 
(14) l Ds — 31C} ‘mod 81. 
Now 
F, (- i) = -5 (8D? + C3) = 243D = 0 mod 81 
by (14) l 


r (- 7) = S (4D? + C?) = — 123-30, mod 81, 
1 


and is therefore divisible only by 3%. 
uf 2D\ | “6D 
F 2l = = = 
| ' (- al G 
and is divisible only by 3. ° 


a A eaa 
Fi ( T) 1 


and is prime to 3. In the same way as above we can conclude that F3(x) 
has a linear factor in &(8) and since A; is not a quadratic residue the quadratic 
factor is irreducible in (8) and as above we conclude that 3 ~ pi- fe 
in kla. 
If PT s = 6 and A; is a quadratic residue aol 3, (10) shows that 
F3(D/C) is divisible by 3° but not by 34. Since now 
D+ 4C3 
27 


A; = — = ] = — Ci mod 3, 
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_— D? — 40} = — 270} mod 81 and 


(15) Ps 2308 mod 81. 
Let us now form 


Fi(ay +2) = 27 + nget (Gta) tR) 
Ci L NG 
_ Dividing by 27 and equating to zero we have 


D., D’ ree Ci - | 
3 — qê pa 

and evidently one root of this E ie to k(a;). In this equation 
D/C; and F3(D/C;)/27 are known to be prime to 3. By (15) D? + Ci= 24C} 
mod 81 and hence (D? + t geci = = 8C, mod 27 and is therefore also prime 
to 3. 

We shall next see that the left-hand member of (16) is irreducible mod 3. 
Suppose that it is not. It must then have a linear factor and hence there 
must exist an'a such that 


e+e etage ot h(G  )/27 = 0 mod 3. 


| Since the last term is prime to 3, a cannot be divisible by 3 and hence 
a’ = a mod 3 and a? = 1 mod 3 aad a must satisfy 

D+ Cj D\/ 
(17) +454 BEC ‘Va a + -= D+ r ( 2) /27= 0 moa 3 
. We have seen that (D? + 0$)/301 = 80i mod 27 and since C? = — 1 mod 3, 
C = — 1 mod 3 and hence (D? + 0$)/30} = — 8 = 1 mod 3. 


r DN fo = L roce. 3 
D+ n (2) Jar = Patarer + D? + 403] 


By 15 we have 270? + D? + 40? = 270i + 270? mod 81 and hence 
D rye. praca 2 2 
a [270} + D+ 40%] = & (1+ 0) = 0 mod 3. 


The congruence (17) therefore reduces to 2a = 0 mod 3 which is impossible 
since a is prime to 3. The left-hand member of (16) is therefore irreducible 
mod 3 and. hence also in (3). Since this is so we know that 3 cannot be 
a divisor of the discriminant of (16) and hence also not a divisor of the 
discriminant of k(a@;) and is therefore not divisible by a power of a prime 
` divisor and hence 3 ~ p in k(a,). 


+ 
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If s = 5, F3(D/C,) is divisible by 9 but not by 27. Multiplying (16) by 
3 and forming the equation whose roots are the reciprocals of the roots of 
(16) we have 
| ee es + C t+ eet 3—0 
and by II, A we see that this is satis in (p) and that in kæ) 3 ~ pë. 
If s = 4, F;(D/C) is divisible only by 3 and hence the equation 


TOR 


is seen by II, A to be irreducible in £(8) and again 3 ~ p’? in klap. 

If ¢= 3, A= — D? — 40% and. the discriminant of (9) is — A} 
Since D? = 1 mod 3 and A, Æ 0 mod 3 it is necessary that C = 1 mod 3 
and hence — A; = 2 mod 3. The equation (9)eis therefore irreducible in 
k(3) and in k(x) 3 is a prime of the second degree. As in IV we can show 


' that F(a) is reducible in k(3) when and only when the equation y? + (m/m) 


= 0 (3) has a solution in &(3, m). This equation has a solution when and 
only when the congruence y? + (Hala) > =0 mod 9 has a solution in the 
given domain.” 


If the given congruence has a solution b, we see that b = — (m/m)? 
mod 27 and since every integer of £(8, m) satisfies the congruence 2° = 2 
mod 3, we conclude that b = — (te/m1)§;mod 3. Hence if y? + (m/m) = 0 


mod 9 has a solution, there must exist a ¢ such that [3¢ — (u/u) P + m/m 
= 0 mod 9. By expanding we find that the necessary and sufficient 
condition for the reducibility of F3(a) is — (ue/ui)® + u/u = 0 mod 9, ar 
(uz/u) = 1 mod 9 which reduces to gg(— D, — A3) = 0 mod 9, | 

But ge(— D, — As): = — 8D" + 56D5A, — 56D2AZ + SDAZ and hence” 
since 8D is relatively prime to 3, the necessary and sufficient condition is 
A} — 7A? D? + 7A;D* — D° = 0 mod 9 or in another form 


(18) . (=) Sg (3) az (5 sa 1=0 mod 9. 


But 1 is the only PPE solution of z? — 72 + 7z — 1 = 0 mod 9 and 
hence (18) is possible when and only when Aj/D? = 1 mod 9, or — D? — 40} 
= D?mod9. This reduces to D? + 20? = 0 mod 9 and since C, = 1 mod 3, 
C? = 1 mod 9 and hence this condition is equivalent to D? + 2 = 0 mod 9. 
+ Hence F(x) is reducible in k(3) when and only when D? + 2 = 0 mod 9. 
Since s = 3, 3 is in k(e,) divisible by a power of a prime divisor and hence 
F(x) cannot have three linear factors in (3). We can therefore conclude 
that when D?+ 2 = 0 mod 9, 3 ~ p,-p3, and when D? + 2 Æ 0 mod 9, 
s~ pe, 

* Author, Crelle’s Journal, Vol. 145. . ° 


Wann: Factorization of Rational Primes. 201 


(b) Since in this case A > 1, u = 0, we have s = 3 and again F3(2) is « 
either irreducible or the product of a linear and a quadratic factor in (3). 
If D?=1 mod 9, F3(— D) = 0 mod 9 and hence F3(x — D) is by II, B 
seen to be reducible and hence /’3(x) is in &(3) the product of a linear and a 
quadratic factor. If D? = 1 mod 9, F3(— D) is divisible by 3 but not by 
9 and hence by IJ, A, /s(a — D) is seen to be irreducible in &(3). i 

Hence when D? = 1 mod 9, 3 ~ pi- $3 and when D? = 1 mod 9, 3 ~ pè. 

(c) In this case X = u > 0 and hence by the restrictions -imposed on 
` and u we conclude that u = 1 or 2 and by H, A, F(x) is Ereona E in 
k(3) and in kla), 3 ~ p8. 

(d) In this case A < u and again by the restrictions on A and u we see 
that this is possible only when A = 1 and by II; B we conclude that F3(2) 
is in (8) the product of a linear and a quadratic factor and in k(a;), 3~ pie p3. 


VIL. p = 2. 


We observe that when p = 2 if D is odd s = 0 and 4; is not divisible by 
2 and we need only consider F(x) relative to the modulus 2. Two possi- 
bilities occur as follows: 


F3(a) = a? + x + 1 irreducible mod 2, ja 
Fala) = g + 1 = (e — 12 + +1) mod 2. 


Hence when C is odd, F(x) is irreducible`in k(2) and in klej, 2 ~ p; 
and when C is even, F(x) is in &(2) the product of a linear and a quadratic 
factor in £(2) and in kæ), 2 ~ dy: te. 

If s > 0 it is necessary that u > 0 and we shall consider the cases 
@\=0, p21; OAZ uil up. | 

(a) In this case s = 2. We have F3(z) = (2 + C) mod 24 and since 
R(x, 2 -+ C) = Cis odd we conclude that in this case F(x) has a factor in ` 
k(2)* and we shall write F3(7) = (a — a)Q(x). Using the same reasoning 
as before we see that when s is even and A; = 1 mod 8, then the quadratic 
factor is reducible and, in all other cases, irreducible. 

We can then conclude by making use of the isomorphism previously 
referred to and the factorization of 2 in a quadratic domaint that when 
sis even, if Aj = 1 mod 8, then 2 ~ pi: te: pz, and if A3 ¥ 1 mod 8 but 
- A=] mod 4, then 2~ pi: pe, and if A3z=3 mod’4 or when s is odd, 2~ pı. 3. 

(b) Since in this case A = uasin IV, (c), we can conclude that u = 1 or 2 
and by II, A, F(x) is irreducible in k(2) and 2 ~ p* in k(a,). na 

(e) Since in this case A < u we know again that \ = 1 and again by 
Il, B and C, F(x) is in £(2) the product of a linear and a quadratic factor 
and in k(a;), 2 ~ pepi. 

* Hensel, A.Z., p. 71. 

t Hulbert, Report, Jahresbericht der Deut. Math. ver., Vol. 4. 
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SUMMARY. : 
p>s : : | 
A P7012 = 1 mod p l 
p= l] mod 3 
C=0modp, AY" = 1 mod p 
C#0modp,  go-s(—9D, Ac) = 0.mod p) Pus Pa’ Pa 
C=Omodp, AY Ys] modp — 
C#0modp, ¢(p-1/3(-- 9D, A) F O mod p) P p 
Boe MOU a aa ee a A P~ Pp 
APD = — | mod p 
gi-ri — 9D, Ae) = = 0 mod p 
i a 0106 E E E -- P~ Pi: W: Ps 
PSA MO oe pei aa REET EE .. P~ Pie Pe 
Pol 9D, A) Æ 0 mod p.. serrer PP 
A: = 0 mod p, A; = pA; a 
A=yp=0 a 
seven . 
Ag Or od Perae P ~ Pir: Per Ps 
(A) PD = — I mod p....: Ditin saeed P™ he Pe 
GG os bo. N ba eet E w haw EE wake tad p~ p. p 
Ri e EEEO E AA ea teres p~ p’ 
ae E OEE EEE M TEET p~ p-p? 
p= 3 
d= n 
A; = 1 mod 3 
D= OTO Sare ie beth oe ees O™ Pi: Pe: Pz 
5 BE “210 e eee ee er ae a ae a~ p | 
Ase 001 610 Sercan nra a a s~ Pie Pe 
A= 1, p=0 
ea] 
s even i 
A; = CMO Skre AE aN d~ Pı’ Por Pg 
Aiea = Eb M60 esaea tennera 3 ~ Dre De 
AA acetal dekh pues ne ed pas tea ed o~ Di: p 
s= 
MAE 3 E E N 3~ p 
° A, = —1mod 3 sibel oid Wi Spr ey aparece. E ek Ant ay hoa 3 ~ Pr Pe 
Ge OP cite eeu need ataeee E B~ pro - 
r= l 
D +- 2 = 0 mod 9........ 0... ee ce eee 3 ~ p De 
D° +20 m0d E E EE 3 ~ p? 
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A>1, w= 
DP 1960 E ica a eet bade ene eens 


C= 0 mod 2....... EEE E S es 


`= 0, wel 
s even 
Nea 1 od Bareer czas ere losene 
A ¥ 1mod8 _ 
A; = Imod 4............... EEA 
As = 3 mod 4............. PERE Te mesa 


” Ps 


ON THE STRUCTURE OF FINITE CONTINUOUS GROUPS WITH A 
SINGLE EXCEPTIONAL INFINITESIMAL TRANSFORMATION. 


By S. D. ZELDIN. 


Introduction.—Let X1, ---, Ar, Xr be the symbols of the infinitesimal 
transformations of a finite continuous group G with r + 1 essential param- 
eters, in which case 


rt) 
(1) (Xi X;) = du Cir" (tJ acs eA eet T F 1). 


The symbols of the infinitesimal transformations of the group T me 
to G are then 





rel rt] f 
(2) Ta (2 = L hy eng + 1); 
z=] AS] 
and we have 
: r+ Ue 
(3) z (Di, D;) = Dy CiaDi} Oj = ; 2, TAg pof 1). 
cm | 


The group I‘ has r+ 1 essential parameters (i.e., there is no linear 
relation with constant coefficients between D,, ---, Deua) if, and only if, 
G contains no exceptional§ infinitesimal transformation, i.e., no infinitesimal 
transformation 5-7} @,X; such that 


r+1 - r+ 
(4) 2 tXo Xi) = p lKa A) S50 GSL nrt I 
Corresponding to each independent exceptional infinitesimal transformation 
of G, X a:X; is an independent linear relation Jit} a;D; = 0 between the 
differential operators Dy, ---, Dr, Drga! ‘ ` 
We shall assume in what follows that the group G has just one exceptional 
infinitesimal transformation, which we may take without loss of generality 
to be X,1;. In this case, | 


(5) . (Xa X) = 24 CiieXe +6, j-naden (0,97 = 1,2, r) 


cd (Xa Aa = (X rys Xa) = 0 (a = l; 2, ES r -+ 1); 


* Lie-Scheffers, Continuirliche Gruppen, p. 391. 
+ Lie, loc. cit., p. 466. 

t Lie, loc. cit., p. 467. 

§ Lie calls it “ ausgezeichnete, loe. cit., p. 465. 
|| Lie, loe. cit., p. 465. 
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so that E DEE i “3 ° 
(6) , Ci, rt k = —~ Car ia 50 Gi kI l, a2, rrt l); 
and, therefore, i 
. ro r+ i ð 
Drga = 0,- D; = pD >» Q jCjik -—) 
(7) _ jm] k=] Oa, 


(Da. D3) ja 2 cinDe (0,9 =F l, aad | f): 


In consequence of the assumption that G contains Just one exceptional 
transformation, there will exist a finite continuous group G’ with r essential 
parameters generated by r infinitesimal transformations, whose symbols 
we shall denote by ¥;, ---, Y;, such that 


(8) Os Y;) = 2 Cis Va (i,j = l; a sae T) 
Let I” denote the sion of G’, and the symbols of its infinitesimal 
transformations let be Dj, ---, Di, where 
(9) f DS > oa (i = 1, 2, sra 
OX}, r 
We have then 
(10) l (Di, D;) = 2, CiD (2, J = 1, 2, mt ty r). 


In what follows we shall investigate the conditions that may be imposed 
on the structure of G” (when, as assumed, G has just one exceptional in- 
-finitesimal transformation) so that we shall have 


(11) Ci, k, rel = — Cy, t, „i =Q. (2, k = E e.’ Es i 1); 


and we shall show, if there is just one spread invariant to the adjoint of 
G’ (which will be assumed in what follows), that then 


(11) Ci, ky rt = Ck, i, rH = 0 G, k= I, ae oe ae ae 8 


or, by a suitable choice of the X’s, these conditions will-be satisfied. From 
what is stated below, it follows that, when the adjoint of G’ has but one 
Invariant spread, this spread is an (r — 1)-spread. 

Invariant spreads of the adjoint.—Lie shows} that the invariants of the 
adjoint of any finite continuous group may be taken homogeneous: if there 
_ is only one invariant, it will be homogeneous but not of order zero; if thére 
are two or more invariants, all of them can be taken homogeneous and of 
order zero except one, which will be homogeneous but not of order zero. 


* Lie-Engel, “Transformations Gruppen,” Vol. I, pp. 300-305. 
+ Lie-Scheffers, ‘‘Continuirliche Gruppen,” pp. 596-599. ~ 
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‘Every function of a1, +++, a, ccvariant to the adjoint I” of G’, therefore, 
yields a spread invariant to I’. Since, by supposition, the adjoint of G 
-has but one invariant spread, there is therefore but one function of a, 
++, a, invariant to the a G’. This-function will be denoted, in 
this paper, by gy = glar «++, a), homogeneous in the a’s; and then g(a) = 0 
will be the only spread invariant to the adjoint of G”. 
The function pla) i is a solution of the system of equations 











Di fla) = X asja LO) 
(12) 
oO “+ Earn tO- (a = 1, 2, ---, r) 
From 0¢(a)/dar41 = 0 it follows, by (7), that 
Dela) = L ojja 2 pia) ; 
` da- 
~ agla) 
Hoe t Dat 2S = Diela) = 0 (i= 1,2, +++, 


therefore, ¢(a) is also an invariant of the adjoint of G. 
It is convenient to denote by 


(14) Ei= (Cay, = tty Canty 0) @=1,2,---,1r) 
Cars ty e Cirds 0 
s a $ * . . . ` 
Cilrs mers Carrs 0 


Či i, rb ** “o Ci, r, rely 0 


the matrix of the differential operators 


r rtd 


Dim È Y astra @@ = I, 2, +++, 7). 


j=1 k=1 ` 
Then 
(15) Sak: = (È trny 5 403,21, 0) 


> ACi, 1, rs cc g p? Qili, r, ry 0 


> GQrxCu, l, rely tts > Axi, r, r4dy 0 


is the matrix of the general infinitesimal rane orna HoR Dia aD; of T. 
Similarly we shall write , 
(16) 6i = (con, -ty Cir) (= 1,2, «+,7) 


Cilry **'; -Oirr 
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to denote the matrix of the differential operators è 
= È X astra | (i = 1, 2, esey) 
=1 k=] : . 
and then ` | 
(17) D abi = (Diam, +++, 2a Gen) 
` 1 . . * 4 * , 


Eacan +, DO itir 
will denote the matrix of the general infinitesimal transformation Ð i=, a:D; 
of T”. 
Any invariant of the adjoint of G being a solution of the complete 
system of equations 


s El 
(18) Dila) = Dd, atiis SOD a 0 Q@=1,2 r), 
: jm] Ken] 5 Öt, ~ 





the number of invariants of. the group T, adjoint to G, is determined by 
the array 


r r 
. 2 QLjCj11y uty p> QC irs > jC, 1, r41 
i 
(19) 


Dy alin, °° pare Thins r, r} 

being equal to r+ 1 less the order of the non-zero determinant of aa 
order formed from the array, and thus to the nullity of AR where È; 
«denotes the transverse of #;. Therefore, the number of invariants of G is 
equal to the nullity of Pie being a solution of the complete system of 
equations 


(20) D Ia) = = x 3 ajja -E = 0 F (2 ie 1, 2; aes r). 


j=l ka 





The number of invariants of the adjoint of G’ is equal to the nullity of 
the array 


> Qj °* >> jC sr 


(21) 
3 QjCjrly °° S iC irr 


and thus is equal to the nullity of L'a; ž, ; (where, as before, &; is the trans- 
verse of &;), or, what is the same thing, to the nullity of ræ; 

Since it is assumed that the adjoint of Q” has just one invariant, it 
follows that the nullity of 2106; is one for an arbitrary system of values 
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* of the a’s, L.e., at least one of the minors of | }-a:&,|* of order r — 1 is not 

zero. But every minor of |’a;8;| is a minor of | a.l;|, therefore at 
least one minor of the order r — 1 of the determinant | S’a;H;| is not zero, 
and thus the nullity of the matrix )‘a;/; cannot exceed two for an se 
system of values of the a’s. 


Further, for œ +++, Œr, @41 assigned, the symbolic equation 
` rti r+] 
(22) p aX, 2, mX) = 0, 
I 1 . 


is satisfied for 


MY OL, ty Nr = Ary Ary = 0 and fF 0, 85 Ny = Q, Nr = I, 
- But from (22) follows o og 


(23) a alm, tty N41) ms oF XC ii) =a +) (M, vanes Nr+-t) oe 0.7 


2 X iCi, 1, r+ly 


Therefore, this system of linear equations has two independent solutions, 
namely, 

Mm = Oy, Nr = Ory Mr =O and m= 0, +--+, me = 0, a = L. 
Whence it follows that the nullity of the matrix a@,/;, for any system of 
values of the a’s, is at least two. Wherefore, the nullity of Sa;E,, for an 
arbitrary system of values of the a’s, is just equal to two; and thus the 
number of invariants of the adjoint of G is equal to two. e 

The Holomorphic Invariant of the Adjoint.—Let the second invariant of 
the adjoint of G, independent of g(a), be y = Yla, «++, @ry) homogeneous 
in the a’s. We must have - 








(24) S(O $ 0. 
Arpt 
For, otherwise, if oV (a) = 0, we get 
, Öar a i 
(25) Dilla) = D(a) = 0, 


and then, since the group adjoint to @’ has but one invariant, we should have 
y = W(¢), which is contrary to our assumption. 

By Lie’s theorem, as stated above, ¥(a) can be taken homogeneous 
(and of order-zero, since a homogeneous invariant of the adjoint of G, viz., 
gta, «++, a), not of order zero, exists); and thus, we may put 


(26) wo = rh, e) 


r+} Art] 








~ * The determinant of any matrix M will be denoted by |M]. 
} Lie-Scheffers, ‘“Continuirliche Gruppen,” pp. 558, 562. The notation used here 
is due to Cayley, Philosophical Transactions, 1858. ° 
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Let 
G Ta ee ee 
(27) Bi er et aS | br E Ar? Pry TEN 
then ; Eaa 
(28) æ = By Bry, "ty Qr = P Xr. = Brya 
and 
ðB) 
a dba 
Let 
D:.= D, Li +D Lep EAN 
e iP1 OB; iD, OB, iM rtl Br 
r r , ð 
= ( py Cjaby— Bi 2; eja) ETA 
(30) j=l j=} 1 


7 r ð 
+ ( Da Cir; oD 2 css) OB, 


yr ð , , 
+ Br Li jinsBi a G12, 64 1g 1) 
Then, if f(a) = #(), 





(31) Dif) = Dlo) G= 1, 2, 04,9). 
Therefore, | 
(82) (Eoas - 8 ae Bs oan + aap S o go) 
3 JAN 1 m CFITHPS Je ag ri jirql Bar 


= DF (6) = Dya) = 0, G=1,2,--4 7) 
lt follows that F(8) is a solution of the system of equations 
(33) Df) = 0, «++, Df(@) = 0. 


Since the coefficients of this system of equations are rational integral func- 
tions of the 6’s, the solution F(8) of this system may be taken holomorphic 
in the neighborhood of Pe = * 0, -+, B= 0, Baa = 1. Consequently 


a Ar 
Yia) = r( 2 TOR 2) 
Orit” Arty 


may be taken holomorphic in the neighborhood of a; = 0, =+, a, = 0, 
11 = 1. There are two cases: first, Ya) is algebraic; second, Yæ) is 
transcendental. 

The Function y (a) Algebraic Invariant.—The invariant ¥(q) is new 
assumed to be algebraic. In this case the invariant spread ¥(a) = 0 is 
represented by the rational integral equation of degree m + homogeneous 
in the a’s, 

(34), Via) = ulao + m(aormt +--+ + laa + +++ + ula) = 0, 
where g(a) is a polynomial of degree k APE In Qi ++", Qr 
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Since the point (0, -+-, 0, 1), i.e., the point a w = o = ar = 0am = l, , 
corresponding to the eod infinitesimal transformation Xmu of G, 
is invariant to the adjoint of G,* the polars of (0, ---, 0, 1) qué ¥ (a) = 0 
are all invariant to the adjoint of G. These polars are: 


dW (a) om! ON m — 1)! 
Ör = (m = 1) Molar f= ulari 





| too bat al@) = 0, 
ava) m! Gee 





a (m= 3) moar as) 3) | alors. 
$s + umala) = 0, 
(35) r: 
TRA = Miwljata + OT uaaa 
| O Ae Pwo 


In the equation 
E E E = 0 
we may either have uo(a) + 0, in which case the point (0, ---, 0, 1) is not 
on the spread W(a) = 0, or usle) = 0, and thus the point (0, ---, 0, 1) is 
on the spread ¥(a) = 0. In the former case, there is an (r — 1)-flat not 
passing through the point (0, ---, 0, 1), namely, the (m — 1)th polar of that 
point qué V(a) = 0, : 





ON (@) _ m! (m — 1)! 
(36) ð er. ean jy olaan -+ 0 a (a) = 0, 
invariant to the adjoint of G. ' 
Let a®, a2, «--,a™, where | 

a” = (a, e see, a, A741) — (v == l, Ea F r), 

aa oe ee any (a) ee 
be any r points in the (r — 1)-flat PRI = 0 not lying in any (r — 2)- 
flat. These + points together with the aut Qt) = (0, - -, 0, 1) then 


constitute a system of r + 1 points not lying in any r-flat. 
Let us transform the codrdinate system by the. transformation 


B) a= HAP + + Ga + Gal i=, rr I), 


* Lie-Scheffers, “Continuirliche Gruppen,” pp. 465, 485. ° 
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where 
. atd = 0 Gert), anire. 


In Cayley’s notation this transformation can.be written: 


(an, Ta *, Ory Ort) = (af, sees af”, 0) (a4, ax "y Or, Any 1). 


(1) (r) 
Ær tte’ Aral 0 





And now if 


(38) Ai Tra aX, ae -+- aX, =i oft Xray (a 75 G 2, ee TT = 1); 
or - 


(Xi PEG Xr, X r41) z (aY, POAN of), ali) (Xi, 7 as Xr X m) 


+ es - i * 
al” Sa of, ot f 
0, "3 0, 
then 
rel ae T+] 
(39) f AA 3 = aX i 
t=] i=1 


The infinitesimal transformations X;, ---, X;, Xm will then be inde- 
pendent, since the determinant 


(1)* 


i (0) 
a mes, Q a 
A l? ; fi 3 l d ak ; gi) 

* ry wem ] preston 0; 
, al? , a£ ay? l aO a) 

0, p} 0, ne Á ý 
and we shall have 

Lote TE r+] ae j 

(40) (Xi, Xj) = y Cijk Ak (1, 7 I, 2, e Pig te -+ I). 


hasy 


Since X; «++, X; are represented by the points a, -:-,a in the (r — 1)- 
flat . a 


sie | 
m= Di lojan + 





which is invariant to the adjoint of G, they will constitute an invariant 
subgroup of G;* and thus 4 


(41) Ce X;) = do cin Xe (i = I, 2; Po t;J = E eee r4 1). 
z=] 


* Lie-Scheffers, ‘Continuirliche Gruppen,” pp. 485-487. 


`‘ 
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Further, X, = X, Whence 


(42) Cijrpa = Cyirga = 0 (4, j ease L 2, rey Ty? + 1), 


which was to be proved. We may therefore assume that ula) = 0. 
If now m = 1, the equation of the spread invariant to the adjoint of 


Gis Via) = wa) = 0. But in this case 10) == Q, which is contrary to 
Opti ~ 
our assumption. 


Let m = 2. The equations of the invariant spread and the invariant. 
polars are then 


(a) = uljani + mla)=0, CZO = ua) =0. 


Arai 





Let | | 
us (@) F 0, u (a) =e 0, Un (ax) tE ur (a) vla), 


where v(a) is a function linear in a, +--,a;,. If now 








uost the. “O25: 
Xr 
7 
and since this equation is invariant, tula’) = one T 0, where af, +++, a, 
i r41 ; 


&œ,+1 are the codrdinates of the point obtained by applying the infinitesimal 
transformations of the adjoint of G to*the point (a, +++, ar41). Again, if 
us (a) = 0, Un (a) = 0, 

then j 
ðY 
ITO = (a) = 0, Pa) = maan + mla) = 0; 
OOr41 
and, since these ‘equations are separately invariant to the adjoint of G, it 
follows that | 

Fla) _ 

Cote 41 
and thus 





m(a’)= 0, Va’) = ulao + wla) = 0; 


ula’) = 0, ula’) = 0. 

Therefore, the spread 
ula) = 0 

and the spread 

. wa) =0, wla) =0 


are both invariant to the adjoint of G’, which is contrary to the assumption 
that the adjoint of G” has but one invariant spread. 

If 
ula) 0, w(a) = 0, 
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* theft the invariant spread 
Via) = ty (a)n: = 0 
is reducible. In this case each component of that sees is invariant to 


the adjoint of G; and therefore, 
Ary = 0 


is an invariant flat not passing through the point (0, ---, 0, 1), a case already 
treated above. In this case we can clearly see that 


If Cig = — Ciir = O (i, 1} = a E E 1). 
wla) =0, wma) #0, 
then i 
PTa) 
IAr a 


which is contrary- to the assumption. 


If 
m(ay #0, wla) = v(a) iula) 0, 
where v(a) denotes a function linear in œn *+', a,, then the invariant 
spread 


Wa) = ula) er + wla) = ulala + v(a) | =) 
is reducible; and the component flat 
Ort + vla) = 0 


is invariant and does not pass through the point (0, ---, 0, 1), in which 
case, as was shown above, we can, by a suitable choice of A eee, Xr, rhis 
make 

Cig = — Cji = 0 (4,9 = t 2; ear ee ae i -+ 1). 


Let now m be any positive integer greater than 2. The equations of 
the invariant spread and the invariant polars are then 








E ua + wlaary +++ + Unla) = 0, 
OW (a): (m — — Í)! ae 1! z 
Bans na (m — = a! ayy Malo ): Crt] += 0! Uae) = 0, 
aU (a) _ (m — i (m — DI P 
00? po wla) F > aa) oan Un(a) = 0, 
O(a) (m 
k ai a um(a) = 0 


First, let w(a) #0. Then either (œa) = 0 does not contain (a), or 
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uwla), usla), +>, Up(a) (p = m) each contain wla). In the former case, 


as we have seen before, the spread 


and the spread 


ur(a) = 0 


m(a)=0, wie) =0 

are both invariant to the adjoint of G’, which is contrary to our assumption. 
In the latter case ` . 
Up (a) = nla) ula), 
ula) = (a) ula), 

a upala) = Vp2(a) (a), 

Up (a) = Vp—1(a) ula), - 
where 2(a) is a function. of degree k homogeneous ino, +*+, a, In this 
ease each of the invariant spreads 
an (a) _ 


ðar 


0 (q = 2, 3, +++, P) 


is reducible. Therefore, the component flat 


m — 1)! m — 2)! l 
ma Ort mon vla) = () 
is Invariant. | This case has been treated above. i > 
Secondly, let : | 
| ~ me) =0, wa) = 0. : 


Either u3(~) == 0 does not contain wla), or u3(a), ula), «++, Up(a) (p Sm) 
each contain u(aœ). In the former case, by reasoning similar to that 
employed before, it appears that the spread _ 


ula) = 0 
and the spread e 
In(a) = 0, wa) = 0 


are both invariant to the adjoint of G’. In the latter case 


usla) = v(a) wla), 


urila) = ty-3(«) (a), 

~ Ula) = Up2(a) wla), 
where (a) is a function of order k homogeneous in œ, +++, ær In this 
case each of the invariant spreads 


Oo" ap (a 
9 =0 (q = 3,4, p) 


daryi 
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is reducible. In particular the invariant spread 


aa OO OB aut OO 
= (a) a om os o- = m ao |= 0 
is reducible. ‘Therefore, the por ponen flat 
orant nia) = 0 


is invariant. This case has also been treated above. 
By the same reasoning we may treat the other similar cases which arise. 
The Function (a) Transcendental Invariant.—Since the point 
a = (0, ---, 0, 1) is invariant to the adjoint of G, the spreads 


SL O(a) 
2a: ke Oa; Low 0, 


ze pla) 
ee ie | coe 0, 


imlj=] zag 
r+1 rp 0" W(a) oe 

ete. è a eaei . . . 
are invartant to the adjoint of G. Wherefore, there is an algebraic spread 
invariant to the adjoint of G, a case already treated above, or all the partial 
differential coefficients of Y(a) qua a1, «++, Ær are zero fora = a, But 

this is impossible as is shown below. 

We have seen that 
Yla) iig F (6, aor B+), 











where 
8, a Ez 
E CAE e? Br Xr. ‘ Bets ies 
can be taken analytic in the neighborhood of the point pP = ++. = BY = 
BS, = 1; and, therefore, 
= OF 
Wo = FB) = FE) + Lp] | 
i=l Bi Je=p™ 
oF 
+3 2» TAE 32. | EIE ae 
2 aija Op ; OB, s 


dv(a)  ƏF(e) 1 
0a; i Og; Ory- 
dyla) m1 aF (B) &r OFB) 


— 
— e.g, ORE ee Some ges 


° dor œa Of; a, oP, 
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* we should have, if 
| | OW (oe | 
Sit 0 (2 — l; 2, TO ae |. 1), 
FOT O 5 
| OB: ar 0 @=1,2,-:-,7). 


Since 


Oy) 1 PFE) 
Gada; at 08,08; | 
Aa) Pia) 1 EFE) 


OOOO OC. 0074100; į bas ag Pry 








we should have, if 





ao l | 
= = 2 oa y | 
| Eee _ 0 @=1L24, 7+ 1), 


ae) E B 7 | 
e gap) - 0 Ç o I, 2, C. r) PLC; Ru 


Thus in case the partial differential coefficients of y (æ) qué ay, +++, @p11 are 
all zero for a = a”, then 





Ya) = (6) = 0, 
which is contrary to the assumption. 

Note.—Not in all the groups with r + 1 essential par ameters and one ex- 
ceptional infinitesimal transformations can all the cijr41’s (2,7 = 1,2, +--+, 7) 
be made zero. The group with 5 essential parameters and one exceptional 
infinitesimal transformation, isomorphic (not holoedrically) with the 
integrable group of 4 essential parameters of the type, ; 


(Ya, Y) =0, . (Ya, ¥s)=0, Ya Ya) = Y, 
(Yi Y) = VN, (Yo, Y) = Y, (Y3, Ya) = 0,* 


may serve as an ‘iuaistion where not all the ¢;;,’s 4,7 = 1, 2, 3, 4) can be 
made zero. 


CLARK UNIVERSITY, 
June 14, 1917. 


* Lie-Scheffers, ‘‘ Continuirliche Gruppen,” p. 582. 


THE LAPLACE-POISSON MIXED EQUATION. 
By K. P. WILLIAMS. 


In a recent number of this JOURNAL * Borden discussed the Laplace- 
Poisson Mixed Equation 


(1) Fet DHr + feH D + re = 0. 


He obtains two invariants that form a fundamental system for the equa- 
tion. These invariants are 
ro =- ga) 2) 
° p(z) p(x) 
Ios l ege 
plx) 
If either invariant is zero, the equation takes a simple form. For 
instance, if I(z) = 0, i.e., if 


2) > r(x) = p(x) + p@)q(a), 
the equation (1) reduces to 
Q) fa + 1) + POf) = Cra, 


where C is an arbitrary constant. This is a linear non-homogeneous 
“difference equation of the first order. Borden obtains a solution of it by ` 
means of the symbolic solution ZG(a) of the equation 


F(a + 1) — F(a) = G(x), 
where G(x) is a known function. 

Solutions obtained in this way are purely formal, and may have no real 
significance. Borden assumes at the outset of his paper that p(z), q(q), 
and r(x) are analytic functions, but he nowhere makes an investigation to 
determine whether this hypothesis is sufficient to bestow any validity upon 
his results. 

It is the purpose of this paper to investigate in certain cases the analytic 
character of the solutions Borden obtains. To do this it is necessary to 
make use of the existence theorems for linear difference equations. “We 

-shall state'here the one that is sufficient for several cases that arise. 

* R. F. Borden, “On the Laplace-Poisson Mixed Equation,” AMERICAN JOURNAL OF 

Maruematics, Vol. XLII, 1920, pp. 251-277. 
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THroreM A.* Consider the linear non-homogeneous difference equation 
- (4) - | g(a + 1) + a(z)g(x) = B(x), 


where a(x) and b(x) are rational functions, so that 


a(x) = (a +2 a 3 r) 
blæ) = w (bo +24 a) | a | > R. | 
There exists A je Gs of the form 
ia) = 2» (0+ 2+ =) if  p>oO0, 
Ge) = e (g+2+---), i pO, 


which formally satisfies (4), but which in general diverges. 

There are two solutions g1(x) and ga(x) with the following properties. The 
function gi(x) is analytic save at zeros of a(x), poles of b(x), and points con- 
gruent (mod 1) to these points on the left; and it is asymptotic to the formal 
` series g(x) in the right half plane. . The function gal) is analytic save for 
_ poles at the poles of a(x), b(x), and the points congruent to these points on the 
right; and it is asymptotic to g(x) in the eft half plane.t 

From the relation (2) it is possible to determine any one of¢the three 
functions p, q, r in terms of the other two. We shall assume that p and q 
have the form of rational functions at infinity, so that 


pe) =a (p++) 


(5) ie a (ptt } |u| > RB. 


There are four cases to consider, according as n < — 1, n=—], 
n=0,n> 0. 


i Oe oo Williams, “The Solutions-of Non-Homogeneous Linear Difference Equations 
and their Asymptotic Form,” Transactions of the American Math. Soc., Vol. XIV (1918), 
pp. 209-240. 

+ In order to be assured of solutions and to E their asymptotic forms, it is sundon 
to assume that a(x) and b(x) have the form of rational functions at infinity. In that case, . 
_ nothing can be said of the nature or situation of the singularities of the solutions in the 

finite part of the plane. 
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§ 1. 
Oase 1. Letn < — 1; then we have 


—Iqtzjdz m REECE eee E ` 
E p go (tzatzat ) 


It is seen that equation (3) is now in the form (4), with u = m, v = 0. 
It follows from Theorem A that equation (3), and therefore equation (1), 
has two solutions, analytic in general, and these solutions are asymptotic 
in the right and left half planes, respectively, to a series 


Be fo) =a (ptt), if m> 0, 
Fla) = fot Bt He. m20. 


which can be determined by direct substitution in (3). 
- The formal solution f(x) can, however, be directly obtained from (1). 
The calculation will be made only for the case m > 0. 
When we substitute i in (2) the values of p(x) and q(2) even in (5), we 
obtain 


r(x) T ot ( mp + = + ae J 


the highest power of æ ‘being the (m — 1)th, since the assumption n < — 1 
givesm-1l>m-+n. The equation (1) then takes the form 


f(e + 1) + 2 ( p+ B+ ræ 
a (go 24 \ feet 1) + emmy +++ JO = 


Assume 
. fa = (ht) 
and substitute, giving . 


Kan 





H-E (dot oH e) +2 (mp o ++) = 0, 


where we have omitted only powers of 1/x. Remembering that m > 0, 
n< — 1, we see that fa, fi, fo, +++ can be determined step by step, the 
quantity fy being arbitrary. l 

= We shall omit writing coefficients in series in 1/x where the coefficients can be deter- 
mined in terms of given quantities, and their explicit form is of no concern. 


t If m= 0 it is found that fo is arbitrary, while some of the next coefficients, f1, fo 
. +) ATG Zero, the exact number having that value depending on m and n. 
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TuroreM 1. Assume the coefficients p, q, and r satisfy the following 
hypotheses: 


(1) r(x) = p’(x) + pæ). 
(2) p(x) has a pole of order m at infinity ae = 0, of p(a) 28 analylic al 
infinity). 
- (3) g(x) is analytic at infinity, and has a zero there of at least the second 
order. 
Then there ts a for mal olio f(a) of equation (1) of the form 


Fo =a (7 +4 i a)i 


which can be determined by direct substitution (fo is arbitrary). There are 
two solutions of (1), namely f(x) and fo(x), analytic in general in the finite 
plane. Furthermore, fi(x) is asymptotic to f(x) in the na half plane, and 
fo(a) ts asymptotic to f(a) in the left half plane. 


§ 2. 


Case 2. Letn = — 1. In this case 
efo@de  gw(yt-1ti4... ) 
v g? 


The equation (3) is therefore of the form (4) with » = — qo.* 

By application of Theorem A we detluce 

THEOREM 2. Let p,q, andr satisfy hypotheses (1) ‘a (2): of Theorem 1, 
and in addition suppose 

(3) A is analytic at infinity, with a zero of the first order, and 


lim af(a) = 


t=O 


Then ai is d formal solution f(x) of (1) of ve form 
f(a) = gam (yf +i qoa ) , 


which can be determined by substitution. There are two solutions fi(x) and 


_ fole) with properties similar to those described in Theorem 1. 


§ 3. 


Case 8. Letn = 0. In this case 


e ” g iade — corn ( 1 + ~ +: .) ; 
T 


* It is not necessary that » be an integer in (3). In'fact the substitution 
g(x) = zG (2) 
will reduce (4) to a normal form with v = 0, and in which the expansion of a(x) still begins 


with 2#. 
$ ® 
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so that equation (3) is not of the form (4). It can, however, be reduced to ° 
that form by the substitution 
F(a) = egla). 


(142 paa a) 
The application of Pioen A then gives i 
THEOREM 3. Let p, q, r satisfy hypotheses (1) and (2) of Theorem 1, 


and in addition assume 
(3) g(a) 1s analytic at infinity, with 


lim g(x) = go, lim a(q(a) — qo) = qı 


The newequation will be 


g(a + a ger a Peh) = 





Then there is a formal solution f(a) of (1) of the form 
Fæ) == gly arm (f tit Pas ) i 


Solutions fila) and fo(x) exist, and have properties similar to those described 
before. 
§ 4. 


Case 4. Letn> 1. We can now write 





“ elas = gO a(i), 
where 
| q? (x) = zA i uE Qn, 
Dle) = tan d 1 L Yee e 


the quantities qo, g1, --* having the significance given in (5).. The equation 
(3) accordingly takes a form to which Theorem A is not applicable. A 
direct examination must therefore be made in ‘order to determine whether 
a solution exists. - i 

Consider the associated homogeneous equation 


g(a + 1) + p(e)g@) = 0. 
There is a formal solution E l 
(6) . q(x) >S gt (— pot ™)* a" (i ++ at bin ) ? : 
which in general diverges. There are two solutions g:() and gx(x), analytic 


in general in the finite plane, and asymptotic to g(a), in the right and left half 
--planes, respectively.* 


r 


* G. D. Birkhoff, “General Theory of Linear Difference Equations,” Transactions of 
the Ameridin Math. Soc., Vol. 12 (1911), "pp. 243-284. 
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Let g(x) represent one (which one to be specified later) of these solutions, 
and put 


(7) f(a) = w(a) gtx), 
- We then have, upon substituting in (3), the equation 


oZ mata), ql) _ 
ge 1) 


The discussion of this equation falls into various cases. 
~ Case 4a. Suppose qo > 0. Let g(x) b2 gi(z). Then the series 

(9) wla) = — Ga) —@e+1)— + 

is uniformly convergent if the real part of æ is positive and sufficiently large; 
and the series is a solution of (8). The proof in all its details will not be 
given, but is based upon the following considerations.* If s is sufficiently 
large, the sth term in (9) can be written, on account of thelfact that g;(z) 
is asymptotic in the right half plane to g(x), (g(@) having ie form given it in 


(6)), 


(8) ol + 1) —‘w(2) = = G(x). 


g-a D atsi) 
(x -+ syret) (— po t(x + g) Tinti 


where M(x, s) is bounded. Now the dominant part of the numerator is, 
for large s, 


M a s), 


en ra inil 


and the dominant part of the denominator is s”5trtent:. ems, The dominant 
part of the expression is therefore ° 





e td antl+ms—(me+o+gnyz) log $* | 
It is seen that this is the term of a rapidly convergent series, since qo 
is positive. This is true irrespective of the sign of m, for s”t! dominates 
s log s, for s large, if n > 0. 
Case 4b. Suppose qo < 0, and let n bè odd. Let 9) be g(x). Then 
the series 


(10) w(x) = Gia — 1) + Gle — 2)+--- 


is uniformly convergent for the real- part of æ negative and sufficiently 
large; and it is a solution of (8). The proof is effected as before, making 
use of the fact that go(z) is asymptotic to g(x) in the left half plane. 

Case 4c. Suppose qo < 0, and let n ba even. Neither. a series of form 
(9) nor (10) will converge in this case, with g(a) representing either gi (x) 
or g(x). This is true because s”™! dominates s log s. 

A solution of (8) can be obtained by means of a contour integral due 


* Williams, loc. cit., § 3. 


Wiuuiams: The Laplace-Poisson Mixed Equation. 223 © 


to Guichard.* The integral 


Gdt ` i 


wl) = gris) J] 


satisfies (8), when the path of integration passes between v — 1 and z, 
with the point æ on the right, provided the path extends to infinity in such 
a way that the integral converges. 7 

In order to determine a choice of the path of integration we shall examine 
the nature of | 

l CPO . g® (2) CeO. g (2) 
= HD pg) 

It is obvious that we can neglect q® (8 m p(t), if we change the © 
exponent 7 in the asymptotic form of g(x) tor” = r+ m+ qna} (This 
change has the effect of making g™ (Ò and p(t) approach constants ast = ©.) 

Let g(é) be g(t); then the dominating part in the denominator of 
|G(é)| is, for t large in the right half plane, 

|g (— poe ™) tyr! | : 
If we put ¢ = u + i, and also t = re?’ this becomes 
ecnutr’) log ree (mm log—p,)u—m yo = gelT” cos etr?) log 7-—[(m-— log —po) cos ¢-+mesin ejr, 


Now choose the path of integration so as to make it coincident with the 
lines ° : 





ce ai T. 
. E emal 
Xt a sufficient distance from t = 0. Then t = re *# so that PH = — 74, 
It follows that the dominant part of the real portion of the polynomial q® (4) 
will be, for 7 sufficiently great, the positive quantity 


{gol 77 


n+ i 


Along the contour considered it follows that 


| Gt) | < Mine ie 1-(7m cos ptr’) log r-[0n— log ~Po) cos etme sin el, 


where M(r) is bounded. It is seen that G( will approach zero more rapidly 
than ¢7 as + approaches infinity, and this irrespective of the value of m, 
r, and p. 

A glance will reveal the behavior of the denominator in the Guichard 
integral on the distant part of the path of integration. Let æ = -+ in. 


* Williams, loc. cit., § 2. 
a ž 
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` Then ; 


eTil) — | = gerilu E), palon) me |, 
It is apparent that along the ray for which 9 = r/(n + 1) the quantity 
just written approaches — 1, while along the ray from which g= >r/(n + 1) - 
it becomes large. i 

It follows from the considerations given that the integral converges, 
and will thus furnish a solution of the equation (8). 

We shall not inquire into the existence of other solutions or into the 
behavior of the solution in the infinite part of the plane. 

THEOREM 4. Let p, q, and r satisfy conditions (1) and (2) of Theorem 1; 
and in addition let q(x) have a pole at infinity. Then it is possible to find a 
solution of (8), such that (7) will ge a solution of equation (3), and therefore 
of equation (1). 

§ 5. 


In the identity (2) we have thus far assumed that p(x) and ala) were of 
given form at infinity. 
Suppose that r(x) and p(x) are given; then 


atua p a. 
ue) p(x) 
If p(x) is analytic at infinity we may have any of the four cases, depending 
on the behavior of r(). If p(x) has a pole at infinity, and r(2) is analytic, 
or has a pole of lower order than p(x), the equation reduces to @ase 2, or 
possibly Case 1. If r(x) has a pole of the same order as p(x), we have 
Case 3. If p(x) has a zero at infinity and r(æ) does not, the function g(a} 
will have a pole, and we have Case 4. If r(x) also has a zero at infinity - 
we may have any of the four cases. 
Suppose q(x) and r(x) are given. Then 


pla) = e Fee f of 4er(a)dn + 0], 


Assume that 
q(x) = a (go + 2+ ea ) 


r(2) = wt (rot B+ da few 


¢ In order that p(x) have the form of a rational function at infinity we 
must assume that nı < 0. If ny = — 1, we must in addition assume that 
qo is an integer (positive or negative) such that gp + m + — 1. Inall cases 
not excluded equation (1) will come under a form already treated. 


BLOOMINGTON, INDIANA, 
March, 1921. 


; THE FOUR COLOR PROBLEM.” 
By Purp Peay. 


1. By a map we shall understand a subdivision of an inversion plane or 
sphere by means of a finite number of circular arcs into a finite number of 
regions, which completely cover it. There is no loss of generality in this 
restriction, as a “map” on any surface of genus zero, with a finite number 
of regions bounded by simple curves, may be deformed into a map of the 
type just described. A side is a line along which two distinct regions touch 
each other; a vertex is a point which belongs to three or more regions. The 
problem of coloring a map with a given number of colors (dénoted in what - 
follows by A, B, C, etc.) 1s the association of a color with each region in 
such a way that any two regions with a side in common are given different 
colors. Two regions with only a vertex (or a finite number of vertices) in 
common may of course have the same color. 

Whether every map can be colored with four colors is an n outstanding 
question, for while no map has ever been exhibited which could not be 
colored with four colors, no rigorous demonstration of the possibility for 
the general case has ever been given.t It is known that four colors are 
necessary to color some maps and that five colors are sufficient to color all 
maps. If any maps which can not be colored in four colors exist, there 
“must be one such map of a minimum number of regions. We will call 
such a map an irreducible map. It is known that an irreducible map has 
the following properties:{t — 

1. Each vertex belongs to three and only three regions. 

2. No group of less than five regions forms a multiply-connected portion 
of the map. (Consequently there are no two-, three- or four-sided regions 
and no multiply-connected regions.) 

- 3. No group of five regions forms a multiply-connected pordoi of the 
map unless the group consists of the five regions surrounding a pentagon. 

4. No edge is surrounded by four pentagons. 

5. No region is completely surrounded by pentagons. 

* Presented to the National Academy of Sciences, November 17, 1920. 

+A history of the question, with a bibliography, is given in the thesis of Alfred Errera 
“ Du Coloriage des Cartes, etc.,” Brussels, 1921. 

t For an account of these reductions of the problem, which are due to A. B. Kempe and 
G. D. Birkhoff, see a paper by the latter “The Reducibility of Maps,” AMERICAN JOURNAL 


or Maruematics, Vol. XXXV (1913), p. 116. 
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6. No even-sided region is completely surrounded by hexagons. Each 
of these statements amounts to saying that a certain configuration is ‘hot 
possible in an irreducible map. Such a configuration will be oe a 
reducible configuration. 

In this paper we shall derive a few additional reducible configurations, - 
by means of which it can be shown that the number of regions in an irre- 
ducible map is greater than 25. An example is also given of a map of 42 
regions which, although colorable in four colors, satisfies all the conditions 
=- which have been derived for an irreducible map. It may be taken as 
showing the extreme lack of generality of the results thus far obtained for 
this problera. 

2. It is interesting to find out some of the properties of a map not 
containing any region of less than five sides, as this is a property of an 
‘irreducible map. Since our map is drawn on a sphere, the Euler formula 
(applied to a manifold of genus zero) gives: 


(1) Qo — 1+ @ = 2, 


where ao, Qy @ are the number of vertices, sides and regions respectively. 
Also since cnly three regions touch any one vertex, we have: 


(2) 201 = 30 = ` vA,, 

E - § 
where A, means the number of regions of v sides in the map; the last two 
expressions are each equal to the first since they represent twice the number 


of sides in the map, counted first with reference to vertices; then with refer- 
ence to regions. From (1) and (2) we obtain: l : 


- (8) a = 3(az — 2), ao = 2(ao — 2). 
From (2), (3) and the fact that as = >°sA,, we see that 
5 


) | 65 4, — 2) = Dod, 
This may be written: , 
(5) ‘As = 12 +Z — 6)4, 


and since the second term on the right is positive, A; must be at least 12; 
and we have the well-known theorem: 
“Every map containing no triangles or quadrilaterals and having three regions 
abutting on each vertex contains at least twelve pentagons.* 


* Cf. Kempe, A. B., “The Geographical Problem of the Four Colors,’ AMERICAN 
JOURNAL oF Maruematrics, Vol. II (1879), p. 198. 
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We shall also prove that such a map must contain either: 


A pentagon adjacent to two other pentagons, 
A pentagon adjacent to a pentagon and to a hexagon, or 
A pentagon adjacent to two hexagons.” 


For, consider a map with none of these combinations of regions and let 
us count the number cf vertices in the map which belong to a hexagon or a 
pentagon. We find that the number of vertices contributed by hexagons 
nowhere in contact with pentagons will be greater than twice the number 
of such hexagons since each hexagon has six vertices and no vertex belongs 
to more than three hexagons; pentagons isolated from hexagons or other 
pentagons will give five vertices each; two pentagons adjacent to each other 
but to no other pentagons or hexagons. give eight vertices together, and 
hence average four each; while a pentagon adjacent to a hexagon gives over 
four vertices, since of its five vertices we need only deduct two thirds to 
account for the two where the hexagon joins it. Thus if none of the three 
conditions enumerated above existed, the number of vertices would be at 
least 44; +. 24s. That is we would have to have: 


(6) ay > 4A5+ 24s. 

But from (5) and the obvious Inequality: 

(7) 0> U7 — vA, 

there results: ° 

(8) 7 2 A. = A: 
-or l | 

(9) 22 Ay + 12 < 24; + Ag - 

and since (from (3)): 

(10) : 2, A, = a, = a2 + 2, 

(11) ao[2 + 14 < 245 + 4s, 
— (12) tig + 28 < 4ds + 24s, 


which contradicts (6) and thus proves the theorem. 

The above theorem is not restricted to irreducible maps, but it follows 
from it that if the configurations there shown to be present were reducible 
there could not be any irreducible maps and the four-color problem would 
be solved. While it does not appear to be possible to prove this, there are 
a number of more complicated configurations which are reducible. 

* That every such mar: contains either two adjacent pentagons or a pentagon adjacent 


to a hexagon was proved by Wernicke, P., “Uber den Kartographischen Vierfarbensatz, 
Mathematische Annalen,” Vol. 58 (1904), p. 419. 
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3. To obtain these configurations, and prove their reducibility, we shall 
need the notion of chains, originated by Kempe,” and employed by Birk- 
hoff.* If a map is colored, or partially colored, a group of regions colored 
in twe colors (say A and B), forming a connected region, and such that each 
region adjacent to a region of the group is either colored in one of the ° 
remaining two colors (C or D) or not yet colored, is said to form a chain 
(an AB chain). Evidently we may obtain a second coloration or partial 
coloration of the map by interchanging the two colors on a single chain, 
and unless the map contains only one chain in this pair of colors, the new 
coloration will differ from the old by more than a mere permutation of the 
colors of the whole map. 

Furthermore since two chains with no color in common, as an AB chain 
and a CD chain, can not “cross” each other, if we have a closed circuit 
consisting of an AB chain, or an AB chain and an uncolored region in the 
case of a partially colored map, it follows that the C and D regions on one, 
side of the closed circuit can not belong to the same CD chain as those on 
the opposite side of the circuit. Thus in Fig. 1, if 1 is an uncolored region, 





Fig. 1. j 


and 2 and 4 are joined by an AB chain, 3 must belong to a CD chain distinct - 
from the one containing 6 and 7. Consequently we may interchange the 
colors in the CD chain containing 3 without affecting 6 and 7. Since, in 
most cf the applications of this process, we shall only be concerned with the 
arrangement of the colors about the uncolored region, and the rest of them 
are ‘unchanged by this operation, we shall briefly refer to this operation as 
“changing 3 to a D.” The value of these operations will be seen in the 
proofs which follow. 


* i,e. 
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4, We shall now prove that 

"A side of a hexagon surrounded by this hexagon and three pentagons is a 
reducible configuration. For, if it were present in an irreducible map, and 
we erased the dotted lines as in Fig. 2, we would obtain a new map which ` 





Fig. 2 g. Fie. 2 h. Fie. 2 i. 


would contain fewer regions than an irreducible map and hence be colorable. 
From the way we selected the lines which were erased, regions 1 and 4 
would have the same color (say A) while regions 5 and 7 would have‘a 
different common color (say B). Of the five essentially distinct colorations, 
the three cases shown in 2 a, 2 b and 2 ¢ permit of immediate coloration, 
\. as Indicated. In the case shown in 2 d, if 5 is joined to 7 by a BD chain, 
6 may be changed to a C, reducing the problem to case 2 a, while if 5 is 


- 
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joined to 3 by a BD chain, 4 may be changed to a C, and the map colored 
as shown in 2 e. If neither of these chains exist, 5 may be changed to å D, 
and the map colored as shown in 2f. Finally in the case given in 2 g, 
either a BD chain joins 7 with 5, and we reduce to 2 c by changing 6 to A; 
or a BD chain joins 7 with 3, and we color as in 2 h after intefchanging A 
and C in the AC chain meee l and 2; or 7 may be changed to a D and 
we color as in 2 t. 

Tf 5 and 7 had a side in common in our original map, we could not erase 
the dotted lines, and still leave a map; but in this case we would have three 
regions forming a multiply-connected piece. If 1 and 4 had a side in 
common, we would have a group of five regions forming a multiply-con- 
nected: region of the map, and not all adjacent to the same pentagon. 
Hence both these cases are excluded by the properties of irreducible maps 
given in the first section. : l 

If a pentagon is in contact with three pentagons, a hexagon, and a 
fifth region of any number of sides, either the hexagon is adjacent to this 
fifth region, in which case the three adjacent pentagons, with the initial 
pentagon, completely surround an edge, or the hexagon is adjacent to two 
pentagons, and we have a side of the hexagon completely surrounded by 
this hexagon and three pentagons. In either case, it is reducible and we 
have the result: 

A pentagon in contact with three pentagona and_a hexagon as a reducible 
configuration. 

Also if a pentagon is in contact with two pentagons and three*hexagons, 
if the two pentagons are not adjacent, they are separated by a hexagon, 
which with the three pentagons forms a reducible configuration. If the 
two pentagons are adjacent, we proceed as follows: We erase the boundaries 
which are dotted (Fig. 3 a) and color the resulting map. If all the regions 
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1, 2, 3, 4 are not colored in one cc or, there are two of them, say 1 and 2, 
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- which are separated by a single region and in different colors, say B and C +. 
* respectively. We then color 5 with C, and 6, 7, 8, 9 in turn, which is 
possible since taking them in this order we shall ‘never come to a region 
surrounded by more than three different colors. On the other hand, if all 
. the regions'1, 2, 3, 4 are colored in the same color, say B, either there is no 
BC chain joining all these regions, in which case we can change some of 
these regions ta C and reduce our problem to the case just discussed, or the: 
AD chain containing the region 10 is separated from the other regions 
marked A and can be changed toa D. The map is then colored as shown in 
Fig. 3b. This proves the theorem: 

A pentagon surrounded by two pentagons and three hexagons 1s a reducible 

configuration. 

In this proof we have omitted any reference to the case where the 
dotted lines can not be erased without giving rise to a region which meets 
itself along one edge. We shall also do this in future cases where, as in this 

-~ case, it may be excluded by the considerations used for this purpose in the 
proof of our first theorem. 

By a method quite similar to the above, we eal easily show that any 
odd-sided region, completely surrounded by one or more pairs of pentagons, 
the two of each pair being adjacent, and a number cee odd) of 
hexagons, is a reducible configuration. 

To lead up to a slightly more general theorem, we repeat Birkhoff’s 
proof of the reducibility of an-eveh-sided region surrounded by hexagons, 
for definiteness stating the proof for a hexagon so surrounded. We erase 
the dotted lines of Fig. 4a and obtain the coloration shown. If all the 
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jh regions 1, 2, 3, 4, 5, 6 are not colored in one color, there are two of them, 
` say 1 and 2, which are separated by a single region and in different colors, 
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* say Band C. We then color 7 with C, and color 8, 9, 10, 11, 12 in turn, 
which is possible since we shall find each adjacent to regions of three different 
colors at most, and thus have a fourth with which to color each. If 1, 2, 8, 
4, 5, 6 are all in the same color, our map is colored as in Fig. 4 b. 

Our generalization is to the case where two adjacent hexagons are re- 
placed by pentagons, and the above method is directly applicable, provided 
‘we imagine one of the regions marked A as shrunk to a point. This shows 
that: 

An even-sided region completely surrounded by hexagons and pairs of 
pentagons, the two of each pair being adjacent, is a reducible configuration. 

If a hexagon is surrounded by two hexagons and four pentagons, either 
the pentagons are grouped so as to come under the theorem just proved, 
or one of the edges of the hexagon is in contact with three pentagons which 
we proved above was a reducible configuration. „Thus: 

A hexagon surrounded by four pentagons and two hexagons is a reducible 
configuration. ) 

A regicn of an even number of sides (2n) surrounded by 2n — 2 pentagons 
and two other regions, which are adjacent, is reducible. l 

To fix the ideas, we state the proof for an octagon. We erase the dotted 
lines (Fig. 5) and color the resulting map. If 4 is aC, we color 15, 14, 13, 





12, 11, 10 in turn which will be possible since each will only be adjacent to 
regions ir: at most three different colors when we come to it. [41s a Bor 
P, we color 10 D or B respectively, and color 11 C. If 6 is a C, we color 
15, 14, 13, 12 in turn, as before; while if it is B or D we color 12 D or B 
respectively and 13 C. We then color 14 and 15 D, C; B, D; or B, C; 
_ according as 8 is B, C or D. 

A region of an odd number of sides (2n — 1) surrounded by 2n — 2 
pentagons and one other region ts reducible. 
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We give the proof for a heptagon. After erasing the dotted lines ° 
_ (Fig. 6) we color the rew map, as indicated. Reasoning exactly as for the 
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preceding theorem, we show that if 5 is a C the map is colorable, while if it 
is not C we color 11 and 12, giving 12 the color C. Then we color 13 and 
14 D, C; B, D; or B, Č; according as 7 is B, C or D. 

It follows from our last two theorems that: 

An n-gon in contact with n — 1 pentagons is reducible. 

5. We will now deduce certain inequalities which must be satisfied by 
the numbers A, if the map is an irreducible one. We have shown that 
such a map must not contain: l i 


- (a) An n-gon in contact with n — 1 pentagons, 

(b) A pentagon in contact with three pentagons and one hexagon, 

(c) A pentagon in contact with two pentagons and three hexagons, 

(d) A hexagon in contact with four pentagons and two hexagons, 
in addition to the six configurations given in the first section, and have also 
shown that the equation (see (5)) A 


(13) A= Lee 6) A, 


applies to such a map. 

From (a) we know that every region of our map is in contact with at 
least two regions of more than five sides. Hence the number of sides (a 
side being counted with each of the two regions it separates) of regions 
‘with more than five sides must be at least equal to twice the total number 
of regions. ‘That is: | 


(14) | 2 pA, > 2 2 A, 


To obtain a second inequality from the remaining conditions, we write: 


wa 


234 Frankin: The Map Coloring Problem. 


° = the number of pentagons in contact with no region of more than*six _ 
SsiC.es, 
Ai = the number of pentagons in contact with only one such region, 
A; = the number of pentagons in contact with two or more such regions, 
Ag = the number of hexagons in contact with no such regions, and 
Ag = the number of hexagons in contact with at least one such region. 


From (a) it follows that each region 44, A} (we thus abbreviate regions 
of the type counted in 42, Aj) as well as those of more than six sides is in 
contact with at least two regions of more than five sides. Also from (a), (b) 
and (c) it follows that each pentagon A§ is in contact with at least four 
hexagons, and from (a) and (b) that each pentagon A§ is in contact with 
at least twe hexagons in addition to the one region of more than six sides; 
‘and therefore to at least three regions of more than, five sides. Finally from 
(a) and (d) we see that each hexagon -48 is in contact with at least three other 
hexagons. Thus we have: 


(15) - So vA, > 448+ 34} + 242+ 3438+ 2454 2 2 A,. 
8 i R 
But from the definitions of the regions Aj, ete.: 
a6) S vA, È AR 242 + AL 
: 7 
If we add corresponding members of*(15) and (16), recollecting that 
A; = A$ + Al + A? and A, = A} + Al, we obtain the result: ~ 
(17) > vA, + >) vA, > 44s + 34,+ 2) A, | - 
6 7 à j 


which may be written: 


(18) «QA, > 4ds — 34s + 2 È A, 
7 « 


For a map which contains no regions of more than seven. sides, we may 
® A s ° @ = 
obtain a somewhat stronger inequality, by using: 


(19) 44s + 54r > 449+ 343 + 243, 
(20) 54r > Al + 243, 


which are analogous to (15) and (16); except that by considering only sides 


of pentagons in contact with regions of more-than five sides we are enabled 
to ùse (a) in deriving the left members. They give: 


(21) - 4As + 1047 > 44s, - 


which is only applicable to maps pompos entirely of pentagons, hexagons, 
and heptagons. 
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By using (13) we may reduce (14) and (18) to the respective forms: 
(22) aa >| (10 — v)A, > 24, 
6 
_ (23) . 2 >) (11 — v)A, > 48 — 34s. 
7 


These two inequalities show that the map we are considering must 
have at-least 25 regions, and if it have only 25, they must be 17 pentagons, 
3 hexagons, and 5 heptagons. For if the map contained two hexagons 
(22) would give: | 
(24) i 2; (10 — v) A, > 24 — 44, = 16, 


which requires at least six regions of. more than six sides, and hence by (13) 
at least 18 pentagons. This would make 26 regions. If the map contained 
less than two hexagons, the same equation would show that there were 
more than 27 regions in the map, by a similar argument. Also our map 
- can not have less than five regions of more than six sides, since if the map 
contained four heptagons, (23) would give: 


(25) . BA, > 16, 


and the six hexagons required by (25) together with the 16 pentagons 
required by (13) would make 26 regions. Furthermore each heptagon less 
than four will increase the right member of (25) by eight, and hence require 
at least two additional hexagons 1 in place of the heptagon and pentagon 
removed. Replacing any of the heptagons by octagons or regions of more 
than eight sides will strengthen our inequalities, as well as necessitating 
more pentagons to satisfy (138). 

But the map of 17 pentagons, three hexagons, and five heptagons is ‘not 
irreducible, since it does not satisfy (21). Consequently every irreducible 
map must contain more than 25 regions and this gives the theorem: 


* .# kd 3 ' * 3 
Every map containing 25 ox fewer regions can be colored in four colors. 


6. The question naturally arises whether 25 is the greatest number for 
which we can prove such a theorem as the above on the basis of the reduc- 
tions already described. While an exact answer to this question is lacking, 
it is evident that the smallest number of regions in a map not containing 
any of these known reducible configurations is not considerably above 25, 
as we can construct a map with a-small number of regions not containiiig 
any of them. Thus in Fig. 7 we exhibit a map of 42 regions which satisfies 
all the properties of irreducible maps given by previous writers as well as 
those derived in this paper. The map may be formed by constructing a 
hexagon on each of the 30 edges of a regular dodecahedron, in such a way 
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as to leave twelve pentagonal faces,* and may be colored by first coloring 
the pentagons as they would be colored for the dodecahedron. | 


PRINCETON UNIVERSITY. : l i l 
- * This process was suggested to the writer in another connection by Prof. J. W. 
Alexander. 
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ON THE KERNEL OF THE STIELTJES INTEGRAL 
- CORRESPONDING TO A COMPLETELY 
CONTINUOUS TRANSFORMATION.* 


By CHARLES ALBERT FISCHER. 


A large part of the Fredholm theory of integral equations has been 
derived for the equation 


(1) g(x) = fæ) — MP, 


where A is a completely continuous, linear transformation.} It is well 
known that every linear transformation can be put into the form 


° b 
(2) A(f) = f fy)dyK(e, 9); 


and the ree which K must satisfy in adei that A shall be completely 
continuous have been found.t The present paper discusses the relation _ 
between K(x, y) and the solutions of the homogeneous equation corre- 
sponding to (1). In the first section some properties of orthogonal trans- 
formations are discussed, and it is proved that the limit of a uniformly 
convergent sequence of completely continuous, linear transformations is 
of the same type. In § 2 it is proved that a null element with respect to 
‘the transformation 


£) | By(f) = f(z) — A) 


is a kernel element with respect to‘all other values of A. Riesz has proved — 
that A can be decomposed into the sum of two transformations A’ and A”, ° 
such that the transformation B’(f) = f(x) — A’(f) has a unique inverse, 
and the equations B"(f) = 0 and B’"(f) = 0 have the same solutions.§ 
In § 3 of the present paper it is proved that the K” (x, y) eorreepondine to 
A” can be put into the form: 


(4) K" (æ, 9) = X glah), 


where g1, ¢2, ***, Øn are null elements. In the next section this theory is 
applied to the transformation B,, and in the last section the Stieltjes 
integral equation of the first kind is discussed. l 

§ 1. Orthogonal Transformations and Uniformly Convergent Sequences. 

* Presented to the American Mathematical Society, April 23, 1921. 

t F. Riesz, Acta Mathematica, Vol. 41 (1918), pp. 71-98. 

t Fischer, Bulletin of the American Mathematical Society, Vol. 27 (1920), pp. 10-17. 

§ Riesz, loc. cit., theorems 10 and 11. 
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_+—In all T follows A(f), A’ (f), ete., will represent E T continuous, 

' linear transformations carrying functions of the class {f} into other functions 
of the same class. The class {f} will be composed of all bounded functions 
defined on the interval (a, b), which are summable with respect to a function 
of bounded variation by Young’s method of monotone sequences,* beginning ° 
with continuous functions. The transformations B, B’, ete., will be defined 
by equations such as B = E — A, etc., where FE is the identical ‘trans- 
formation, and B, by equation (3). When A(f) is put into the form’ (2),. 
the function K(x, y) is determined uniquely when it is required to satisfy 
the equations K(x, a) = 0, and K(2, y) = K(z, y + 0), (a< y < b).t H 
K(x, y), considered as a function of x, belongs to {f} for every value of y, 
and f(y) is continuous, the integral (2) can be approached by a bounded 
sequence of functions such as 


FOK, Yi) p K(x, yi) |, (Ysa < Wi < Ys), 


each of which belongs to {f(a)}, and if f is a discontinuous function belonging 

o {f}-the integral (2) can be approached by a system of bounded sequences . 
beginning with such integrals for continuous f’s. Consequently the integral 
(2) must also belong to {f}.f If K(a, y) does not belong to {f} for some 
value of y, the function f(y) can be defined i in such a way that A(f) will 
not belong to {f}. 

The necessary and sufficient cnn that A(f) be completely con- 
tinuous is that V,K(a, y), that is the variation of K considered as function 
of y, shall be bounded uniformly, and that when 21, za, +++ are chosen in 
such a way that K(a;, y) approaches a unique limit when r becomes infinite, | 
the equation 

limit V,[ K(2,, y) — limit K(2,, y) | = 0 


shall be satisfied.$- 

The transformations A; and A, are said to be orthogonal if the equations 
A,Ao(f) = A,Ai(f) = 0 are satisfied identically in the argument f. 

If A; and A, are orthogonal and Bi(f) = 0, then Ao(f) = Azdi(f) = Q 
and if A = A, + As, the equation B(f) = 0 must also be satisfied. Under 
the same circumstances, it follows from definition that Bi + B, = E+ B 
and that BBa = B. Then if B(f) = 0, Bi(f) + Ba(f) = f, and B Ba( f): 
= B.Bi(f) = 0. Thus putting fı = B2(f) and fs = Bil(f), the followmg 
thedrem has been proved; if A; and A, are orthogonal, and A; + 4: = A, 

* Young, Proceedings of the London Mathematical Society, Vol. 18 (1914), p. 109. 

t Fischer, Annals of Mathematics, Vol. 19 (1917), pp. 39-40. 


t Daniell, Annals of Mathematics, Vol. 19 (1918), p. 290, theorem 7 (7). 
§ Fischer, Bulletin, loc. cit., p. 14. 
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the necessary and sufficient condition that B(f) = 0 is that it be the: 
sum of two functions, fı and fe, such that Bif) = Bafa = 0. This- 
can easily be generalized. If A; and A, are orthogonal, the equation 

Af) = Aj(f) + A2(f} must be satisfied for r = 1, 2, ---, and conse- 

' quently B? -+ B} = E+ B” and BIB? = Br. Consequently, the necessary 

and sufficient condition that B”({f) = 0 is that f be the sum of an fı and an fo 

such that Bi(f1) = B3(fa) = 0. | 

A sequence of transformations A), As, -:+ will be said to converge 
uniformly to a transformation A, if for every e > 0 there is an n, independent 
of f and x, such that for n = n, the inequality A, (f) — A(f) | = ||-+ || 
shall be satisfied. The notation || f || represents the least upper bound 
of | f()| . 

It will now be proved that the limit of a uniformly convergent sequence 
of completely continuoug, linear transformations is completely continuous 
and linear. The limit of such a sequence is evidently distributive, and if 
it can be proved to be bounded it must be linear. If the transformations 
are put into the form 


Ant) = S EEA 9), - 


V,Kn(a, y) is the-least upper bound of | A,(f) |/||f ||. It follows from the 
definition of uniform convergence that V Kn (&, y) — K(x, y) | approaches 
zero uniformly in a as n becomes infinite. If the least upper bound of 
Vy Bn, y) is then called M,, and n is taken as large as the n, mentioned 
above, the inequality | A(f) | = (Ma + ©) ||f || must be satisfied. There- 
fore the transformation A is bounded and linear. If it were not completely 
continuous there would be a sequence xi, to, --+ and an e > 0 such that 
Ka, y) would sna a limiting function k(y) as r became infinite, while 
(5) Va (K(en y) — ka) >se = 1,2, °--). 
The function Ki(a,, y) would have to converge to a Kabon which will be 
called ki(y), for a subset of these 2’s.* . In the same way a subset of this 
subset would make K(x, y) converge. In this way the sequences 2, x®, 
- could be determined in such a way that each is a subset of the preceding, 
and K, (&®, y) would. converge to a k,(y) as r became infinite. Conse- 
quently the one sequence x), 2), --- would make K, (29, y) converge for 
every n. If n were then faken large enough the inequality 


(6) Vi (Kala, y) — Kle, y)) < ra (asx = b), r 


would have to be satisfied, and then, since A, is completely continuous, r 
could be taken so large that the inequalities 


' * Fischer, Bulletin, loc. cit., p. 13. This also has been proved by Helly. 
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i (7) PRG y) = alr, y)) < 5 (a om l, 2, sae *), : 


would be satisfied. oe (6) and (7) would imply that 
| VEKE, y) — KE <e @=1,2--),° 


and since the variation of the limit of a sequence of functions cannot be 
greater than the limit of their variations,* inequality (5) could not be 
satisfied. That is A(f) must be completely continuous. 

The following example illustrates the fact that the limit of a non- 
uniformly convergent sequence of completely continuous transformations 
need not be completely continuous. The functions Ky(a, y), Kel, y) => 


corresponding to Ay, As, --- will be defined as identically zero for all values 
of x excepting 2, = 1 — tr, (r= I, 2, --), and for these values of g by 
the equations > a 

Kner, y) = 0, ox y < i 

Kaltr y) as 1, (r= > I, ay "y n; vy Sys 1), 


Kala, Y) = n/t, (r=n, n + Leny szsy zl. 


Each of these functions satisfies the conditions for complete continuity, and 
as n becomes infinite the function: K(a, y) corresponding to the limiting 
transformation satisfies the equations 


K(a,, y) = 0, (0 = y<), 

K(a,, y) = 1, (Qs YS L: < 

Consequently 
V Ken y) — limit K(2,, y)] = 2, oe 


and A(f) cannot be completely continuous. 

It will now be proved that if the corresponding terms of two uniformly 
convergent sequences of completely continuous transformations are orthog- 
onal, their limits are orthogonal. The sequences will be called Aj, Ao, ° 
and Ai, Ay, +++. Since A,A,(f) = 0, the inequality 


| AAA |] S|] ALAC) — Aa(f)T |] ICA — AJA) ||, 


must be satisfied. The first term of the right member of this inequality 

must approach zero uniformly for a bounded set of f’s, as n becomes 

infinite, because A is bounded and A, approaches A uniformly, and the 

second term approaches zero for a similar reason. Therefore A and A 
must be orthogonal. 

§ 2. On Kernel Elements and Null Elements.—An element f(z) is said 

to be null with respect to A if it is a solution of the equation B’(f) = 0, and 


ete Stee ed 


* Fischer, Bulletin, loc. eit; s p. 18. 
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is said to be kernel if there is a g in {f} which satisfies the equation B’(g) = f? 
The integer v is the smallest integer such that every solution of B’(f) = 0 
is also a solution of B’f) = 0.* 

One of, the theorems in § 1 might have been stated: If 4; and A, are 
orthogonal and°A; + A, = A, every element which is null with respect to 
either A; or Ag is also null with respect to A, and every element which is 
null with respect to 4 is the sum of two elements one of which is null with 
respect to each of the transformations A; and A». Of course one of the two 
may be identically zero. 

It will now be proved that if f is null with respect to M4, it must be 
kernel with respect- to XA when A = dy. To accomplish this it will first 
be proved that if B,,(f) = 0, f must be kernel with respect to A, and second 
that if g is kernel with respect to A and B,,(f) = g, f must also be kernel. 
Then since when Bi (F= 0, g = B,,(f) must be a solution of B,,(g) = 0, 
every solution of B$ (f) = 0, and in the same way every solution of 
By (f) = 0, must be kernel with respect to MA. -If B(f,,) = 0, it follows 
from definition that A"(f) = f/M, and consequently: 


Bin) = (1-2 4 


That is (1 — A/A1)’f, and consequently f itself, is kernel with respect to XA. 
To prove the second part, it will be assumed that B,,(f) = g, and g is 
kernel with respect to XA. Then by definition MALF] = f — g, and 


1 
AL f]= E 9— MA) = o — AQ), 
i í 
This makes it possible to put B}(f) into the form 
BRA = (1-2) Pt agt oA) + ++ H eA), 


where co cı, --- are finite constants determined by A and ^. Since the 
left member of this equation, and every term of the right member except 
the first, is kernel with respect to XA, that term, and dens f itself, 
must be kernel. 

It has been proved? that if \ is a site value, that is a wee such that 
there are null elements with respect to XA, each f determines f’ and f” 
uniquely, such that f = f + f”. and f’ is kernel and f” null with respect to 
A. All of the critical values can be arranged in a sequence Aj, Meee F 
and f can then be decomposed into l 


fafth+--+h th, -(m=1,2,.), 
* See Riesz, loc. cit., theorem 2. . 
t Riesz, loc. cit., theorem 8. 
į Riesz, loc. cit., theorem 12. 
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«where fa is kernel with respect to M, Ag, +*+, An, and fa is null with respect 
`- to Àn and kernel with respect to all other values of X. 

If the series f” = fi + fo’ + --- converges uniformly, the function 

f — f” is the limit of a uniformly convergent sequence of functions fati, fase, 
--, each of which is kernel with respect to An. Consequently it is kernel 
with respect to An, (n = 1, 2, ---).* 

§ 3, The Kernel K” (æ, y).—It is proved in Riesz’ theorem 10 that the 
transformation A determines the orthogonal transformations A’ and A”, 
such that if f’ is kernel and f” null with respect to A, the equations 

ANG = AG =0, AGI= AG), ANG) = AP, 

are all satisfied. His theorem 1’ states that all the kernel elements can be 
expressed linearly in terms of a finite number of them. These can be © 
selected in the following way. ‘The first ones pı, ge, «++, ¢s will be a com- 
plete set of linearly independent solutions of the equation Bf) = 0. Then 
if p > 1 there must be one or more independent solutions of B?(f) = 0, 
which are not solutions of B(f) = 0, and these will be called gs41, Øs42, 

‘+, Geri. The solutions of B*(f) = 0 will follow, etc.; until all the linear 
independent null elements are exhausted. Since when B"(f) = 0, B(f) is 
a solution of Bf) = 0, B(:) must be a linear combination of 1, 2, 

-+, i1 The equations | | 


4—1 
(8) Big) = 24 QigPjs (0 E gr 1, 8 aa 2, aaa r), 


must then be satisfied, where the a;y’s are constants. The y’s will also be 


determined so as to satisfy the equations || g: Fak @ = 1h, 2 47). 
Every element f can be put into the form 
(9) f(a) = fle) + ola) + eple) + +++ + ergr(2), 


in one and only one-way, where f’ is a kernel element, and the ¢’s are con- 
stants. It follows from the proof of Riesz’ theorem 9 that there is a 
constant C, independent of f and 2, such that 


Ul Qyewll = C\lf\l, 


and since 1, G2, °**, Ør are linearly independent, there is an M, independent 
of f and x, which satisfies the inequalities ` 


lez | = || evs || = H || 2 ce: || 4j 


* It can be proved by means of Riesz’ theorem 4 that the limit of a uniformly con- 
vergent set of kernel elements is kernel. 
f See the proof of Riesz’ lemma 4. 
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Consequently | ¢; |= MC'||f||. The transformation A” can be decom, 
posed into the sum of r transformations defined by the equations 
(10) Af) =e¢Aei), @W=1,2,-++,7), 


where the e’s are given by equation (9). -These transformations are dis- ` 
tributive and satisfy the inequalities || A:(f) || = MCM.,||f ||, where M4 
is the least upper bound of V,K (a, y). Therefore they are linear, and 
since each must transform a bounded set of functions into a compact set, 
they are completely continuous. 

The transformations A’, A” and A; can be expressed by the equations 


Af) = | IOLE @, y), 
AH) = | FOLK" Œ y), 
Adf) = f IOLE, 9) (Thoin, 2, 


where the K’s are determined uniquely by the conditions given in $1. 
Then it follows from definition that 


(11) K"(@, y) = X Kila, y). 
422] 


Since $1, G2, +++, Ps are solutions of B(f) = 0, the equations 


m b A SERI 
(12) f oily) d, Kila, y) = p:(x), (2 = l, 2, eo ed 8), 


must be satisfied, and equations (8) are equivalent to 


b 4—1 i ý 
(13) f DLK p) = oda) — Kwee), GHL r) 


a 


For convenience vj will be defined as g; if i Ss, and as g: — Szlazj03; 
if 4 > s. This reduces equations (12) and (13) to the one form 


(14) S DLK, y) = ot), C208 409) 


The equations 


| 
(15) {ed Kj@, 9) =0, G+, 
also follow from the definition of A;, and in general _ 


(16) | J IOUE) = cx02 
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_ Consequently this integral must vanish identically in f for all values of x 
for which gf (x) = 0, and therefore K;(x, y) must vanish identically in y 
for all such values of x. The function ¥,(2, y) is then determined uniquely 
by the equation K:lle, y) = g7 ()y:(z, y), excepting for values of g for which 
both members vanish, and for such values it can be defined arbitrarily. 
Equation (16) then becomes equivalent to | 


f Fda) = os 


tt follows that if ož (@:ı) + 0, the equation v.(2, y) = Yil y) must be 
satisfied for all values of æ for which of (x) + 0, and y;{2, y) can be defined 
so that it will also be satisfied if o#(x) = 0. Thus y¥,(2, y) is independent 
of x, and that argument will be dropped. This reduces equation (11) to 
the form . : 


go ~ K"(@,y) = D et @)); 
and equations (14) and (15) become equivalent to 


; 
(18) f Oa jL, 
where 6;; = 1 or 0, according as t = j ora ¥ 7. 

§ 4. Application to the Transformation B,.—The theory developed .in 
the preceding section can be applied immediately to the transfdétmation 
B, = E — XA. If the critical values are represented by M, M «+7, equation 
(17) can be replaced by ° 


v 1 es 
Kaa, y) = Ne 2, PEO), (a a 1, 2, a ); 


where the ož, are null elements with respect to A,A determined as in § 3, 
and equation (18) by 


(19) | f Pail Y)dP aY) = 04, (4, J = 1, 2, a fa): 


The transformations A,;, corresponding to the A; in the preceding 
section, vanish for elements which are kernel with respect to Xa, and reduce 
null elements to null elements. It has been proved in § 2 that an element 
which is null for one value of A is kernel for every other value. Consequently 
the equations: _ : 


b 
(20) f Cail dey) = 0, l (i = l; 2, 1., Ta; j = l; 2, "ee, Tp; B +Æ a), 
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must be satisfied. Similarly each of the transformations 
b 
AUP = f POLKE)  (@= 1,2, ++), 


is orthogonal to each of the others. Since by definition AZ is orthogonal 
to A — A”, it must be orthogonal to A — E- 43, n= a, at], 
--). It now follows from a theorem in §1 that the transformation 
E— A — Z 4a] is regular for all values of A excepting. Anyi, Ante, 
-, where it has the same null elements as Aj. 
or the series 


> Kitt, y) = > e 5 Pht) VaiY)s 


a=1 Àa i=l 
converges in such a way that 
limit VLD, Kaa, y)] = 0 
N—> an 


uniformly, the series of transformations )>2., Aa will converge uniformly, 
and vice versa. Then since XZ. Av is orthogonal to A= EZ AX for 
all values of n, their limits must also be orthogonal, and also .4 — 3°%_, AZ 
must be orthogonal to each of. the transformations A”. Consequently 
all of the null elements with respect to B, are null with respect to 
E — AZ 2a AY, and the transformation E — NA- > 2-1 da] is regular 
for all values of X. 

§ 5. The Stieltjes Integral Equation o of the First Kind.—In this section 
it will be assumed that g(x) is a known function which can be expanded into 
a uniformly convergent series | 


(21): g(a) = Ë Ý guivai(a) 


where the Jai S are constants, and conditions = be found under which 
there is a solution of the equation 


(22) T gÀ = f FOLKE, y), 
which can be expanded into a similar convergent series 
O JO = È Y fagl). 


The function K(z, y) will be assumed to satisfy the conditions for complete 
continuity. The constants g,; can be determined from the equations 


b | bo TB ; 
S Dita) = | F D eeehe). 


(23) 
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. `The series in the right members of the above are uniformly convergent, 
and consequently can be integrated term by term, and equations (19) and 
(20) reduce them to 


T g(x) dpai(x) = fais (2 = L, 2, oe Sg faj Q a des ° ea 


If equations (21) and (23) are substituted in equation (22), and the 
right member integrated term by term, it becomes 


Ta 


32 JaiPai(t) = PPP > faiA (Gai) = >> Ffeil) 


{=i Ne f=} 


i Le 


with the ox, defined as in § 3 by oe such as _ 


; Oni = Pai T p> Aaii Laj. 


The. constants f,; are then determined by the systems of linear equations 


Tæ 


faj ai > Aaii cei = Nadas (3 = 1,2, +++, faj a= 1, 2, >: Ji 


teaj+1 


Since the determinant of each system is unity, the constants fai are deter- 
mined uniquely, and if the series (23) converges uniformly, it will furnish 
the required solution of equation G2) 
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By Mayme [RWIN LOGSDON. 


Introduction and Summary.—Of fundamental importance in the theory 
of matrices and forms has been the use by Weierstrass, Kronecker, and 
Frobenius of the theory of elementary divisors in the study of equivalence 
and reduction. of pairs of bilinear and pairs of quadratic forms. 

In this paper a generalization is made in that the basal theorems of the 
theory are extended to any hermitian \-matrix, i.e., a matrix whose elements 
are polynomials of degree n in à with coefficients in the field of complex 
numbers and are such that the conjugate of the element in the ith row and 
jth column is equal to the element in the jth row and ith column for 
4,9 1,2, ++, 2 | 

Inasmuch as a linear substitution with matrix P on the variables of an 
hermitian form with matrix a gives a form with matrix b = P’aP where P 
means the matrix formed from P by taking the conjugate imaginary of 
each element and P’ means the transposed matrix P, the extension of the 
general theory to the hermitian \-matrix is justified by the proof in Part I of 

THeogem II. If b= pag where p and q are non-singular and inde- 
pendent of ^, and where a and b are hermitian d-matrices, then there exists a 
matrix P such that b = P’aP. 

The special application is made to hermitian Vranka sexe donai 
are linear in A. Such will be the matrix of the pencil -of forms 


Tr n 
Ad — B= > È Ati; — biii. 

imi j= 
The coincidence of the elementary on is found to be a necessary 
and sufficient condition for the equivalence of two- pairs of hermitian 
matrices free of A and for the equivalence of two pairs of hermitian forms. 
In Part H, the Weierstrass reduction is shown to hold in case one of 
the forms is definite, a condition which insures reality of all the elementary 
divisors; in fact the Weierstrass method can be used for finding the con- 
tribution to the canonical form of any real elementary divisor. In the 
case however of conjugate complex elementary divisors, (\ — d)* and 
(A — a)*, it was found necessary and possible to regularize the \-matrix 


_with respect to the two conjugate imaginary linear factors simultaneously 


* Presented to the Society at Chicago, March 25, 1921. 
. 247 j 
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` and also to expand the terms representing the adjoint form with respect to- 
these two factors simultaneously. l 

In the actual work of reduction use was made of an algebraic simplifica- 
tion suggested and described by Dickson* in “ Pairs of Bilinear or Quadratic 
Forms.” The importance of this simplification is that in the case of bilinear 
forms the reduction may be accomplished-rationally while in the case of 
quadratic or hermitian forms the computations are simplified if the con- 
stants c, which appear are held until the last step of the reduction before 
being absorbed in the variables. 

The canonical form obtained t is given in Part I, Theorem V. 


Part I—EQUIVALENCE. 
‘We seek the conditions for equivalence of two pairs of hermitian forms: 


` 


Nn 


n - 7 gi 
A= 5 > Qijgkitj, A* = 2a pa Etj, 


i=l j=l i=l j=l 

% n n it x 
B= >) 2, byla BY = J, 2o bien, 

im] l i=l j= 


with the respective matrices a, a*, b, b* of which b and b* are non-singular, 
and: where dij = aj, ete., for 4, j = 1, e,n. 
If a linear transformation with non-singular matrix, c, whose elements 
are independent of A, i 
° . n 
ti = 2 iYi @ = 1, n), 


with the induced transformation on the conjugate variables, 
= | 
ti = Do Fil Q = l, Sni n), 
j= 


be applied to A and B,`the transformed hermitian forms will have the 
respective matrices Cac and c'be. If, now, these are to be the forms A* 
and B*, we must, have e 

(1) a* = Cac,  b* = c'be. 


We shall show that a necessary and sufficient condition that equations (1) 
be satisfied is that the two hermitian \-matrices, m = a — db and m* 
= a* — \b*, have the same elementary divisors. We state the problem 
thus: 

* Transactions A. M. Society, v. 10, 1909, p. 350. 

+ In the Proceedings of the London Mathematical Society, v. 32, 1900, pp. 321——, 
Bromwich obtains such a reduction by a special device, stating that “apparently this 
method (the Frobenius-Weierstrass method) cannot be extended so as to cover the analogous 
theory for conjugate imaginary substitutions, which would be applied to a pair of Hermite’s 


forms.” ° . 
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Given any two hermaihan A-matrices, m and m*, with elements polynomials - 
in A, to find necessary and sufficient conditions for the existence of a non- 
singular matrix c with elements independent of d, such that më = c'me. 

- In proof we must skow that if two hermitian -matrices are equivalent, 
' the corresponding hermitian forms may be obtained, the one from the 
other, by a non-singular transformation on the variables. The first step 
of the proof will consist in establishing 

Turorem I. If two hermitian \~matrices, m=a—Xb and m*=a*—Xb*, 
are equivalent,” there exist two non-singular matrices, t and q, whose elements 
are independent of ^, such that 
(2) ' m= tmq. 


- Proof: By the equivalence of m and m* there exist non-singular \-matrices 
to and qo with determinants free of A, such that 

(3) g m* = {omdo. a 

Now divide to by m* and (qo)+ by m t in such a way as to get matrices 
á, £, Sı, S which satisfy the relations 


(4) l f= m*tp+t, (go = sım + s, 


t and s being matrices whose elements do not involve A. From (3) we get 
fim = m*q; 1. Substituting here from (4) we have l 


(5) m*(t, — sm = m*s — tm. 


Now the right member of (5) is a \-matrix of at-most the first degree, while 
for tı — sı Æ 0 the left member would be of at least oe second degree. 
Hence ¢, = sı and ' 


(6) m*s = tm. 

Whence if we knew that s (and likewise £ from (6)) were non-singular, 
we could write 

(7) m* = ims 

- and the theorem would be proved. 


We proceed to show that s is non-singular. Substitute in the identity 
I = gogo for got from (42) and get 


(8) A I= Josim + qos. 
Now divide gp by m* in such a way as to get 


(9) qo = qim* + q, 


* Two \-matrices, m and m*, are called equivalent (Bécher, Introduction to Higher 
Algebra, p. 274) if there exist \-matrices fo and qo each having as determinant a number not 
zero independent of A such that-m* = tom@p. 

t Bécher, p. 278. 
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° where q is a ‘matrix with elements free of X. Substituting this value í in (8) E 
we have 


I = qasım + qim*s +- qs 
which, by use of (6), may be written l ° 
(10) 4 I — qs = (qos: + qit)m. 


Since the left member does not contain A we must have gos; + qıt identically 
zero, and therefore . 
(11). I= qs. 


s is then non-singular, and we may write (6) in the form * 
m* = tmą. 


Since p = Y is evidently a \-matrix whose determinant equals the con- 
jugate of the determinant t, we may express the definition of equivalence 
in the following form which is more convenient for hermitian forms: 

Two hermitian \-matrices, m and m*, are equivalent if there exist non- 
= singular matrices p and q with determinants free of A, such that m* = bmg. 

The second step in solution of the original problem makes possible the 
extension of the theory of equivalence to the corresponding forms. It 
consists in proving 

‘THeorem II. If b= p'aq, where p and q are non-singular and inde- 
pendent of , and where a and b are hermitian d-matrices, then there exists a 
matrix P such that ý 

b= P' aP 


me such that P depends not on a orb but solely on p and q. 
We have by hypothesis 


(1) b = p'ag, 
whence, since a and b are hermitian, 
b= gap. * 
Equating these two values of b we get 
(2) q/ap = p'ag, ` 
from which ae 
(3). . (p'a = apq™. 
If now we set U = (q’)-1p’, then U’ will be pg and (3) becomes 
O Ua = all 


* This theorem holds if m and m* have elements of degree p in 4. 
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From this-we get at once... 


(5) ae Wa = at”; 
and, in general, B 
(6) i Uta = aU”. 
From a = a and (4), (5), (6) by using any set of arithmetical multipliers 
we get : 
oe, x(U)a = ax(U"), 
where x(U) is any polynomial in U. Thus 
(7') | a = [x(U)Pax(U’). 


Now we choose the polynomial x(U) = V so that V? = U and so that V is 
non-singular.* We have then from (7’) 


(8) ° a= VaV”. 
‘Substituting (8) in (1) we get | 
(9) b = p'VaV'g. 


Now set P = V'q, then P’ = FV and b = P’aP, as desired. For, from 
the definitions of U and V we have 
U= = GP 

from which we easily obtain FV = p V=. 
= These theorems permit the. use of the general theory of \-matrices. 
We state the theorems and definitions which are needed in the sequel: 
~ J. If a and b are equivalent hermitian \-matrices of rank r, and if 
, D,Q) is the greatest common divisor of the 7-rowed determinants (i = 1) of 
a, then it is also the greatest common divisor of the t-rowed determinants 
of b. 

II. Every hermitian \-matrix of order n and rank.r can be reduced by 
elementary transformations f to the normal form 


Ey) 0 Tr 0 Tr 0| 
0 EsQ\) sas 0 ee 0 
0 C sa By aed JO 
0 0 ee 0 -+» 0 


where the coefficient of the highest power of \ in each of the polynomials 
EA) is unity, and E:N) is a factor of Eaa) fori = 1, 2, -+-,r— 1: 
II. The greatest common divisor of the t-rowed determinants of an 
* V is in fact a polynomial in U of degree less than n. See Bécher, l.c., p. 299. 
t Elementary transformations as defined in Bécher, l.c., p. 262. 


6 
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hermitian \-matrix of rank y, when i = r, is | 
DiN) = ENEA) --- E.Q),. 


where the E’s are the polynomials of the last theorem. 

IV. A necessary and sufficient condition that two hermitian \-matrices ' 
of order n be equivalent is that they have the same rank r, and that for 
every value of i from 1 to r inclusive, the i-rowed determinants of one 
matrix have the same greatest common divisor as the trowed determinants 
of the other. 

From the definition of the D’s in III, we see that 


me 
(2 = 1, 2, es t) (Do(d)) ağ 1). 


Hence since the D’s with the rank form a amet system of invariants 
since the D’s completely determine the E’s as well as the elementary 





‘divisors, and since conversely the D’s are completely determined by the E’s 


or by the elementary divisors, we may state thus the . 

FUNDAMENTAL THEOREM: A necessary and sufficient condition that two 
hermitian d-matrices be equivalent ts that they have the same rank and that the 
elementary divisors of one be identical respectively with the elementary divisors 
of the other. 

Definition: Two pairs of hermitian matrices a, b and a*, b* with elements 
free of X will be called equivalent if there exist two non-singular matrices 
p and q, also with elements not involving X, such that 


(1) a* = P ag, b= P bq. 


From this delnini Theorem I àud the fundamental theorem we have 
TuroreM III. Jf a, b and a*, b* are two pairs of hermitian matrices 
independent of d, and if b and b* are non-singular, a necessary and sufficient 
condition that these two pairs of matrices be equipalent is that the two -matrices 


m = a — Nb, m* = a* — \b*, 
have the same elementary divisors. 
Referring now to Theorem II, equivalence conditions for two pairs of 
matrices may be stated as follows: 
.TuroreM IV. If a, b, a*, b* are hermitian matrices independent of X, 
and if b and b* are non-singular, a necessary and sufficient condition that a 
non-singular matrix P exist such that 


a*= P'aP, b* = PvP, 


is that the matrices a — db and a* — b* have the same elementary divisors. 
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“lf in particular b* = b = I, where J is the unit matrix, we have 
I= PP 


_ which defines an. orthogonal hermitian matrix. | 
Corollary: If the characteristic matrices of a and a* have the same 
elementary divisors there will exist an orthogonal matrix P such that . 


a* = P’aP or a= PaP, 


L.e., a” is the transform of a by the orthogonal matrix P. 

We have thus obtained the desired conditions for equivalence of two 
pairs of hermitian forms as stated in the first paragraph of Part I. 

If the matrix of the form B is the unit matrix, referring to the last 
corollary we see that a transformation on the variables with orthogonal 
matrix P will transform. the form B into B* also with unit matrix. The 
A-matrices | . ; 

a— NJ, a* — I 


are now the characteristic matrices of the forms A and A*, and as before 
a necessary and sufficient condition for the equivalence of the forms under 
orthogonal transformation is the coincidence of the elementary divisors of 
the characteristic matrices of the forms. . 

If B is a non-singular definite form, a preliminary transformation will 
transform it to the sum of hermitian squares, 5°%8;a,; with unit matrix, and 
since the roots of the determinant |a — b| = 0 are now the roots of the 
characteristic equation of a which are known to be always real,t we have 
. the 

Corollary: The elementary divisors of the pencil of hermitian forms 
A — AB, where B is non-singular definite, are all real and of the first degree. t 

As in the quadratic case we have'a further 

Corollary:* If A and B are hermitian forms:and B is non-singular, a 
necessary and sufficient condition that it be possible to reduce A and B 
simultaneously by a non-singular transformation to forms into which only 
square terms (hermitian squares) enter is that all the elementary divisors 
of the pair of forms be of the first degree. 

Finally, if both matrices are singular but at least one matrix of the 
pencil Ma + ^b is non-singular, we may proceed as in the quadratic case § 
and obtain the desired canonical form. age . P 

The canonical form. eyes 


* See Bôcher, l.c., p. 305, for the corresponding theorem for quadratic forms. 
t G. Kowalewski-Einfuhrung in die Determinanten Theorie, p. 130. 

ł The proof in Bécher, l.c., p. 170, for ai forms is applicable here. 

§ Muth, 1e., p. 87. 
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THroremM V. If ci, €z, +++, es are any real constants including zero, 
equal or unequal, tf ag, ai, +++, ar are any complex numbers, equal or unequal, 
and if €i, €2, +++, er are positive integers such that e1 + e + -+ + es + 2e 
+ +--+ 2e, = n, there exist pairs of hermitian forms in n variables, the 
first form being non-singular, which have the elementary divisors 


(A — c1)", (A ai c2)°?, E. A ce er)”, (A m ão)”, (A = lg)”, ; 

l . (A ~~ Ör)”, (A ne Qr)”. 
-In proof after setting e1 + e + --- + es = e we exhibit the forms 
fx 3 X: iA eit + s X: A nete itl +: . \ 


— 1 


3 > X iX eip F > XiX repte jl 


daeet I j=e+l1 


+... =e 5 XX 2n-— Qe, Fo Ls 


=2—Zep+1 


Oh, tes Erte =- 
B — > OX EX epit + >, CX iX 2¢.40)—i+1 + ches 


i=l imet l 
ejy+éo—1 
+ 5 cX; A 2e—ih1 F 3 Y, iA ei + >. X; Atan E 
teert I i=l #=+4+1 
E+ eg e+ 2e, == 
-+ 5 uX; A 2e-+-2e, jl + ac Gig X 09.4 2e-4-2e,—F-+1 + ° 
- J=e+1 j=e+ert1 ; 
a n 
d 
+ > aX; A 2n—2e eit + ` a,X; X 2n—2e,—j+1 
joen—-2e,-4+1 jan—e,+1 æ 
et Regt un n—1 i 
+ 5. X; X 2e} ey] +: «+ ` X jX on—260 i 
st -4- l j=n—2e,+1 


Parr If—ReEpvwcrion. 


In the atu to apply the methods of Weierstrass to reducing a pair 
of hermitian forms: | 
n n 
Eg 3 >, Aijt and B = >. > bijāt 
o {21 Ja , i=1 j=l 
where y= aj by = bj, |ai| 0, no trouble, arises in finding the con- 
tribution to the canonical form due to any real linear factor of the \-matrix, 
`a — b, though proof is needed that certain theorems are actually extensible 
to this type of matrix. In dealing with complex linear factors however an 
essential modification is required. We shall first indicate the main steps 
_in the process of reduction, then study in detail the separate cases where 
difference of treatment is required. Wherever the Weierstrass treatment 
as given in Muth’s “Theorie und Anwendung der Elementartheiler”’ is valid 
without separation of the two cases, the details of the work will he omitted 
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and reference to. Muth given. The following notations and -definitions ~ 
will be used: 

S = determinant of the form C = `A — B. 

l. = exponent of the linear factor (A — r) in D,(A), Le., in the greatest 
common divisor*of all the x-rowed minor determinants of S. ‘There will 
be at least one x-rowed minor determinant of S which contains (A — r) 
exactly l, times and is then defined to be regular with respect to this factor. 
We have 


L=h=s--: = 1, 
and also 
l; = li = Ci; s 


where (A — r)“ is an elementary divisor. 

Są = cofactor of the element Aai; — bx in S. 

S“ = principal mingr determinant with n — x rows obtained from S$ 
by deleting the first x rows and the first x columns. We note S® = Sp. 
For x = 0, we define S® = S, and for x = n, SM = 1. 

S, = the principal p-rowed minor determinant in the upper left-hand 
corner of the matrix. 

Sp; iz = (p + 1)-rowed minor determinant obtained by bordering S, by 
the ith row and the kth column of the original matrix. 

The main steps in tne reduction are: 

(1) Any hermitian \-matrix may by elementary transformations * be 
regularized with respect to 
(1) any real linear factor, (A — ©). 

(2) any pair of conjugate imaginary linear factors, 


(A == a), (A a a). 


* Elementary transformations of an hermitian \-matrix are defined as follows: 


I 


ist. Interchanging two columns and the same two rows. 
2d. Multiplying the elements of a column by a number m independent of à and then 
i multiplying the elements of the corresponding row by the conjugate of m. 
3d. Adding to the elements of the kth column the products of the corresponding 
elements of the jth column (j = k) by a polynomial, y¥(A), then adding to 
the elements of the kth row the products of the corresponding elements of the 
jth row each multiplied by the conjugate, YA), of the polynomial (A). 


The elementary transformations of the variables of the corresponding hermitian form which 
effect on the matrix of the form the above defined transformations are: 


Ist z: =y; G =1, n; ij i Xk) 


Ti = Yk i ' ; a 
Tk = Yj 
: 2d. z; =y: G@=1,--+, nt Æj) 
Ly = MY}. 


3d. te eH =I, +++, ny ij) i 
z, = Y; + PAYk 


256 Logspon: Pairs of Hermitian Forms. 


Definition: A matrix S is regular with respect to a real linear factor, or 
with respect to a pair of conjugate imaginary linear factors if each of the 
principal minor determinants obtained from S by deleting the first k rows 
and columns, (k = 1, 2, --+,%— 1), is so. 

(2) The adjoint aes may be written as a sum of terms in which every ` 
_ factor in a denominator is regular with -respect to a given linear factor 
(or pair of factors); viz., 


lng | yy yuyy Vo) Yo) 
ee TE T acme ee PRR aks ie es 
DO Ypg Ert Ut Barn ges 


(3) Ist. Each term on the right of (1) may be expandtd with respect 
to a real linear factor, (A — c), the total coefficients of 1/(A — e}, I/A — ©) 
secured; finally, the total coefficients of 1/A*, 1/A secured. This will give 
the contribution of this particular linear factor, \ — c, to the canonical form. 

2d. Each term on the right of (1) may be expanded with respect. 
toXA— dG, \— a simultaneously and the total coefficients of 1M, 1/r - 
secured. 

(4) The adjoint Fim may be expanded by determinanta] methods in 
descending powers of A and the coefficients of 1/A*, 1/A obtained. These 
prove to be B and A respectively. | 

(5) A comparison of the results of (3) and (4) witi Theorem V of Part I 
gives the desired expression for `A and B. 

Proofs: p: 

(I). Any hermitian \-matrix, S, may by elementary transformations 
be regularized with respect to a real linear factor, \ — c. 

In proof we must show 

(a) Every regular p-rowed minor determinant (p > 1) contains at least 
one regular (9 — 1)-rowed minor determinant as first minor. 

(b) Every regular (pe — 1)-rowed minor determinant (p > 2) is con- 
tained in at least one regular p-rowed minor determinant as first minor. 

(c) If a (p — 1)-rowed principal minor, S,.:, is regular, but no p-rowed 
principal minor, S,-1;4, 4 containing it is regular, there is an elementary 
transformation of the variables which without disturbing the regularity of 
any S, (k = 1, = ys 1) will so transform the matrix S that there.will 
be a regular p-rowed principal minor containing S,..1 as a first minor. 

For proof of (a) and (b) see Muth, Lc., pp. 7-11. . 

Proof of (e): The existence of a regular p-rowed minor, S,_1, 3, r» CON- 
taining S, 1, is guaranteed by (b) above. Now apply to the variables of 
the form a preliminary transformation which will interchange the pth and 
jth rows and columns and the (p + 1)st and kth rows and columns. We 
now have S,_1. p, +1 for our regular p-rowed minor. Now apply the trans- 


* 
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formation l 
° Tm: ti = yi Q= 1, wm t p+ I), 
Copi = Yori — MY, 

The effect on the matrix is to subtract the products by m of the elements 
of the (p + 1)st*column from the elements of the pth column and then the 
products by m of the elements of the (9 + 1)st-row from the elements of | 
the pth row. Obviously S, is not changed (k = 1, «++, p — 1); but the 
principal minor, call it S,, of order p and containing S,_1, is now regular. 
_ For we have 
(2) S; = Sp cag mS, 1; p ptl T MS p1; p+1, p + MMS ,~1: atl, ptl” 
Now S, and S,-1;,41,)+1 each by hypothesis contains A — c more than J, 
times; S,_1,,,,+1 contains A — ¢ exactly l, times; S,~1.,41,, is the con- 
jugate of S,_1,,.41 and therefore contains the real linear factor \ — c 
exactly l, times. It remains then to show that the sum R = MS 51: p, ptt 
+ MSp: opti does not have a higher power of A — c as factor than each 
part, for every m. Divide R by (A— ò”. R= (A — o mf(A) + mf) ], - 
and, since f(e) is not zero, if we set m = 1/f(c) we have mf(c) + mf(c) not 
zero. Thus S, contains A — c exactly l, times and is regular, as stated. 

(Jz) Any ‘hermitian \-matrix, S, may by elementary transformations 
be regularized with respect to an imaginary linear factor. When this is 
done the matrix will be also regular with respect to the conjugate imaginary 
linear factor. è | 

As Before, (a) and (b) may be assumed for the factor A — a from the 
proof for bilinear forms. To prove (c) we apply the same transformation, 
‘Tm, and get as before the right member of equation (8). Remembering 
that the first and last terms are principal minors and hence have real 
_ coefficients, and that neither is regular with respect to (A — @)(A — a), we 
` may factor the right member of (8) thus: 


[A — aA — a) "LA — GA — a) TfiQ) — mA — DRA) 
—, mi (A — a)?fo(d) + mA — a) (A — an 
where r > 0,8 > 0,p= 0, fata) Æ 0. 

If p ¥ 0, the theorem is proved since A — a is a factor of all the terms 
in the brackets but one and consequently. is not a factor of the sum. Thus 
S; is regular, as stated. If p = 0, we must show that mfeA) + mf2(A) is 
not divisible by \ — a where f2(a) # 0 and fo(@) 0, i.e., we must show 
that m can be so chosen that mf.(a) + mf(a)~0. This is the Same 
condition reached before and is satisfied by m = 1/fa(a). Hence we may 
use the Jacobi transformation of the adjoint form, viz.,* 
lnr Se _ y’ y’ XUN" XX» 

2 pau g + yo + T Senge 


x Anth bao nn FATI 


(3) 
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_¢with a determinant regular with respect to any linear factor, and where, 


A’ = Sy, + Serve + Sgiu3+ +: ++ Sut 


: X” =" z Sootle + Szuz +: . -+ Sholln 
(4) . A gin S3ats “pee g Sratin, 2 
XM = . Sey, 


(3) To decompose the general term on the right of (8) with respect tò 

the real linear factor, \ — c, we may write 
YW XW yoyo 1 * 
OO FEBS" Aa Ge 
(A— c) sa ea Cg 

where C, is the coefficient of the highest power of A in S®*@YS®.+ Itis 
evident that g’, a polynomial in A with real coefficients, will not contain 
A — ¢ as a factor since S“Y and S are regular, and we may then expand 
X/q and X/q in power series in A — c. Also, since in the definition of 
X in (4) the coefficient S° of u, is regular with respect to à — c, X, and 
consequently X X will contain A — ¢ exactly J, times. Thus 





Yi) 

== A= 0)"Xa + O— Kat = Kat}, 

X®) ) | 

7 j A = 0)" {Xa + O — Ka (N= e os. 
Hence ` E 7 
Foyw = 1 - | 


SE-D SO =U INe (A — zL [Xat (A— ae is [Xa + r — QX 42 -+ si «ds 


where the Y,, are linearly. independent polynomials in ¢, U, °+*, un and 
the coefficients of the two forms A and B and are homogeneous in the w’s. 
Thus ais the subscript, x, we may write the right member. 


ae! 


Teri golt AA- 6) + A 0)? + - n- ] 
Dopo a p 2 n 
i TOA o Cao! 


Now, defining F, = Ze = XiX: Xu and G, = Zei = LEY; X 
(G, = 0 for e, = 1) we have f 
. F, l G, Pe a th. as G, 
mirto oy gl xt Sect 
- CA—e¢) CA-—e) 7, 
* For convenience in notation 1, shall henceforth represent the exponent of the factor 
A — c in the greatest common divisor of the (n — «)-rowed minor determinants of S. 


We have then the inequalities, b Z h Zh +++ ZL, with baa — kk = ex. 
t See Dickson, 1.6. 3 : 
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There will be a similar expression obtained ae each of the terms on the 
“right of (8). The total contribution due to the real factor A — ¢ to the 
canonical form is then obtained by taking the sum ` 


i i aa 1 cf, + G, 
2 ro, 


(hate ns spagans ager 


Ceo N 





where f is the number of distinct real linear factors. The numbers 1/0, 
‘may be now absorbed in the variables by 2’ = a/VC, since the original 
forms and the transformations used have allowed irrationalities as well as 
imaginaries. 

If now the above process of regularization and expansion be repeated 
for the remaining real linear factors, the total contribution of nee factors 
is obtained. 

To decompose with.respect to (A — @ (A — a) the side term of (3), 
we need to get the partial fractions of this term which have linear or 
quadratic denominators, viz, (A— 4a), (— a4), (A— @)*, A— a)’, . 
A — A — a), since these a only these terms in the decomposition will 
contribute to the coefficient of 1/\ and 1/~°. We set 


Vo yw- YW YW - 
sage ~ CLA DA a) Peg 
where q? is a polynomial in \ containing neither A — d nor \ — a asa factor 
and with unity for the coefficient of the highest power of N. ‘Now expand 
X“ jq in powers of A — a and X“/q in.powers of ` — @ Thus 
Xí% 
q 
Yo 





= [A -= DA- T Xat A aXe t A aXXa t], 





= [A -A a] Xa+ AL Xe A- aAa], 


where the X,,, are polynomials in d, a, the coefficients of A and B, and 
homogeneous in Ux, ***, Un, While the X,,, are the corresponding conjugate 
functions of ü,, +++, Ün. We have then 
oy% 41 . 1 = = z 
n _____ | X — X — ay. 
SEVS™ CA — aA — al at (A a) Be ay ema ahas 

i “TX, oF (A me a) X gp F (A ae a)? X xs + -J 


Omitting all « subscripts, we may write the right member 











1 X x, = B 7 
lives: at agat a Xei + KeA — a) + -- 


+ 
e 
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a +a art || AR ptt cat tat 


+ Xn — argo | 
= 1 Ee age? XX — Ok XX zet — a) 











CL A-—4)* (A — a)° (i aye? 
En a TE aie a 
Kria Ere 
+a E E E T a A EE 


oe Xi Xe + XoXo + ++ + Real: 


Thus we have found the part of the coefficient of 1/A and 1/d? due to 
one term in the right member of (8) and contributed by the pair of linear 
factors (A — ää) — a) where the e in the last expression is the e, which 
belongs to the elementary divisors (A — @)*, (A — a)*. The total coeff- 
cient of 1/d is seen to be (after the constant C, is absorbed in the variables) 


2€z ee 


2 X; Xu eat 
and the total coefficient of 1/X? is 
5 T 2ey—j+1 Ey 5 ax jX zejt 
j=i =e} 1 


For other pairs of complex elementary divisors we proceed as here, 
then adding the coefficients of 1/A obtained from all the linear factors, real 
and imaginary, and adding the coefficients of 1/? obtained from all the 
linear factors, real and imaginary, we compare with the coefficients of these 
same powers of A obtained by expanding the adjoint form 


eS sit tt; 





a7 S 
by determinanta methods, * thus obtaining the desired canonical forms 
given in Part I, Theorem V. . 
Tue University or CHICAGO, 
May, 1921. 
lon S:ijui A , B 
* Se ee Sh ho gs 
Muth, Le., p. 81. 2,78 : + < 2 


PLANE CUBICS WITH A GIVEN QUADRANGLE OF INFLEXIONS. 


: By B. M. Turner. 


That every non-singular cubic has nine points of inflexion, lying in 
related positions on the curve, is a classical fact in mathematics. Of these 
points four may be chosen arbitrarily; and when such a quadrangle is 
. fixed, the finding of the positions of the remaining five presents a question 
worthy of consideration. It appears that all the sets of five combine into 
a group of fifteen points whose relative positions with respect to the given 
four depend upon equianharmonic properties; but that the equianharmonic 
relations follow as a consequence of a combination of harmonic relations 
and hence, in a number “of cases, the points may be determined by linear 
and quadratic constructions.” 

It is also well known that four points of inflexion, no three collinear, 
impose eight conditions on a cubic and determine it as one of a singly 
infinite system; but, since only four of the conditions are linear while the 
other four are of the third degree, the system is not a pencil. It will be 
shown that the four points determine a system consisting of six pencils 
and that every two of the six have a fifth point of inflexion in common, 
that is, through every one of the fifteen points two of the pencils pass, and 
have coisequently an inflexion. 


¢ I. Determination and Construction of the Remaining Five Inflexions. 


Four points of inflexion of a cubic may be chosen arbitrarily and the 
conditions imposed by any one of the four are then independent of the 
conditions imposed by the other three. For a real cubic, however, the 
imaginary points of inflexion occur in conjugate pairs; hence for such a 
cubic, if no more than four of the inflexions are involved in the selection, 
the chosen quadrangle must consist of (1) two pairs of imaginary points, 
-or (2) two real points and one imaginary pair. As a system consisting 
entirely of imaginary cubics is in itself of little interest, only these two 
quadrangles supplemented for symmetry by a third with four real vertices 
will be considered in this discussion. The results for the three cases can 
be stated in identical yams): as shown intthe theorems given in §3 (pp. 
277-8). 


* That the whole set of nine points depends only on quadratic constructions was 
virtually shown by Möbius (Gesammelte Werke, I, p. 487) in the determination of two 
quadrangles in- and circumseribed to one another. ` The eight vertices with the addition 
of the one common diagonal point form the desired_set. 
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§ 1. GIVEN QuapRANGLE—Two PAIRS or Imaginary POINTS. 


Let the two pairs of imaginary points to be taken as points of inflexion 
for a cubic be given as the intersections of two real lines with a conic (Fig. 1), 


iia re NTI So WI debi | EH 





| 

| 

| 
KE S] 5 
Freg. I, 


Then, as is known, the pencil of conics through the four points has a real 
common self-polar triangle with A; the intersection of the two given lines, 
as a vertex and BC, the polar line of A with respect to the given conic, as 
a side. It is further known that the remaining vertices B, C may be 
‘determined by a quadratic construction and hence, since every quadratic 
construction can be performed by means of the one given conic, the self- 
` polar triangle may be constructed geometrically.* 

As the relations-to be noted are invariant under projection“and any 
four points forming a quadrangle may be projected into the vertices of any 
other quadrangle, there is no loss of generality in choosing the points as 
(4, +1, +1).1 Then the self-polar triangle is the triangle of reference, 
y + z = 0 are the given lines, and the conic is one of the pencil 


| aa* + by? + e2 = 0 
where —-atb+ec= 0. 


(i) Determination of the Five Points. 
Since each component of the three pairs of sides of the quadrangle | 
yov=0,  et+2=0, - a+ y=), - 


passes through two of the given points, the six lines are inflexional axes{ 





** Two pairs of imaginary points can of course be given by two conics; but if so the 
determination of the self-polar triangle, also of the real line pair, cannot be accomplished 
by quadratic constructions. 

t Throughout this article the symbol 418 id for V — 1 taken positively. In the 
cases where an ambiguity enters, it is always preceded by the double sign. 
t Inflexional axis: a line through three points of inflexion. 
e 
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for, every cubic inflected at the four points: For a real cubic it-is known ° 
that the real sides of the quadrangle determined by two pairs of its imaginary 
points of inflexion are sides of the real inflexional triangle, the intersection 
of the lines forming one pair of imaginary sides of the quadrangle is a point 
of inflexion, and the intersection of the lines forming the other pair of. 
imaginary sides is the point common to the three real harmonic polars. 
Hence a real cubic with inflexions at the given four points has the lines 
through A as sides of the real inflexional triangle, and a fifth inflexion lies 
either at Bor C. _ 

If the fifth point of inflexion is at C, the thing side of the real inflexional 
triangle passe¢ through this point and has an equation of the form 
a+ ay = 0, where a is a real number still to be determined. The point 
B is common to the three real harmonic polars; and the “line of reals,’’* 
being the polar of B with respect to the triangle 


y+ z= 0, v+ ay = 0, 


is æ + 3ay = 0. Hence since the inflexional axes concurrent with the real 
harmonic polars (z + tæ = 0) together with the line of reals form a second 
inflexional triangle, the desired cubic is represented by 


(2° - 2") (@ + Bay) + ACY’ — 2) + ay) = 0; 
and the four remaining points of inflexion, being given by the intersections 
of a+ 3ay = 0 with y? — 2? = 0‘and of z + ay = 0 with 2 -+ 2’ = 0, are 
o (8a, — 1, + 1), (a, — 1, + ta). 
These nine points; namely the four given points, the point C, and the 
four just found, are points of inflexion for a cubic if, and only if, they 


satisfy the conditions of collinearity represented by the rows, columns, 
three right- and three left-hand diagonals of the following scheme:f 


(3a, u l, aN 1), ( t, L 1), (4, — 1, ü 1), 
( t, l, e 1), . (3a, Da l; 1); (2, oe G 1); 
Ca). = 1) — ta); (Oy =A 10), (0, 0, | 1). 


This requires that 3a? = 1. Accordingly the four points are either 
(985, = Tyce e e (98, dj), Gi, “NB ,-228); 


and the cubic is a member of one of the two pencils: 


(1) (2? + 2") (@ t V3y) + Cy? re) (« + =u) = 0, 


V3 
* The line through the three real points of inflexion. 
+ Hesse, Crelle’s Journal (1849), Vol.. ‘38, pe Zor; also Clebsch, rA Oroeg über 
. Geometrie,” p. 506. 
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TO | @+a@—y +ry—A(e#-Fy)=0 
Similarly if a cubic have B as a fifth point of inflexion, ‘the sues 

four inflexions are either 

(A837, Set), a, ea 9). or Se, a Se), a, +: 4, v3); 

and the corresponding pencils have equations 


D p-er net (et La) =o m 
(4) (yt — 2) @ = Ba) + Mat + 98) (2a) = 0.. 


For symmetry, A is considered as a fifth point of inflexion, and the set 
of nine points is completed by either 
(+1, V3, 7), (41,74 —V3) or (+1, —3, i, (41,4, v43); 
but the pencils ~ . | 


(5) (a + yy + iNED + AGE 2) (v i Ja) = 
6) (a? + y) y — i v32) + A(z? + 2”) (v = =) = 0, 


are Imaginary. 
These results may be stated in the form of the theorem: 

(1) If two pairs of imaginary points of inflexion of a plane cubic are 
fixed, a real fifth point of inflexion is fixed as one of three,and the 
complete group of nine is determined as one of six; 

or in-other words 

(1^) Two pairs of imaginary points of inflexion determine a system 
of cubics consisting of six syzygetic pencils, four real and two imaginary; 
and every two of the six have a fifth point of inflexion in common. 


(ii) Relative Positions of the Infleaions. 

The curves of the system of cubics have in all nineteen points of inflexion: 
namely, the four common to all the curves and fifteen others of which every 
one is common to two of the six pencils. When the four common points 
are (t, + 1, + 1), the fifteen are 


(1, 0, 0), (0o 14, ©, 0 0 1, 
© (8, 1), ELD (21,24, 18). 
These values show that the points determine certain quadranges. The 


lines — 
yr2= 0, 2 tx = 0, vy=0 
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are,the sides of the chosen quadrangle; while the sides of the determined ° 
quadrangles are 


y+ 2= 0, pee: a+ V3y = 0; 


$ V3 
: | i 1 
y + 1v32 = 0, zt w= 0, vt —y= 0; 
1 R 
: y+ —2= 0, z+ vBx = 0, t+ w= 0; 
, EE r 


Hence follows the theorem: À 
(2) The remaining points of inflexion of the cubics with two common 
pairs of imaginary inflexions form a group of fifteen, consisting of the 
three diagonal points of the common quadrangle and the vertices of 
three other quadrangles with the same diagonal points, each of the three 
new quadrangles having one pair of sides in common with the original 
_ quadrangle. 

The sides of the quadrangles and their common diagonal triangle are 

further related. The six real lines through C considered as three pairs 


r= 0, y= 0; 2+ Wy = 0, 2— y= 0; e— By =0, e+ 


form a pencil in elliptic involution with 


1 
y= 0 
BI 


o. t+ iy = 0 


as double lines. The lines of any one of the three pairs are harmonic with 
respect to the first lines of the other two pairs, and also with respect to the 
last lines. Furthermore either triad of lines 
| 1 
x = 0, at Vy = 0 or y = 0, +y = 0, 
: v3 
together with either double line, forms an equianharmonic system.* Thus 
the lines $ ; : 
| 1 
£- VBy = 0 tk —y = 0 
V3 
satisfy a combination of harmonic and equianharmonic relations with 
respect to 2= 0, y= 0, wtw.== 0. The equianharmonic properties, 
however, are simply a consequence of harthonic properties; for if we write 


a= 0, y=0; a+ By=0, t—-ay=0; z— By=0, z+ ay= 0, 

* Consider x = 0, z = VBy = 0, t +iy =0. Let X = z + Wy, Y =a — Wy; 
then x = 0, x + iy = 0 are transformed respectively into X + Y = 0, X — wY = 0; 
and the cross-ratio of the four lines X = 0, Y =0, X +Y =0, X — w¥ =Ois -w 
where w? = 1. Similarly for the other combinations. ‘ 
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* and impose the condition that = 0, « + By = 0 be harmonic with respect _ 
to «— By = 0, «+ ay = 0, we find 8 = 3a; and the condition that 
t + 3ay = 0, z — ay = 0 be harmonic with respect to x Æ iy = = 0 shows 
that 8a? = 1. 

Similar statements hold for the lines through B; and also for the set 
through A, except that in this case the involution is hyperbolic. Con- 
sequently the sides of the three quadrangles, and hence the vertices, are 
uniquely determined from the sides of the base quadrangle and its diagonal 
triangle by means of harmonic properties. ` . 

The equianharmonic properties furnish an analytic means of deter- 
= mining the points, and also serve to show the relative posititns of the three 
quadrangles with respect to the four given points. The points equianhar- 
monic to (1,0, 0) with respect to @, 1, 1), @, — 1, 1) are (v3, 1, 1) and 
(3, — 1, — 1); and those equianharmonic with respect to (2, — 1, 1), 
(i, 1, ~ 1) are (V3, — 1, 1), (43, 1, — 1). Thus the vertices of the real 
quadrangle (V3, + 1, + 1) are the points.on the lines y + z = 0 egui- - 
anharmonic to (1, 0, 0) with respect to (t, +1, +1). Similarly ( 1, 
V3, + 1) are the points on z Æ 1 = 0 and (1, Æ ô, V3) the points on 
v + ty = 0 equianharmonic to (0, 1, 0) and (0, 0, 1) with respect to the four 
given points. ‘These results are expressed in the following theorem: 

(3) The fifteen other possible points of inflexion of a cubic with 
two fixed imaginary pairs are the three diagonal points of the fixed 
quadrangle, and the two points on every one of the six sides of the 
quadrangle equianharmonic to the diagonal point with respect to the 
two fixed points on that side. 

The vertices of the three determined quadrangles may also be obtained 

analytically as the intersections of three conics. Three pairs of lines 


ytwz= 0, zÆ g= 0, tty = 0 
are uniquely determined as being harmonic both with respect to the sides 
of the given quadrangle (i, + 1, + 1) and with respect to the sides of the 


diagonal triangle. Three conics having respectively these pairs of lines as 
tangents, namely, : 


22 —y—-2= 0, ar— 2—2= 0, a — y — 227 = 0 
pass, taken in the same order, through the pairs of quadrangles 
(£1,849, (41,44, V3); 
(£1, +7, 43) (v8,41,4); 
(V3, +1,1) (+1, V3, +2). 


Further any one of the three conics passes through the four intersections 
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= 


of the pairs of tangents given for the other two. Thus any one- of these * 
conics is uniquely determined by four points and two tangents, the 
determining elements being fixed by means of harmonic properties with 
respect to the given quadrangle. In turn the three conics uniquely deter- 

` mine the three qhadrangles 


(43,41,41, (441140, (41, +34 v3). 


Accordingly the fifteen other possible points.of inflexion of a cubic with 
two fixed imaginary pairs are the three diagonal points of the fixed quad- 
rangle, and the twelve intersections of three conics uniquely determined 
analytically by*the quadrangle. 


(ii) Actual Construction of the Points. 


It has been noted that when two pairs of imaginary points are given 
as the intersections of two real lines with a conic, there follows a quadratic 
construction for the triangle self-polar for the pencil of conics through the 
four points.* It will now be shown that with the help of the triangle, the 
fifteen other possible points of inflexion of a cubic inflected at the two pairs 
of Imaginary points may be determined-by a series of constructions of which 
one only is quadratic, the rest linear. 

As A is the intersection of the two given lines, the given conic meets 
BC certainly and either AB or CA,in real points. Let it meet CA and call 
the points D, D’. Denote the intersections of BC with the given lines 
by E, F’. 

. The given points being (i, + 1, + 1), the object is to construct the lines 


1 1 
x -F v3y = 0, e+ —y = 0, Zt V3 = 0, gt—a= 0. 
: EH B 
The conic of the pencil through the four given points that meets y = 0 
on the lines z + v3 = 0 is 322+ by? — 22 = 0, with the condition that 
— 3 +b — 1 = 0, that is, the conic 


3a? + Ay? — 2? = 0. 


This conic meets « = 0 where 4y — z = 0, hence the first step requires the 
construction of the points.of intersection of the lines 2y — z = 0, 2y + z = 0 
-with BC. Since 


2y — z = 0, z= 0: y— z = 0, y = 0, 
2y + z= 0, z= 0; y+2= 0, = () 
. are two sets of harmonic lines, these points Pa, P} may be constructed 
* See page 262. 


268 Turner: Plane Cubies with Inflexions. 


* linearly. © Draw PD intersecting the given conic in a second point D” 
and the given lines in F, F’. As the conics of a pencil cut any line in 
involution, P; the conjugate to Pa in the involution (D’D, FF’) is another 


point on the conic : 
ba? + 44? — 2? = 0. : 


This conic is a member of a second pencil through two points P, (AP: 


being a tangent at a given point), the point P.,* and the pong P3. The 


pairs of lines 
AP;, PPs; PPa, PiP} 


are two other conics of the second pencil: hence this pencilecuts out on CA 
the involution (AV, CD), where V is the intersection of PaP; with CA. 
The involution cut out on CA by the first pencil (the pencil through the 
four given points) is defined by its two double points, and may be expressed 
as (A, C3). It follows that Q, Q’, the common points of the two involutions 


(AVY, CD), (4%, 0), 


found by means of the given conic (the one quadratic construction), are the 
intersections of 8a%-++ 4y? — z? = 0 with y= = 0. Hence BQ, BQ’ are the 
desired lines 


a+ Ve = 0. 
_ Since | , 
eee z+ B32 = 0; z= 0, z— Ve =.0, 


V3 
z-+—2 =0, z — VBa = 0: z= 0, z+ Ba = 0 ° 
V3 


are two sets of harmonic lines, two other of the desired lines, 


ees 0, 
V3 


may be constructed linearly: call them BK, BK’. The lines that join 


1 
the intersections ofz+ V3x = 0, 2 + -= NB v = 0 with y +? = 0 to C are 


1 
atv3y=0, t£ —y= 0. 
y a aS ala 
Hence the complete construction (Fig. 2) may be stated as follows: 
Construct Pı, Pa the harmonic. conjugates of B with respect to 
E, C and E’, C. Draw PD intersecting the given conic in a second 
* The conic 32? + 4y? — 2 = 0 also has APs for a tangent, but the use of two poirits 


P, and two points P: would give an illusory construction. 
$ 
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- *point D” and the line-pair in F, F’. Construct P, the conjugate to 
P, in the involution (D”D, FF’). Draw PP; intersecting CA in V. 
Determine Q, Q’ the common points * for the two involutions (AV, 





- Fig. 2. - 


CD), (A?, C*). Construct K, K’ the harmonic conjugates of Q’ with 
respect to A, Q and of Q with respect to A, Q’. Draw BK, BK’, BQ, 
BQ’ intersecting the given line-pair in &, a’; B; B’; y, 7’; 6,8’. Draw : 
aß’, a’ B, Yọ, yò. l l | 
The seven real points of inflexion are 
l A, B, C, X, al’, B, p. 


* That Q, Q’ are real is shown by the analytical discussion. 
® 
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The eight imaginary points lie by pairs on the lines f 
vy’, 55’, yò’, yÒ, | 
where they are met by the two pairs of imaginary sides of the given 
quadrangle. S 
| (iv) Symmetrical Constructions. 
When the two pairs of imaginary inflexions are given as the inter- 
sections of two equal hyperbolas with the same pair of axes, the construction 


(Fig. 3) of the fifteen points is unique and furnishes an illustration of the 
three conics which intersect in the vertices of the determined quadrangles. 


The hypothesis gives the axes and line at infinity, that is, the self-polar 
triangle; and (keeping the lettering of the preceding construction) the point 
A is the common center of the two hyperbolas. Draw. the four other lines 
joining the vertices of the hyperbolas; then AH, AL’, the real line-pair 
through the four given points,* bisect these lines. The lines AP, AP» 

* The equality of the hyperbolas.accounts for the construction of these lines, in general ’- 


not possible by quadratic construction when the two pairs of imaginary points are given 
by two conics.—See’ note, page 5. a 
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are harmonic to AB with respect to AE, CA and AE’, CA; and the points ° 
Q, Q’ are determined as the vertices of the hyperbola through the four given 
points having AP, AP, as asymptotes.* Then the lines through Q, Q’ 
parallel to. AE together with the lines joining their intersections with the 
real line-pair are yy’, 56’, yê’, y’6; and by means of the harmonic relations 
between these lines and the axes AB, CA the lines aa’, 4 aß’, œB may 
be constructed. 

The above construction determines the vertices of the three quadrangles 
as the intersections of lines. To show them as the intersections of conics, 
let the two given hyperbolas be members of the pencil ax? + by? + cz? = 0, 
where — a +%+¢= 0, when (1) x = 0 is the line at infinity and (2) 
y= 0, 2=0 and y+2=0, y— z= 0 are two pairs of perpendicular 
lines. Then the three conics intersecting in the vertices of the determined 
quadrangles are two equal, symmetrically placed ellipses, 

Oy? + 22 = 22, yY? + 222 = 2°, 
and the circle 
yo + ot = 22’, 


all three concentric with the hyperbolas. 

Accordingly construct the two equal, symmetrically placed ellipses 
through a, a’, 8, 8’; and pass a circle through the four finite intersections 
of the tangents to the ellipses at their vertices. Then the fifteen other 
possible points of inflexion of a cttbic inflected at the four imaginary inter- 
sections’ of the two hyperbolas are the common center, the two points at 
infinity on the axes, the four real intersections of the two ellipses, and the 
‘eight imaginary intersections of the circle with the ellipses. 

Another symmetrical construction is obtained by projecting one pair 
of the given points into the circular points. Then, the pencil of conics 
through the two pairs of Imaginary points is a system of coaxial circles, the 
real line-pair consists of the radical axis and the line at infinity, and two 
vertices of the self-polar triangle are the limiting points of the system while 
the third vertex is at infinity on the radical axis. A pair of circles, each 
having one limiting point as a center and passing through the other limiting 
point, intersect on the radical axis in two vertices of the quadrangle of real 
points. A second pair of circles, having these vertices as centers and 
passing through the limiting points, determine four other points (z) on the 
first pair. The lines joining these four points to the limiting points, pass 
through the remaining possible points of inflexion of cubics inflected at the 

* Draw a line parallel to AP, intersecting the real line-pair and the hyperbola with 
AB as transverse axis. The center of the involution determined by the two pairs of points 
of intersection is a point on the hyperbola having AP; and AP» as asymptotes; and it is 


known that a hyperbola can be constructed when the a and one point on the 
_ curve are given. 
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_*four given imaginary points. This gives a unique construction when the 
two pairs of imaginary points are taken as the intersections of two circles. 
See (Fig. 4), where to complete the symmetry the two given circles are 
drawn equal. | . 


y’ 


S `~ 
e ac 7 
o] > Dx 


Firg. 4. 


For the proof of the construction project (+ 2, 1, 1) into the circular 
points and change from homogeneous to. Cartesian ‘codrdinates. The 
equation of the system of coaxial circles is then 


a? + y? — Dy +=, 


with 2y — 1 = 0 as the radical axis and (0, 0), (0, 1) as the limiting points. 
The two circles each having one limiting point as center and passing through 


the other are g 
Sea. ey 


and these circles intersect on the radical axis in (+ 143, 4), or (+ v3, 1, 
— 1) in the homogeneous coérdinates given by z = y— 1. The second 
pair of circles having these two points as centers and passing through the 
limiting points, namely, - 


(a —$v3)?+y-7iP=1, titil e 
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determine on the first pair the points 
G13,-4%, (-$¥8,-), G39,  (— $3, 5,8), 
or 


(N8,- 5-3), (— ¥8,-1,- 3),  (¥8,3, 1), (— V8, 3, 1); 
and the lines joining these four points to the limiting points are 


\ ` l t perem p — i = 
zt Voy = 0, ae td 0, z+ Ve = 0, z+ ae 0. 


Kad 


§ 2. GIVEN QuaprancLe—Two REAL AND A Pam OF IMAGINARY POINTS. 


Let four MRA two real and one imaginary pair, to be taken as points 
of inflexion for a cubic be determined geometrically as the intersections of 
two real lines with a conic (Fig. 5). It is then known that the common 





Fig. 5. 


self-polar triangle for the pencil of conies through the four points has one 
real vertex, the intersection of tħe two given lines, and one real side, the 
polar of the real vertex with respect to the given conic; while the two 
remaining vertices and sides of the triangle are imaginary. 

"The study of the cubics with two real and a pair of imaginary inflexions 
fixed. is correlated with the preceding study of the cubics with two fixed 
pairs of imaginary inflexions, by choosing the four points as (v3, 1, + 1), 
(1, v3, + i) 


(1) Determination of the Five Points. 


The procedure followed-in the case of the two pairs of imaginary points 
shows that the cubics with the four given inflexions have six common 
inflexional axes, namely, the three pairs of side of the given quadrangle, 


a — By = Q, t — — y = 


taa + wy +z = 0, — twt Hey t z = 0, (o = I). à 


Also as before a fifth point of inflexion is. one of three: the real point A 
(0, 0, 1) or either of the pair of imaginary points B (t, w, 0), C (—2, œ’, 0). 
* See page 263. 
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Consider first a cubic with the real point A as a fifth point of inflexion. 
The cubic has two imaginary inflexional axes through this point; and the 


equation is consequently of the form 


(awe t wy + z) lae + wy — z) + ay) 

+ Al twa + wy + 2)(— twa + wy — Nore 8y) = 0, 
where a, 8 are a pair of complex numbers. Accordingly the remaining four 
inflexions are at ° 

(a, — 1, twa + w’), (a, — 1, — twa — w’), 
(8, T y 1B me w), (6, eal L E tah zE w), 
where, in order to satisfy the conditions of collinearity imposed on every 


group of inflexions of a non-singular cubic, that is, the conditions repre- 
sented by the scheme 


(3, l, 1), (6, E i — iwp zA w), (a, non 1; iwa T w*), 
(6, E 1, ww b co a), ( v3, l i D; (a, Hii i — iwa — w), 
(1, v3, t) (1, v3, ~~ a), (0, D, 1) 
either a = — i, 8 = i, or a = 4(— i — 443), B= 4G — 43). 


If a = — 1, 8 = 1, the four points are (i, + 1, + 1) in agreement with 
the results in the preceding case. If a = +(— i — 418), B = Hi — 443), 
a second set of four points is obtained; but since the computations involved 
are complicated it is advantageous to apply a linear transformation by 
which the original four points become 


(0, 1, — 1), (— 1, 0, 1), (1, — w, 0), (1, — af, 0). ° 
Then the fith point is (1, — 1, 0); the remaining four are either 

(0, 1, — w), (0, 1, — œ’), (— w, 0, 1), (— «a, 0, 1), 
or o | 
das Wa este 9 i ee S 
and the IAT EET NA pencils of cubics may be written as 


8-H y + 28 + dAayz = 0, 
wb y+ 2° + Ba + y) + ela + y) + l + 2) (y + 2) = 0. 


Similarly if either B or C is the fifth point of inflexion, there are two 
distinct pencils of cubics; but, since the four pencils thus determined are. 
imaginary and consequently of interest in this discussion only to give sym- 
metry to the results, their equations and the codrdinates of their remaining 
points of inflexion are omitted. 


Ld y. 


* 
cd 
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The cubics of the three pairs of pencils have in all only nineteen points . 
of inflexion, and these have the same relative positions as the nineteen for . 
the three pairs of pencils determined by two pairs of imaginary inflexions. 
Hence, it follows that, with the proper interchanging of the words real and 
imaginary,the theorems stated on pages 264, 265, and 266 hold for the cubics 
with two real and an imaginary pair of fixed inflexions. The constructions, 


_ however, because of the great number of imaginary elements involved 


become almost entirely theoretical. 


(il) Related Quartic Curves. ` 
The equations 
P, = 8+ y+ B+ rays = 0, 
Pa =e + P+ B+ daa? + y’) + 82a + y) + et z)(a@t+y) = 0 


represent two pencils of cubics having in common three real and a pair of 
imaginary inflexions. Every value of \ determines a definite curve in each 
pencil, and the elimination of \ between the two equations gives 


ZL + y+ aye ty + 2) — Beyla + y?) ~ Bayel + y= 0 


as the locus of the intersections of the two curves. - Three of the fixed inter- 
sections, namely, one real and the given pair of imaginary inflexions, are on 
z = 0; hence this line is a part of the locus only because of the two curves 
of which it forms a part. The remaining two fixed inflexions and the four 
variable intersections lie on the quartic 


BL y+ AEH y +2) — Beyl + y?) — Beya(u + y) = 0. 


» The remaining two fixed inflexions are‘(0, 1, — 1), (— 1, 0, 1), where the 


quartic has nodes with tangents l 
+iz+y+2= 0, g + ty + z = 0; 


and these lines are the inflexional tangents common to the two cubics 
considered when A = + 3t. Thus the binodal quartic is the locus of the 
four variable interesections of the two curves of P, and P, having the same 
parametric value. 

The two sets of four points . 


(0, Į; = w), (0, I, ta w), (= 0, 0, Ib (= W, 0, 1); 
(— I, WÊ, — 1, 1), (— l, w = L 1), (a? — l; g Lj 1), (w — 1, ely 1); 


completing the inflexional groups of P, and P, are on the quartic; and these 
together with the two double points (0, 1, — 1), (— 1, 0, 1) are the complete 
intersection of two quartics 


(we + y + aae + y + z) + wy + 2)@+ wy +2) = O, 
vy(z + x) + y) = 0, 
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each composed of two pairs of lines, one pair — each of the double 
*points. Accordingly l . 


(we + y + zle ty + zlet wy + zlet wy + 2) 
+ uyl + r(e + y) = 


is a pencil of binodal quartics through the eight points and two nodes. If- 
the second pencil of cubics is written 


Py = a8 + y+ E H Bel + y®) + 3e y) + A— țel 2) (y+ 2) = 05 


where n has any real value, a different quartic of the pencil corresponds to 
each chosen value of n, that is, the manner of writing the equations of P, 
and Pz can be so varied that every quartic of the pencil m&y be found as 
the locus of the four variable intersections of the two cubics with the same 
parametric value. The two reducible quartics corresponding to p infinite 
or zero are obtained respectively when n = © op n= 3. Lin= œ, Py 
breaks up into three lines. Ifn = 3, the two cubics have the same tangents 
at the two common imaginary inflexions (1, — w, 0), (1, — w’, 0) for every 
value of `; and all their intersections lie at the five given points except 
when the cubics have a common linear factor. In the study of non-singular 
cubics these two cases are excluded, and hence the following result can be- 
stated: | 

There are two, and only two, pencils of cubics having in common three 
- real and a pair of imaginary inflexions; and the locus of the four variable 
intersections of the two corresponding curves is a binodal quartic passing 

through the remaining inflexions of-the two pencils, the two nodes being 
at the two real inflexions not collinear with the two common imaginary, 
inflexions. 

In further consideration of the geometry on the pairs of cubics and the 
resulting quartic curve it may be noted that three of the nine intersections 
of the two cubics lie on a line, hence the remaining six, the six on the miare 
lie on a conic. The equation 


Py — Py = 3 + yH eH y) +.d2(e P ET, 


represents a pencil of cubics consisting of the line and a pencil of conics. 
Every value of A determines a curve of Pı and P and a conic through their 
six intersections on the quartic. The pencil of conics passes through the 
two nodes (0, 1, — 1), (— 1, 0, 1), and the two points (1, + 1, 0) where the 
line 2= 0 is intersected by the nodal tangents 

; dat y + z= 0, ekwyte= 0. 
Thus the four variable intersections of the two cubics are cut out on the 


e ~~ 
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binodal quartic by a pencil of concis through the two nodes and the two, 
intersections of the nodal tangents collinear with the two common imaginary 
inflexions. 

When the points (1, + 7, 0) are projected into the circular points, the 
special case arises where the four variable intersections lie on a circle through 
two of the common real points of inflexion. It may also be noticed that, 
since the four variable intersections of the two cubics and the two nodes 
- of the quartic lie on a conic, the four variable intersections subtend at the 
‘two nodal points pencils of lines with the same cross-ratio. 


§ 3. GENERAL CONCLUSIONS. 


For symmetry the cubics with a fixed quadrangle of real points of inflex- 
ion are considered, although every such cubic is imaginary. Choose the 
four points (V3, + 1, + 1). Then the six fixed inflexional axes are 


i 
z =0, z + —g = 0, a-t v3y = 0; 
ý WB : 


and a fifth point of inflexion is any onè of the three 
(1, 0, 0), (0, 1, 0), (0, 0, I): 


It follows that a cubic of the system with an inflexion at (1, 0, 0) is a member 
of one of the pencils 


ME E + AG? — 422) (v+ <7) a0 
- (ot — BP — iV HAE = 40) (y -a ) = 0; 


and similar results hold with respect to (0, 1, 0) and (0, 0, 1). Furthermore 
the six pencils have nineteen points of inflexion associated as in the two 
preceding cases. Hence the theorems already stated (pp. 264, 265, 266) are 
applicable to this case also, that is, for cubics with any fixed quadrangle of 
inflexions” the following thebrems hold: 

t (1) If four points of inflexion of a plane cubic, no three collinear, are 
fixed, a fifth point of inflexion is fixed as one of three, and the complete 
group of nine is determined as one of six; or in other words, 

(1’) A quadrangle of inflexions determines a system of cubics consisting 
of six syzygetic pencils, and every two of the six have a fifth point of inflexion 
in common. . 

* Provided, as stated on page 261, that if imaginary the points enter by conjugate pairs, 


+A: Wiman, Nyt Tiddskrift for Mereniatig (1894); also W. Burnside, Proc. Kondon 
Math. Soc. (1906-07). 
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. (2) The remaining points of inflexion of the cubics with a common 
- quadrangle of inflexions form a group of fifteen, consisting of the three 
diagonal points of the common quadrangle and the vertices of three other 
quadrangles with the same diagonal points, each of the three new quad- 
rangles having one pair of sides in common with the original quadrangle. 

(3) The fifteen other possible points of inflexion of a cubic with a fixed 
quadrangle of inflexions are the three diagonal points of the fixed quadrangle, 
and the two points on every one of the six sides of the quadrangle equi- 
anharmonic to the diagonal point with respect to the two fixed points on 
that side. 


f 


NORMAL TERNARY CONTINUED FRACTION EXPANSIONS FOR 
-THE CUBE ROOTS OF INTEGERS.* 


By P. H. Davus. 


INTRODUCTION. 


The problem of finding rational approximations to a cubic irrationality 
by means of a periodic expansion was first attempted and partially solved by 
Jacobif in 1868. Jacobi devised an extension of continued fractions, which 
enabled him to determine rational approximations to the mutual ratios 
_ of three numbers of such a nature that any approximation (An, Br, Cr) 
could be expressed in térms of the three preceding ones by means of the 
recursion formule, 


An za a ae + QnAn—2 T An- 
(A) : B, a Pn Bni + Qa Bn— +- By-3, 
l Ch = Pr Cn—ı -+ Gu Cr—-2 + Crag 


He further showed that if the three numbers be taken 1 : 0 : a + b0 + c6, 
where 0 is the real root of a rational cubic equation of negative discriminant, 
that is, one with one real root, the expansion may become periodic, and in 
actual pumericalcases does so. It has been proved by Bachman, however, 
that this periodicity, using Jacobi’s method of selecting (Pn, qn), can not 
exist unless a certain limiting condition be satisfied. Berwick§ has obtained 
periodic expansions for cubic irrationalities, but his algorithm differs from 
Jacobi’s, and has the disadvantage that the transformations involved are 
not necessarily unimodular and may be singular. Lehmer,{ instead of 
starting with a cubic irrationality, started with a periodic expansion and 
found associated with it a definite cubic irrationality. 

Closely allied to this problem, in the case when 0 = WD, is the solution 
of the Pellian cubic 


(B) F(a, y, 2) = & + Dy + D — 3Dayz = m. 


The value of F(a, y, z) can be expressed in several other ways which we 





* Since this article was submitted for publication, the results have been extended to 
the roots of the more general cubic Sanaton z? Y- pr? +qe+r=0. These resultg will 
be the subject of a later article. 
t Jacobi, C. G. J., Ges. Werke, VI (385-428). 
t Bachman, P., Gidle. Vol. 75 (1873) (25-84). 
$ Berwick, W. E. H., Proc. London Math. Soc. (Ser. 2), Vol. 12 (1912) (893-429). 
T Lehmer, D. N., Proc. Nat. Acad. of Sciences, Vol. 4, Dec., 1918 (860-864). 
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Shall find useful. As a determinant 


i | a Dz Dy 
(C) F(a, y, 2) = x Dz. 
z y z 





Or as a product of three conjugate factors 
(D) Fa, y, 2) = (@+ y8 + 26") (a + oby + wz) (x + by + w6?2), 


where w is an imaginary cube root of unity. Dickson* in his History of thé 
Theory of Numbers describes briefly the work done along this line. Tables 
of solutions have been computed by Meisselt for D < 82 (although he did 
not publish his table) and an incomplete table by Wolfet for D < 100. 
This latter table has been used in computations made for this paper. 

The object of this-paper is to show that by a suitable choice of (Pn, dn), 
Jacobi’s method may be modified, and that the modified expansions bear 
close analogies to ordinary continued fractions. This leads to a definition 
of normal ternary continued fractions and an attempt to compute a table 
of such expansions for the cube roots of integers. 


If %4, vi, w, be any three numbers, we define a ternary continued fraction 
expansion for them by the equations 


Unt1 = Un — Pra, Unt. = Wn nlln, Wn- = Uns 


where (tin, Un, Wn) is called the nth complete quotient set, (Pr, On) the nth 
partial quotient set and (A,, Bn, Can), as defined by equations (AJ of the 
introduction, the nth convergent set to the ternary continued fraction 


Vy, Wy 


(2 2 )= (Pis qi; Po f2; Ps, Ya, >’ aJe 
The following set of relations connecting the first and general complete 
quotient sets is fundamental. 

THEOREM I. If u, 01, wi, any three numbers, be expanded into a ternary 
continued fraction, and tf 01, n = Un[Un, O2, n = Waltin, and (An, Bn, Cn) be 
_ the nth convergent set, then 


‘ E Bao, nyi + Bnat, nyi + Dia 
Lek m Se e ee ge ae a ae 
Ans? ntl + Ånn n+i + Ano 


and 
" 021 = Casa, a4) + Cr 1, n+1 + Ch—2 ; 
AnTz, npr u Ano t, nti + Anz 
* Dickson, I L. E., Vol. II (593-595). 


+ Meissel, E., Program, Kiel, 1891. 
t Wolfe, C. (work done at the Univ. of Calif.; not yet published). 


‘Daus: Normal Ternary Continued Fraction Expansions. 


The defining equations may be written by combining them, 


‘oe 7 Vn = Unt + Dn Wnt 
a . Wn = Unti + GnWn4-1 : 


defining a unimodular collineation, and we can write 


ui = Anun t An—10n41 + AnWnyi 





























(2) y= Bnn -+ BpmiUn41 + Bn Wnai 
wi = Cn—2Un-+1 TGr CnWnpi 
where 
-_ ° | An» At An n 0 0 1 
B, 2 Bri Bhp = 1 0 Pn |.: 
Ona. Crer Ca 110 1 Q 
Now 
An» Án Án 0°0 1 Ani An An—2t Panpin F np1An 
Br Bri By xi1 0 Pri |= Bri Ban Brot Pry Brit gny Bn 
Cn n—l Cn 0 1 Gn+1 Ch oF Cn—2 T Paya C. —ı+ Gn+-t Cr 


from which we have the recursion formule for convergent sets 


An a DnAn—1-+ Gnn + An—3 
(3) , B, wo Dn Bn + Qn Bn + Brn 


Ca == Dr Ori + dn Ch—2 +- Can—3 
with the initial conditions SE. 
ae As Aa Ag 1 0 0 
B Ba B gi = 0 1 0 $ 
i C Cı Co 0 0 ij- 
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In actual calculations we interchange rows and columns and compute 
successive convergents by the recursion formule (8). From equations (2) 
by division to make the expressions non-homogeneous, we have the equa- 


tions stated in the theorem. 
By solving equations (2) for Unyi, M41, and War, we have 
l Unti == Cn + bn—201 + On—2Ut, 
(4) - Ong = Cp—1Wy + bni + an~t, 
Wrtt = Cn Wy + bn V+ Gn Ur, 


vo 


where Qn, bn1, etc., are the cofactors of the corresponding elements of the 


determinant in (2). Dividing 2,41 and w,41 respectively bY Unsiy WE 


as & 5 
COROLLARY. Under the conditions of theorem I 


, TE CnF2, 1 pn bn, 1 F an i 
EE E E T ene E 
5 CrmoT2, 1b bn—201, 1 + Ano 
(5) ’ l 
Fi n= Crn—1T2, 1 + n—10 5, 1 + aai 
i i SS eS S E e e 
e Cn—202, 1 -+ bn—0 1,1 + an? 


obtain 
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The equations deduced in theorem I are independent, of the choice’ of 
(Pn) Qn). In order to extend the continued fraction algorithm it is desirable 
to have A, < Bn < Cr, and to have the A’s, B’s and C’s each form a 
positive increasing series of integers. Such an expansion will be called 
regular. . The defining equations may be written in the form 
Í R F Ol, ntl, 


O2, n T n T 
O29, a O2, n+l 





Ti, n = Put g 
Jacobi” chose Pn and qn as Loi, n] and [¢e, n] respectively, where the E 
[æ] denotes the greatest integer in 2. We notice that the equation defining 
ci, n is the defining equation for ordinary continued fractions, while that 
for €z, n 1s not. We note also that the expansion may remain on under 
other conditions, which we state as 

TororeM II. Lf ur, 01, wi, three positive numbers, such that ur < v1 < wi, 
be expanded into a ternary continued fraction, the laws of selecting (Dn, Qn) 
being Pn = [n/Un|, O < da = S Wn/tns and [qı = pı], then the expansion is 
regular as defined above. 

This selection of (pa, On) i is such that Un; Uns iid Wn are always positive, 
as well as p, and g,, and from the recursion formule (3) it follows that 
An, Bn, and Cn each form a positive and increasing series of numbers. 
Since A; = 1, By = pı, and Cı = qı, we have 


Asb - 
Also Ay = = qm, Ba = pige + 1, Co = qiga + Pa, and since pı Z 1, p: = 0, 
and gı = pı, we have l ° 
Ag < Bs = Co, 


the dn sign holding if pe = 0, gg = 1 and qi = pı + 1, for if qi > Py 
then qı 2 pı + Land C: 2 (pı + Doe + p2 = Bo. The equality sign also 
holds if qı = pı, for in that case (since w, > tu) v > w and consequently 
p = 1 and Co È qiqa + 1 È Ba. Now e 


AÁ; = qÁ? -+ pzÁı =O, 
B; = qaB: + p3Bi + 0, 
C3 = 13 Ca + p3sCy ot, 


Therefore A; < B; < C3, and in general A, < Bn < Cn forn Z 3. ; 
Although the above conditions are sufficient, they are not necessary.. 
One exception is that qn may be zero, provided that p, be large enough. 
An important case of a regular expansion is one which may be con- 
sidered as an extension of an ordinary continued fraction, in which the 


* Jacobi, C. G. J., Ges. Werke, VI (385-426). 


il 
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partial quotients are palindromic.* In this case, however, we define a ` 
skew-palindromic expansion as one in which the q’s are palindromic and the 
p’s, omitting the first, are also palindromic. 

Turorem ILI. If wm, v1, wi, three rational numbers, relatively prime, be’ 
expanded into a regular ternary continued fraction, then the necessary and 
sufficient condition that the series ur, Uz,'++* Un be the series An, Án- e Aj 
di.e., Ar = Un-k41), where (An, Bn; Cn) is the last convergent set, is that after 
the first partial quotieni set, the expansion be skew-palindromic. 

By means of equations (1) we have 
j Uk = Wry = = pps T Vk42 
and consequently 
(6) Uy = Qepitlepa + Pryt? + Ukya 


The conditions imposed*on p; and q, may be written 


(7) l Pk S Pn—k43; qk = Gn—k+2- 


aa we have selected w1, v1, and w rational and relatively prime, we have 
= 1, n = Dn; and Wn = Qn 
i general . 
(8) Agi aes Qn—1-1An—k F (Lae Gc Poe -+ An, 

and in particular £p = () ; Ay = 1 = Un; As = Qo = Wn = Unt. The proof 


is by induction. Assume Ay = Up_x+1 for all values up to and including k. 
Then °° | 


`- (89 : Agi = GrpiAr + Prid + Ako 
and 
(6^) Unk = Qa—k41lin-k4l F Pn-kt2in-k42 F Unb. 


And by comparison, using our assumption and equations (7), we get 
A Aky = Unki 4l = Unk- 


And since Ay = Un—x11 for k = 0, 1, 2, it follows that it is true for all 
values of k.- 

Conversely if A, = uU,_x41 for all values of k, then equations (7) are 
true. For by subtracting equation (6’) from (8^) we have, using this 
assumed equation, . 


*(9) 0 = Arlle = Qn—k-+1) F (Pry — Pn—k+2) Aki. 

Since A, = qo, Gn = Un-1 and we have assumed Ás = un, it follows from 
(9), by putting k= n — 1, that ps = Pn. Assume qe = @n—ny-o and Prti 
= Pr—k42 for all values up to k. It follows by comparing ee (6’) and 


* A sequence of numbers‘is said to be palindromic, when it reads the same backwards 
as forwards. ° 
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- (8^) that | 
(kti = In—(k+1)42 
and from (9) 
Pktl+l = Dn=(e+1)-+2: ; 
Hence the theorem is true. 
As a consequence of this theorem, we state as a 
CoRoLLARY. Under the hypothesis of theorem III l . 


Ba saa Pin + An-1 and Ci = An F PrAn—t F An-2- 


By using the particular values wn.1 = 1, 41 = 0 and up 1 = Oin equations 


(2), we obtain 
An == Uy; By = Vi, DA = Wi. 


And since 0; = pitti + uz and wi = git, + Pouz Feuz, we obtain the equa-: 
tions stated in the corollary. 

After these preliminary considerations we come to ie following theorem, 
which is fundamental in the considerations of periodic expansions. 

Turore™m IV. If in a ternary continued fraction, the expansion become 
periodic after a finite number of terms, then o1,1 and oz, ı are roots of cubic 
equations with rational coefficients. 

If we think of the o’s as recurring, obviously the p’s and q’s recur, and 
conversely, if we think of the p’s and q’s as recurring, then the o’s recur 
also, for it does not matter which period we take to determine these cubic 
equations. i 

Consider first the case where the expansion is purely nodig Le.s 6 
where o1, 1 = 01, n41 and o2, 1 = C2, nyie Then from theorem I we have 


Baoa, 1 + Bamio, 1 +- Bra | Ta =7 Croz. 1 + Cn—01, 1 E Cn—2 ; 
Ando, 1 + An101,1 + Ans Ants, 1 =f An-101,1 +. ae An. 


Solving the first of these equations for o2, ı and substituting in the second, 


Ci, = 


we get - . 
g a a, Anci, 1 F (Bni = An2)61, it Br» 
: i Ant, LoT Ba : 
m 2 PAA 
Ca Sna 1t (Bai n Paan s a + Cy-101, 1+ Cr 
os Ant, 1 — Ba l 
+ An = Anai, : t Cam aces n—2)01, 1 F Dne : a a] + Ano l, 1+ An i 
Ant, cae Br 
And by multiplying up and combining terms we write 
. SES Paasi, 1 -+ (Qn2 at bn—1)91, i eas Ani 
Ta, 1 5 OO e 


‘ ~ Cn—201, 1 =F Cn—1 
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and equating values of v2, 1 


[— Ani0f,1+ (Bri — An-2)o1, 1+ Brol — ¢a-201, 1 + Cn] 


= [ Anot, ree Br || bn—20 i, 1 F (an2 — bn—1)0 E On—1,|- 
Finally ° : 
(10) Exo}, i+ Figi, EF Gio, i+ Hı = 0, 


where Ey = Anbpg — An—16n—2- 


Fy = Ann + Bnn- — An—2Cn—2 ~ Babn + Antn—2 — AnDn— 
Gy T Buair T Br-1Cn—t T An—2ln—1 iga Bnan— aE Bnbn—ı — AnQn—1- 


Brn —1 2a Bagina: 


xa 
m 
Í 


In a similar fashion by eliminating e1, ı, we get the following equation: 
(11) Eso, 1+ F093, i+ G02, 1 + H = 0, 
where E, = — Ey. j 

Fo = Anba + Cnbn—2 — An—bn-2 — Cn—16n~2 + An—1dn-2 — Anita. 


G> = C~20n—2 mt CrOn -+- An—2bn ce Cn—10n—2 + Urin or Ayn—14n. 
H, = Cait, x P: AF 


Í 


These equations have previously been obtained by Lehmer,* by. another 
method. 

If the expansion is not purely periodic, but say the «th set of a’s is the 
first to recur, then o;, , and oe, , are roots of cubic equations, and since o1, 1 
and op, rare linear fractional functions of o1, p» 02, œ 01,1 and ge, 1 are also 
roots of cubic equations. ` 
* Tn what follows we shall confine our attention to the case where oi, 1 = 0 
and dz, 1 = @, 6 being the real cube root of D, an integer, but not a perfect 
cube. It will be convenient to use as well as the complete quotient set 
(ttn, Un; Wn) composed of linear functions of 6 and 6”, the rationalized complete 
quotient set 


(Bi Un; Wn) = (an, An + Bnb -+ Yr, & n + Bn 0 + Yr), 


where Qn = Norm of u, ad 


(ah, + Bla + ish = AC), 
and é 
+ a, + gr + WHO) = Wr N (Un) 


The quantities ün, ŭn, and ©, may have a common integral factor, whichis 
not to be removed as was done by Jacobi.t (See the illustrative example 
after theorem IX.) 


Lehmer, I D. N., Proc. Nat. Acad. Sciences, Vol. 4, Dec., 1918 (360-364). 
tJ gobi, C. G. J, Ges. Werke, VI (885-426). 
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TuroreM V. If 1, 0, © expand into a ternary continued fraction which. 
ultimately becomes periodic, and if my be the value of the Pelan cubic for 
(Ax, Br, Cy), then the series my also becomes periodic. 

Suppose that there are ¢ non-recurring partial and complete quotient 
sets, after which the expansion becomes periodic, the petiod containing n ` 
terms. Then tern : Vn 2 Wipe = Utkin | Verein | Weretn (for all positive h’s, 
since the ratios involved are the roots obtained from cubics computed from 
identical periods). Since _ 


Wik = Utk- and Witkin = Uttkin—l 
we can write 


Utin Uti, Uttntd Vinti, 


Utin Ut Uit Vei 
PEARED a LEE EE ea ED 
Urtntil Wty Ut+2 Vitz 

ete. l 


It follows that eo a 
(12) Uitntk = Aus, (k = 0,1, ++: k) where À = in, and 
: ue 
Vitntk * Np k (k = 1, 25 oars k). 


By referring to theorem I, we have 





AipnWtynyl F A tin—Wetn+t + Atin etme =], 


and consequently 

MAnnWar F Arna + Atte) = L 
Therefore \ is a unit in the domain k(0); i.e., NA) = 1. Furthermore, 
_ beginning with k.= 0, N (ux) forms a periodic series of numbers. Also, ` 
if we consider the rationalized complete quotient sets, we have that 
(an, ast BLO + yP, ant B0 + 726") is identical with (iin, itn 
+ Binh + Vian, Chan id Biin® + Yren) for all values of k>t To 
complete the proof we shall show that 


‘ 3 8 
x Bis as Dy’ 
(13) Mire. = tbh tek z Att 


(Bitr Yttk — BrteVerk 
and since the values of œ, and its constant multiplier are. unchanged by - 

‘ Increasing the AD by n, it resulťs that the series my is also periodic if 

k=. . 

By theorem I we have ° TEF 


B Blant Bt 0 Y r410?) + Bri (a gach Br sO+ Y 116") +B k—- 2041 

~ Alanat Be 0-7. AHA lat bb Hy Aa 
Te Ck (œ. TOE B10 + Y r10) HOi CH oT as Bi4id-+ gi +10") T Ck-2ak1 , 

ANER br +10 T yib) HAr (arit Bi8+ Yð P 
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Multiplying up and equating coefficients of like irrationalities, we get, ° 
dropping the subscripts on a, B, ete., Ti 


Cra” + Cra + Cra = DAB” + Ddinb = DByy”’ + DB’, ` 
(14) Bol! + Bria + Broa= Crb” + Crap = DAyy" + DAy17'; 
Ara” F Arai + Ara = Bap” Ae Bra = Gey” F Cray’. 


If we eliminate œ” and a’ from the first set of the above equations, we get 

















C, Cr- D4” + DAy18" i Cr—Q 
(15) |B, Brea Ob” + Crab — Bial = 0 = pA + B'A — Q, 
A; Ari BiB’ + Brab — Arsa 
where : 
Cr Chr DAs) C, Cyr Dár 
~-Ar,=|B, Birr Cri, Br Bra Cri], 
Ax V: E ; Bul A; Ap By 
and 
Cr Ora Cre 
B, Bra Bral = 
| Ax Ar Ar 





By use of the values of Cz1, Br- Arı obtained from the second group of 
equations au , we can reduce A; and A; to functions of my and the coeffi- 
cients a, B’, =+- ete. 


1 | Cr DA; DAry” -> DAs — 8” Ck 






























































A; = g By Ce Ciy” + Cry — BB, 
Å; By Bry” + Bray 4 BY A; 
y’ C;, DAx- Då | 
P B} ©, Cra 
Ay B; Byl 
y C, DA, DB” + DByay’ — DAB" 
Sa 8” By Ce DAxyy" + DA4ray — Cab”, 
A; B; Cry" Te Cy iy’ IE B8” ; 
j yy” Ta Cx DA,. D Br Cy DA, DB, 
= — Te Mp + A Be Cr DAy-+|, |sincem, = | By > Cy, DAk 
E P | Ar Be Oral ` A, Br Cyl 
y'y” Cy DA, D COzy” F D Cray’ — DB,g" 
=. gt Me L By Cy DBiy” + DBz-1y' — DAB" 
b , Ár à d DAry” + DAraiy — OB”. 
s s 
B” l B” g” | . . ; ° 
Solving for Aj, ae 
: 1? ol Hal 
(13a) i Ay = a Marah Gh h Mks e 


A ; B’ — — D y“ 


. * 
d 
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and | - 
ngs = Ano F Ono + Cro’. i 
By erlid Unyi by its value, multiplying out and collecting addat, 
we get 
Uni i(Cn + Bid + 40) = Pit Q0 + Ri@ say 

= (Cran a DBy Cn T DAnbn—o) 

oe i (Crbn—2 A Brán- + DA, Cn—2)0 

l F (Cn Cn—2 + B, Dn—2 + AnGn—2) 6". \ 


Writing the vint as determiñants and reducing by means of (14! ) 
as was done ip thecrem V, we nave 











Ri = 0. | 
Cr Ch DA, 
Qi = Bn Bni Ca = A; = 0 
i An Ane} ° By 
Ca Cn—ı DB,- 
P: == Ba B,-1 DA, | = = Åz == I 
n Ansa Ch |- 





Hence equation (20) is true for k = 1, since we have just shown 


| = w = Uns i(Cn Es A): 








Similarly 
Unti (Cni + Beib Ani?) = Pe + Q26 + RP? 
co = (Cy —~18n—2 + DBy1Cp—2 + DApy—1bn-2) 
= : ar (Cp—10n—2 F Br—iän-? T DA,-1 Cn—2)0 
: ° x a ag (Cni Cn—2 + By-10n—2 sal Anin). 
Ro = 0 l : 7 
Cn Cai DAri 
Q2 Fn Br n—l n=l! = As =], 
An An- Dear | i 
C, Cra DB,-1 Cr Cna- DC, — DB,B” 
Pa a Ba Bri DA,-1| = B, Bni D B, — T ab” |= — B”; e p 
Ån An-1 C.-1 "tats Ån- DAn,~ C8 £ i 











Hence wnii(Cra + Bn—10 + Ani?) = — B” + 0, while w= — pı + 8. 
Since 8” = pais — po, it follows that in order that equation (20) be true 
- Data = Pı + po, Which we stated as a condition for a normal expansion. 
e - And again us = (tp. — qi) — ped +, 8°, while 


Unti(Cn2 F Bn0 + An6’) = P + Q0 + Bab? 
r= (Cn—20n— + D Bi» Cn—2 -p D Ay» bn—2) 
-+ (Cn—2bn—2 -+ Beati + DAn— Cn—2)0 
+ (Cr-2¢n-o + Brobraot An*etn-2)6. 
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oR; $= j 
l |On Cnt DAn2| | Cn Cra — DAna" — Dáma DO: 
Qs = | Ba Bai C2 a Ban Bas — lna” — ae zy DB, 
An Ant Br An Ant = Ba” = By T DA,, | 
on aA, = a’ Ao eee S a’, . ° 
Hence we must have ~ a! = — (pati — pi) = — Po OF Phi = Pı + py a 
condition of our hypothesis. 
Ce Cr DBr-» Cy, Cro — DBra”’ — DB,-10' + DA, 
: - P} = Ba Bni DA,» = Br Bni Eg DA,” ares DAy 100 -+ DC, 
An Ani Cah— | An Ån = ra = Caia + DB, 














= — aA; — a’ P + DA, = p” — a”. 
Hence we must have 


Dp — Qi = B” — a” i j 
= (Dati — P1) (Pre — P2) — (pipe — qı — Pilna F Qa41). 


Bens the conditions Pati — pr= po and Par, — Po = Pı, and solving 
for qay We have qayi = Pi + 2q1, a condition of the hypothesis, And 
hence it follows that equation (20) is true for k = 3, and hence for all 
values of k. Consequently, since N(tn+1) = 1, the proposed theorem is true, 
that is (Ca-xi1, Bn- An—zy1) Is a solution of 2+ Dy?+ D’8— 3Dayz= ap. 

It follows that the series of m’s is purely periodic, its period being the 
reverse of the period of ay. We may interpret n as the number of terms 
in any number of periods, for if the expansion is normal, then it is ‘normal 
whether we consider only one period or any number of periods. 

We state as a converse to theorem IX: If the expansion of 1, 6, 6? have i 
one non-recurring q and two non-recurring p's, after which it be periodic, and 
of ar = Mnp for all positive values of k, then the expansion is a normal 
EXPANSION. 

We saw in theorem VIII that, under the conditions of the hypothesis, 
the series of a’s is purely periodic, and that N(wm1)=1. If 
N (ud) = N(Cp—err + Ba—eurO + An—eyi6), then ur = MOn- + Bangs 
+ 4, 14167), where NA) = 1. If we put k = 1, this reduces to u = 1 
= X(C, + BO + A,6), from which A = Uny and 


Uk = (Gn—2 a bn—28 + Cn—20°) (Cn—k41 + Br—r418 T Ank). , 


But we have seen that this equation can not-be true for k = 2 and k = 3° 
unless Payı = Payo = Pı F P2 and gnii = pi + 2q. Further, we may write 
Urti = Unti(Cn% + Bras + Anh) in the form of equation (21), from 
which it follows that p = Pn—is and qr-ı = Qn~k+-3, and the converse is 
established. 
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. We give as an illustrative example the expansion for D = 13, showing 
the expansion when un has not been rationalized, and when it has. 


A B C 
i 7 I 0 0 
0 1 0 
a u v w P, q 0 0 1 m 
°. 1 1 Í 0 02,5 1 2 5 8 
5 —2-+ 0 — 9 + @ Jj 12 2 5 11 18 
12 —3— 9— ¢ 5— 26 —2+- 0 i, 1 3 7 17 12 
18 8-6. @ 1+ 29— @-3-6-@1,1 6 14 33 5 
8 —7-+36 — ll + 207 8§— @—@1,2 17 40 94 1 
1 —4—364+2@ 22— 70— @ —7-4-380 3,14 259 609 1432 § 
5 34+20—70? 49+450—286% —4—3864+2 3,2 575 1352 3879 18 
12 Pando ao Ei ee 12 
A=U Ü Ww 
Í 0  @ 2,5 as above 
5 6+360—@ 4+20+ @ 1,2 
12* 6-4-68 8&+20+20? 1,1 
18* 124-60 83+30+30 1,1 
8 7+36-—@? 2+20+2¢ 1,2 
ji l+- 0 5+20+ @ 3,14 
S 5 16+30-@ 4+20+ @ 3,2 
12 6-+-60 8+20+26 1,1 The period closes 


with the preced- 
ing set. 


An attempt has been made to calculate a table of normal expansions. 
A table of expansions from 1 to 28 appears at the end of this paper. Because 
of the arbitrary choice of q, several expansions, all normal, have been 
found in many cases. They have not, however, all been recorded in this 
table. : : 
The method of finding an expansion is largely experimental, and in 
most cases it is best to find a solution of the Pellian cubic for m = 1 first, 
and then to expand this solution. The rejection of incorrect choices of qn 
, 1s facilitated by theorem III, and the expansion is completed by the use of 
theorem IX. In the cases where a selution of the Pellian cubic is not 
available, these theorems help in finding such a solution. i 


* Note here that #, 3, wW have a common factor, which is not removed, otherwise theorem 
IX would no longer hold. 
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Abstract—A Kiirschék field is a field with a modulus (“bewertete Körper), in the sense 
defined by Kürschák in his memoir, “Ueber Limesbildung und die allgemeine Körper- 
theorie” (Crelle, vol. 142, 1913). This modulus plays, in the general field, essentially the 
same role as the absolute value in the fields of classical analysis, viz., real number system, 
complex number system,.etc. Kiirschdk proves that every Kürschák field determines 
(in the sense of isomorphism) a definite algebraically closed and perfect Kürsehák super- 
field, the smallest such superfield, being (in the sense of isomorphism) a subfield of every 
such superfield, This definite superfield is the (smallest) algebraically closed and perfect ` 
extension of the original Kiirschdk field. 

In the, present paper the author sets up- the notion compactness. This notion is 
analogous to M. Fréchét’s compactness and to the J-compactness in E. H. Moore’s General 


` Analysis. It is a generalization of the following property in the point set theory: ‘Every 


infinite set of points in a bounded domain has at least one condensation point. He then 


“studies the properties of algebraically closed and compact fields, and compactness under 


the adjunction of algebraic elements. Using Ostrowski’s results he proves the tlteorem 
that the smallest algebraically closed extension of a compact field is compact if, and only if, 
it can be obtained by adjoining a single algebraic element. The lastepart of the paper — 
develops a complete existential theory of the four properties: (1) of characteristic other 
than zero, (2) algebraic closure, (3) perfection, and (4) compactness. Out of fhe 2! = 16 
possibilities 11 are shown to be existent and the remaining 5 non-existent. 
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I. INTRODUCTION, ° 
1.1. Field. —Following Moore,* H. Weber,t and Steinita,f a field i is 
defined in the following manner: § 


D 1.1 = me (H ; -+ on BBIORIL6, x oni t08.3.4.57) ° . 


where P= [p] is a general class of elements p(Pi, Pa etce:); +, X are 
single-valued functions, + (pı; po) is a definite element p denoted. bye 
pı + po, etc.; and the properties numbered 1-7 are: . 


(1) pı + (po + ps) =T P2) + P3 
i a 3 i 
PıP2) Ps = Pi\PeP3 
(4) — Pip = DoD (Pi, D2, P3) 
| (5) pilpe + pa) = Pip + Pips 


Here (Pı, Pz, Ps) indicates that the a iá (1-5) hold for every choice of 
the elements pı Pa pa of the class $. 


(6) Pip.) Alp rpi+ p= pr 


Here. the meaning of the logical signs *)*, 3,1, and » will be clear 
from the following reading of the property:—-For every pı and po, there 
exists uniquely an element p such that pı + p =Po 
Hence, l i 

(6) -> a1lz*itip:):p+2= pipz = z. 7 
Here the notation z? redds “z belongs to the class J.” This unique element 
z is called the zero element of the field. f 


(7) I p#ÆRg: pÆ z p’) Al p? pip = pr, 


to be read “ There exsists an element p different from the element z (of 6), r 
and for every such element p, and every element pa there exists uniquely an — 
element p such that pip = Pa” 


_ * E. H. Moore, “A Doubly Infinite System of Simple. Groups” (Chicago Congress, . 
1898, pp. 208-242), p. 210. This paper will be referred to as M. © 
+ H. Weber, “Die allgemeinen Grundlagen der Galoischen E E ER, > (Mathe- . 
matische Annalen, 48, 1893, pp. 521-549), p. 526; also “‘ Algebra” (II edition, 1898), Vol. I, 
p. 492. 
t Steinitz, “Algebraische Theorie der Kör per” es 137, 1910, PP. mea p. 172. 
This paper will be referred to as 5. l l ° 
i §Eor postulational definitions of a field see: 
L. E. Dickson, ‘‘Definitions of a Group and a Field by Independent Postulates”’ 
(Trans. A. M. S., Vol. 6, 1905, pp. 198-204), p. 202. 
E, V. Huntington, “Note on the Definitions of Abstract Groups ad Fields by Sets of 
Independent Postulates” (Trans. A. M.S., Vol. 6. pp. 181-197), pp. 186, 191. This paper `” 
also contains a bibliography. 


© 


GOKHALE: Concerning Compact Kiirschak Fields. 299 


This property ‘can be easily seen to be equivalent to the following: . 
(7) apæ#z:awə[p') pu=p:p#z)' a p epp =w] 

| Also, we have 
(7o) alw ap’) pu =p : pi Æ z Ppi = 2 :): m= 


This element w is called the wnit element of the field, and the element (which 
ecan be easily seen to be unique) p’ associated with p in the second part of 
7’ is called the reciprocal of p. . 
Hereafter we denote the elements p of the class $ of a field not by p 
but by f (fis fe, ete.). 
1.11. Characteristic.—A field of characteristic p, in notation §? is defined 
in the following manner: * 


D 1.2 Dr: =: F a n? nu = zep = the smallest such n. 
By using the properties of the field it can be proved that in this case, 


(1) p is a prime. 
(2) F= z:):nf= z~n ='a multiple of p. 


On the other hand, for every positive integer m and a prime p, there existsT 
one and only one finite feld, the so-called Galois field [p”], with char- 
acteristic p, 
Fields without any such chąracteristic are said to be of characteristic 
zeroi notation e. Henceforth in the notation §? we shall understand 
p to be an indefinite prime number. Thus every field is of the type ° or Ẹ”. 
: 1.2. Algebraic closure, algebraic extensions—An algebraically closed 
field Ș, in notation %4, is thus defined: t 


D13 Stirs i is: 
motu a afer +hgeitt th =e. 


An element j algebraic with respect to Y, in notation j*** is defined as: § 


Did ji = : (j, §) 29": at Fao fn)?” 
(x +. fair +. -+ fn J reducha in Š - J” -|- Pare oto ep 


This unique integer n is called the eae of j}. Here 2 is an indeterminate, 
and j belongs to a field §’ cantaining Ẹ as a subfield, in notation, §’ > Ẹ. 
e Steinitz has shown|| how to extend a field by the adjunction of an 


*§,p.181. Cf. also: J. Kénig:—Binleitung in die allgemeine Theorie der algebraischen 
Grössen (Leipzig, 1913), p. 408. König uses the terms ‘‘orthoid” and _“pseudoorthoid LOR 
fields of characteristic zero and p respectively. 

1M, p. 211. 

18, p. 260. e 

§§, p. 183. 

US. p. 197. $ 


300 i GOKHALE: Concerning Compact Kiirschak Fields. 


algebraic element j. This extension of.a field Ẹ, in notatien (4), is the 
extension ‘in the sense that it is the smallest and unique (in the. sense of 
isomorphism). He also shows how to get the extension which reduces 
completely a given polynomial ¢ irreducible in §§. Steinitz alse proves:* 


Thm 1.1 ei)i3 GON 3 IA HUE OF ey D ay 


This field 3’, unique in the sense of isomorphism, we denote by Bat. 
the (smallest) extension of Y having the property A. 

Every field ğ has one and only one prime subfield t Po; Pois isomorphic 
with the rational number system or the integral number system taken 
modulo p, according as § is of characteristic 0 or p. By absolute algebraic 
field, in notation R, we mean the algebraically closed extension of such 
a prime field Po Í 

A field 3’, algebraic extension of X, in Heinen vee? is thus defined as: § 


D15 Bay, Hi: Fo GPE 


Note: The negative sign denotes the absence of the. property. Thus 
the last implication should be read: If f’ does not belong to %, at is algebrate 
with respect to Ñ. 

1.8. Kiirschak Field.—A Kiirschak field, in notation St, is as defined: || 


Di6 = (g; mre 4484, 
where % denotes a field, 2['"=° the class of all real non-negative nurhbers, 
and the properties 1—4 of the single-valued function || || (which will here- 
after be called the modulus) are:— 
(1) Sieg ee || gl 0 l 
(2) IEA L= TAM All e ull s ‘} 
(Fi, 2). 
(3) lit fell SAM + lhl G 
(4) ASSAI s A 


Hereafter we designate the elements of R not by f but by kliki, he, a 
1.4. Limit, Perfect Extension.—A limit k of a sequence kı, ke, +++ in 
notation {k,}, is thus defined: f 


D 1.7 L ka = ki = i(k, {ka})? L || k — kp || = 0. 
* S, p. 287. i 
7 S p. 180. 
tS, p. 199. 
' §5, p. 198. œ 


|| J. Kürschák, “Uber Limesbildung und allgemeine Körpertheorie” (Crelle, 142, 
1913, pp. 211-233), p. 211. This paper will be referred to as K. 
q K, p. 222. 
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Asan immediate consequence of the definition, 
Thm 1.2 Lkn = Be Ly = K : jekk CEEL 


The usyal properties of limits, for sas tanices if a sequence has a limit, 
every subsequente has the same limit and conversely; the sum of limits 
equals the limit of the sum; etc., follow in the usual manner. 

‘A Cauchy sequence {kn}, or {kn} satisfying the Cauchy condition:’ in 
notation {k,}°*: is: 


D 1.8 {len ee i= i {kp Jitter): ame"? ‘n> ne.) . || Ba — bea, 





- 


Here, ; as furthet, e is a real positive ‘number. As an immediate consequence, 
we haye ` 
Thm-1.3 a Lkn Aes 

r- The converse however is not true; e.g., in the field of rational numbers 
vith the absolute value as modulus, not all Cauchy sequences have rational 
limits. A field Ro or a subclass Ro (not necessarily a field) of a field R for 
which the converse holds is called perfect: in notation Rọ. Thus the defini- 
tion of perfection is: * 


D19 RE =R S 29: {kon}: ) a ko? L kon = ko; 


in E definition (as ce further, where necessary) we denote the elements 
of Ro by Èo (ko Kos, ete.). 

By a method analogous to G. Cantor’s in building up the real number 

§vstem from the rational numbers, Ktirschék has shown{ how to extend a 
Kiirschak field so as to make it perfect. The smallest such extension 
(unique in the sense of isomorphism) of a R we designate notationally by 
- Ra: the (smallest) extension of R having the property P. — 

Given a R? and 7", Kiirschak defines || 7 || so that R(j) is a Kürschák 
field: f in notation RG). Defining in R, the modulus of every element 
algebraic with respect to 3 in the same manner, we have RE. Making 
this perfect, we get:2t7,, in the sense (9t,)p». Kiirsch4k then shows§ that 
Map is algebraically closed. If we start with any Kiirschék field J, we 

 -* EK, p. 228. 

7 K., p. 228. - 

. İK, p. 245. Kürschák defines || 3] to be Jait”, where fa is the fa in D 1.4. A. 
Ostrowski in his “Uber sogennante perfecte Körper” (Crelle, 147, 1917, pp. 191-204), 
p. 196, and “Uber einige Lösungen der Functionalgleichung y(xy) = (x) e(y)” (Acta 
Mathematica, 41, 1918, p. 271-284), p. 280, has shown that this is the only possible 
definition of || 7|{. 


These papers will be referred to as Oa, 0s E E l 
'$ K, p. 251. l . 
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x must first make it perfect and then follow this process. Thus: ` 
R -RE -> RA >* RiT. 

Kürschák’s final theorem is thus: t å 

Thm 1.4 a eee ea eee e a A Rear l 


This perfect and algebraically closed extension of R we shall denote by 
Rap ¢ or Rpa- 


II. COMPACTNESS AND ALGEBRAIC EXTENSIONS. 


2.1. Compactness.—In classical point set theory we have the theorem 
that every infinite set of points in a bounded domain has at "least one con- 
densation point. A similar property for a general class for which the limit 
function exists is defined by Fréchét.t Classes having this property are 
said to be, according to his nomenclature, compact. The following defini- 
tion of compactness in the case of a Kiirschak field is naturally suggested 
as analogous to this definition of Fréchét and the definition of J-compactness 
in Moore’s theory. g 

:- A subset (not necessarily a field) of a Kiirschék field is said to be compact 
af every infinite sequence of elements of the set such that the (smallest) upper 
bound of the modulus is finite, contains at least one Cauchy subsequence with 
ats limit element in the set. 3 

. In notation: ; 


gem: = i NR 1: {kon} ? Ë || kon || < © 
: DE 3 (ko, {Nnm a mon. ine.) > L kon, = hoe i 


S 
bo 
— 


Here as in D 1.9 Reo is a subset not necessarily a field of a Kiirschak field 
R; and {nm} is a properly monotonic increasing sequence of positive integers 
n. This property denoted notationally in the above definition as pr. mon. ine. 
is thus defined: 


D 2.11 { nm } PE: mon. ine. ; = } fnm} 12: Mmi > Ma”) Am, > nm 
2.2. Compactness and Perfection.—We now prove that: 


Thm 2.1 | Roer- ) + RE. 


* In his theses, “Uber einige Fragen der allgemeinen Kérpertheorie”’ (Crelle, 143, 
1913, pp. 255-284), p. 284, A. Ostrowski dinds under what conditions this step is necessary* 
He afso shows (p. 260) that the algebraically closed extension of Hensel’s p-adic numbers 
is not perfect. This paper will be referred to as Ôi. 

TK; p. 251. ° 

tM. Fréchét, “Sur quelques points du calcul fonctionnel” (Rendiconti del Cire. Math. 
d. Palermos 22, 1906), p. 6. 

8 E. H. Moore, “Lectures on Matrices in General Analysis” (University of Chicago, 
1919-1920). j 
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, Proof: Consider a Cauchy sequence {kon}. Since it is a Cauchy se-. 
quence, l 
e) Inn D ne’) || kon — kon, || < e. 

Therefore for such an n, || kon || lies between | || kon, || — e | and || kon, || + e. 
Hence B || kon |" < 00. Therefore by compactness we have a subsequence 








having a limit in Ko. Hence the original sequence has the same limit in 
Sy. Hence the theorem. | 
Note: The converse of this theorem, however, is not true. See Thm 
2.3 below. Compare also theorems 3.3 and 3.4 in the next section. 
2.3. Compactness and Algebraic Closure.— 


Thm 2.2 Remta = O:): ake || k| = a. 


Proof: The theorem is obvious when a = 0 or 1, the corresponding k 
being z and u respectivety. When a is neither the proof is as follows: 

By D 1.6 property 4, there exists an element whose modulus is neither 0 . 
nor 1. Let this element be denoted by ko and let its modulus be £. 

By the theory of the real number system 3 {ra} > L E" = a, where 


{tn} 1s a sequence of ordinary rationals r. Hence by M4, 


4 {hie} B || ke <0; 








Therefore by R”, 


e > 
and || || = L || hg 


J (k, Í Fijn | P" on. ine.) 3 L kn = k 
|= LE = a. 





Using Moore’s results,” Steinitz proves: f 
Thm 2.3 | Ff? £Azr:) amf u= na. 
We shall use this theorem to prove: 
Thm 2.4 aaa) E | Oa 


Proof: We shall give a direct proof of a contrapositive of the theorem, 
viž; 


RA) geot, 


Every 9°“ contains $?, the absolute algebraic field characteristic p. 
Consider {kp}, By theorem 2.3 we have: 


= | nealka = 0 or | &a ([¢ = 1, _ 2 
where q = p” — 1 in theorem 2.3. Hence B||k,{|=1°°.< œ. But 
TS, p. 251. 2 
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ethis sequence cannot have a Cauchy subsequence; for, otherwise, 
€:) 3 (ni, ngt || kn, — kn || < 2e, 


V1Z., nı, n, each greater than ne in D 1.8. But from theorem 2. 3 and the 
fiet that nı Æ na ` )' || n || Æ || kn, ||, we have . 


my 12°) || Em — kn l| = 1. 





Taking e < 1/2 we get a contradiction. Thus this particular sequence hase 
no Cauchy subsequence. Hence the theorem. 

We have further: 
Thm 2.5 RPE) a nF |] null £1. ° 


Proof: Here also we prove the contrapositive, viz.. 
Ron“) fnul = at 


Since || nu || = 1 (n), we have the characteristic zero, and || rw || = 1 (r) 
where r is any ordinary rational different from zero., Consider {rp} ttnet, 


We have B Maw = T eo 


Now the sequence {r,u} cannot have any Cauchy subsequence; for 
otherwise, 





gi ) : I (m, — faU | < 2e, 
but since ni Æ no SE mtb — Tn, = ae a Aa e || raw — tat SL 
taking e < 1/2 we get a contradiction. Hence the theorem. oe. 
We have also: 
Thm 2.6 Rt ). (the first n > || nu || = 1)Peme, ° 


Proof: For otherwise if n = nyne, where ny = n < n, NU = NNl 
= (mu)(nzu). Hence || nw || = 1 which contradicts the hypotheses. 

2.4. Hensel-Kiirschak Fields, Ostrowski’s Results.—A Kürschák field 
where the property 3 of the modulus in D 1.6 is replaced by the stronger 


property: 


(3’) o HAt fo || S greater of (|| fi il, HFID «Cf fe) 
is called a Hensel-Kiirschak field: in notation ©. Thus: 
D 22 S = (Ñ; | |[onls to weal. = 0.1.2.974) 


where the properties 1, 2, 4 are those in D 1.6, and 3’ is defined above.. 
Hereafter we denote the elements’ of © by Alhi, he, etc.); the class of all 
Hensel-Kiirschak fields will be denoted by H, and the superscript H will 
denote the property of belonging to this class. These notations will be 
used. only when it is necessary to emphasize the fact that: the Kür schák ⁄“ 
field under consideration i is a Hensel-Kürschak field. ' 
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« The modulus of a Hensel-Kiirschak field, which, when necessary, we shalk 
call Hensel-Kiirschak modulus, is what Ostrowski* calls a non-Arehimedian ` 


modulus: in notation: || ||P". He also proves: 
Thmt 2.7° , Hl). Pe an) e ee de 
Thmt 2.8 fea |] > |] all) fl a + he || = |] Aa |]. 








A modulus whick does not obey this stronger property 3’. is called 
Archimedian: in notation: || ||. 

A. Ostrowski has investigated: real-valued solutions of the functional 
equations: 


plz + y) < v(x) + oly) 


His conclusions, modified for the Kürschák modulus by the fact that the 
modulus is non-negative, are: 


Thn§ 2.9 R°:): Eas yee" Lano 


p (zy ) = (x) p (y) ( t, y) rational 


xrel =le 0<p St 
or (3) 7°) * [fr | = po Cee Lo. 
Here O(p, r) is the order of r with respect to p, defined, following Hensel || as: 
D 2.3 | = U pP > (u, pe :) :0(p, 1) = p. 
` ” i 


In the above theorero, the modulus is Archimedian in case 2, non-Archi- 

e median in the other two. For n = 2 in theorem 2.6, there does exist a 
field with Archimedian modulus, viz., Xc»! with the modulus as defined 
in the second part of theorem 2.9. If we denote this field by Y,, and define - 
equivalence: in notation ~ : as isomorphism between Kiirschak fields 
which 1s preserved under the limit process, we have: 





' 0< P1 < li 
Thm 2.10 ‘po 2) 1 UL, ~ Mn = 
P1° P2 ) pı p2 Ee 
Ostrowski proves:] | . | 
Thm 2.11 — ` RZ J a preRe UW, 
and finally,** a 
Thm 2.12 a Ey ee 
i Os, p. 273. e 
+ Os, p. 273. i 7 
$. Os, p. 276. . 
|| K. Hensel, “Theorie der EAE Zahlen” (Leipzig, 1908, Vol. I). 


q Os, p. 281. e 
** O3, p. 282. f 
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e 2.5. Deductions from Ostrowski’s Results.—From theorem 2.7 the 
` Archimedian or non-Archimedian character of the modulus depends upon 
the moduli of the elements of the prime subfield. Hence we have: 


Thm 2.13 GDR) QUCD Vem, o 


Here the two parentheses go together. 
From theorem 2.12 we have 


Thm 2.1 ia ee ha 


We shall now prove an important theorem to be used in the sequel: 
viz., compactness is not eatensionally attainable.* To be more precise, 


Thm 2.15 Sree) +g GYR ent, 


Proof: Since the field is perfect every Cauchy sequence has a limit © 
element in the field. Want of compactness, therefore, is due to the fact 
that there exists an infinite sequence which has no Cauchy subsequence. 
Now every extension preserves the moduli; this fact will-therefore persist 
in every extension. Hence. no extension will make the field compact. 

We show in section 4 theorem 4.10, that pp, where © is the Hensel . 
field of p-adic numbers. Since in this case compactness is not extensionally 
attainable (in virtue of theorem 2.15), we have, using theorems 2.9 and 2.4, 


Thm 2.16 ese ne ee ee ee mee, 


l I 
2.6. Compactness and Adjunction of Algebraic Elements.—An algebraic 
element of the M kind: in notation algı: is thus defined: + 


gue: : : 4, R): jen . cpitreduclbie in %, (4) = g 
‘) ay? Y) A zo = (m py. 
Note: Here the dot in the last brackets stands for the ALENEN of the 
function [x — j| x]: read “æ — j as x varies.” — 
An algebraic element, which is not of the first kind is said to be of the 
second kind: in notation: alg, Similar definitions hold for algebraic 
extensions of the first and second kind. 


Ostrowski proves: ft 
Thm-2.17 REG TA RUI: 


D 2.4 


We prove the analogous theorem: 


Thm 2.18  - Mert, jaler N») < R7), 


* A property isesaid to be extensionally attainable when there existis an extension which 
has that property. Compare E: H. Moore, “Introduction to a Form of General Analysis,” 
Yale Univergity Press, 1910, pp. 53, 54. 

7S, p. 231. 

t Oi, p. 275. . 


fn 


? 
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. Proof: Let a be the order of j and y an upper bound of the mod: tie ‘of 
-an infinite sequence {hn jt + - ++ + En, m| n} of elements of R. We 
have to show that this sequence has at least one Cauchy subsequence with 
a limit element in (7). a8 

Let us dencte this sequence by {%, n} and let the m conjugates of to,n 
be denated by ti, ny 22, ny **', tm, n) t, n = to, n (n). Let the m conjugates 
of 7 be denoted by Ji, ja, «° 5 In} J =E Jie 

In the normal extension* of R which contains }t(7) we have for every 
n the m linear equations: 


ken, h + ai + hig iy = tln 
TA hae is A Kea, m = lyn 


Rin, i j T 5 =H eA m S tm, n 


Since j is of the first kind, the determinant of coefficients involving 7 and 
its conjugates is not the zero element. Hence we can solve for che k's 
and get En, (r, n) as linear functions of the 2’s with coefficients independent 
ofn. Alsoft, a ]=I|I to, a |! (2, 7’). Hence B Bll kn l| < © 0). Consider 


now the sequence {ky 1}; by gient and the result proved just now, this 
sequence has at least one Cauchy subsequence with a limit element in R. 

Take oe such Cauchy subsequence and the corresponding subsequence of 
fio els Say fii}. Denote the coefficients of the different powers of j in 
this sequence by prime letters. As above we can prove that fkn 2! has a 
Cauchy subsequence. Take the corresponding subsequence of {2} which 
is itself a subsequence of the original sequence. Continuing this process, 
after a finite number of steps, viz., m steps, we get a subsequence of the 
original sequence such that the coefficient sequences are all Cauchy se- 
quences. Let this final sequence be denoted hy. {2 itn} Then if 

tn = ka gh tt ee + Rain (1), 


we have: . 


| < gr (|| Kain koen kas 1 ‘|, Je S | Kenge m eee m |" > ; 
GG ee 


where gr denotes “the greate: of.” Hence this subsequence is a Cauchy 
sequence, Using theorems 2.1 and 2 .L7--we See that the limit element is in 
J(I). Hence-the theorem. . , 

An algebraic esiension is said to be finite with respect to the original 
tield: in notation én: when it can be obtained by adjoining a finite number 








mye?) t || tay — îns 


~~ 


G 
3 
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of algebraic elements to the original field: * . 
D25 Jm? = : (R, M: 3 Jne (41,9 Ju’ ee eae +3 Je Ry i ET 
Steinitz proves: f 

Thm 2.19 R-i ees Jay"): aE RG) = My, s Jn). 


Ostrowski proves: tf 


Thm 2.20 Re Aye ae 


Using theorem 2.16, he then proves$ a theorem, which, in view of 
theorem 2.19, we can state as: 


Thm 2.21 R? sys ME ~ age" s Ry) = My. 

We prove the analogous theorem: 
Phi + 2,22. MD: ) Heeb a o apie" o H © = 

Proof: Since compactness implies perfection, from 2.21 we have 

l ; 
M AET R R tgs 
The other part of the theorem follows from theorems 2.20 and 2.18. 
II. Tre HENsEL-KÜRSCHÄK FIELD _ 


3.1. The Field ¥,—Given a field ¥ we build a system: | 


Dal E E a E re) Se I ie 
- Here S$ = [7] is the class of all integers 7. 


Addition of elements of the system is the usual addition of fuuctions: 
D 3.2 orb g = (p10) + vale) | 1) (Q. 2). 


Multiplication is thus defined: 4 


YN u i EA kruh ` 
Wao ppa = C E ran Pills plia) | t) (p1, P2). 
lito jè = 
+S 199. : 
75, p. 220. 
tO, p. 281. 
$ Qi, ] >. 254. 


|| In this definition it is obvious that when ¢ is not the zero function the ¢,’s in the 
definition have a maximum. We denote this maximumeby »(e) or vg or more simply by # 
when it is obvious to which element it belongs. Also in this case (r) x4 2. In case ¢ is 
the zero function such a maximum does not exist; we denote this symbolically by regarding 
yas 2, 

TIt is to be noticed that the summation in this definition is finitely non-zero, and 
hence ne questions like convergence, ete., are involved; for by D 3.1 both ¿i and da have finite 
lower bounds for which the functional values of gı, v2 respectively are non-zero, and since 
i; +7. = 4 the upper bounds too will be finite and for values greater than these the prucuats 
of the functional values will be zero. 


k 


a 


C 
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We shall hereafter designate the system in D 3.1 with addition and 
multiplication as defined in 3.2 and 3.3 by X; We also introduce a notation ` 
for a special set of elements of &,. : 
D3A4A » 6; = (watz and z elsewhere) (1). 


+ 


We now prove the theorem that this system is a field: 
Thm 3.1 T) X. 


Proof: The properties 1-6 and hence 69 in D 1.1 are easily seen to be 
satisfied from the fact that Ẹ is a field; the zero element is in this case the 
zero funetion (i) = z (4). Asfor the property 7 we shall prove its equiva- 
The first part of this property is obvious; also the element ĝo 
satisiies the first condition for the unit element, and in fact also the second 
condition, that is, 


* 


orr ad! 2 oo! = be a? 
Consider the v belenging to this o (footnote 3.1); then an effective function 
¢ is the function ©’ with g'i) =z for i< — r, œ (— r) = wy), and 
e (i) fori = — v + s (s > 0) as the elements of % obtained by the sequen- 
tial solutions for s = 1, 2, ---, of the equations: 
E ob+ijg(—r+h)=2 (> 0). 
ii, to | 4 — te = 8 

Note, 1: Ii we denote symbbdlically 6; by xt, the elements of the field 
$, can be symbolically expressed as infinite series x, fit, where f; = eli) (2), 
Addition and multiplication can then be regarded as the corresponding 
formal operations on the infinite series. We shall, therefore, hereafter take 
these infinite series as the clements of ¥, and operate with them sinte this 
procedure is formally more convenient. We shall sometimes denote the 
range of summation of the index 7 as from v to œ, v being the integer 
defined in footnote 3.1. 

Note 2: We now odn iiy Gn the sense of isomorphism) this field with 
the field (2) of Steinitz, where æ is transcendental * with respect to Ñ. 
Putting the various powers of x in one field into correspondence with the 
same powers of a in the other, and the elements of § with the same elements 
of § in the other, we sec that X, > Bla], where le] is the integral domain 
obtained by adjoining the transcendental x. Since the field § (a) is ob-ained 
from this integral domain by the process of building up of quotients,} we 
see that X, 2 a. On the other hand it is obvious that X%, c ¥ (2). 
Hence the result required. ‘ 


*S pis . 
TS, p. 178. S i : ° 
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* We shall therefore now speak of ‘this process of forming ¥, from ¥ gs 
~ the on unction of a pean element x to the field F. 

3.2. The Hensel-Kürschák Field X%..—Lct £ be areal number 0 < E< 1 
We now define the mae me the field X,: 


D3.b esl = Os g) ell |] = gr, 


The modular properties 1 and 4 of D 1.6 are obvious. The property 2 is 
also obvious in case one of the factors is the zero function. In the other 


v 


cases, 
v(pip) = (p1) + rlo) (9r o2). 
ience 
| o piap) te ee Fa 
I] orgy jj = EMI Er eA — penea a ee: 
Thus 2 is proved completely. 
Again, for every o; and o, »v(gi-- gs) = the first i for which gi) t e2(t) 
is not zero Gf there is any such, otherwise ø; + e = z and the property 
‘ts obvious); thus 


vlo + g2) Z the smaller of rlo), r). 


In this case since 0 < £< 1, we have: 


GEN m EPT P) syf EUG D =< arli 
01 O2 c) ' i @y 4- pa || me Ellie prey ey S grli o |i, | (2 iy, 
Thus X, is a Hensel-Kiirschak field (ef. D 2.4), denoting by X, the Bold A: 
with the modulus as defined in D 3.5. i a 

è 
m} S ) ce. o wT 
Thm 3.2 Ww) OE. 


Hereafter we shall generally denote the elements of X; by ACi Aa, ete.). 
The subscript 3 in X; shall be dropped unless it is necessary to rips in 
evidence the field from which X, is formed. The elements of §§ in ¥; 


(by isomorphism) will, when it is desirable to bring that fact in prominence, 


be denoted by Ffu fe, ete.). 
3.3. Perfection of X,—We now prove the theorem: s 


Thm 3.3 D) Xs 


Proof: Consider a Cauchy sequence {h,}. From property 3’ of the 
modulus either Za |! An || = O in which case the limit of the sequence is z or 








3 (Ro, a ET = A | (n > no) 7 
for otherwise if e < Z | | ha || which exists, and a = L || h, || — e, 


> Re i) 2 Bm, Ra) ? || dia |] F Il ag YW Ba = Anall 
< = gr(|| fns Il, | Ža iD > @ 


~~, 
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Were 2, 18 the-n for the original Cauchy sequence, ani d this is impossible: 
With this v and hy = Ere Fane ti (0), we have Pee a 


aro: SR Pa Tig Di A 4 = Fic t = (1) 


for otherwise i :) : (ni, no) > n? || ha, — An, || = E, which is not true 
as {hn} is a Cauchy sequence. Similarly, 


. or) anpas rena noa) Sni = Janoti (2) 
If we now define i = > "7.2", where fi = fnm, 4. 7 @ Sv) in (1) aad (2), 
we see that? :):[ h— ha, |] E ET and so k = Lh 

i f 


3.4. Conditions for Compactness of X Though every ¥ as we have 
seen 1s perfect, it is not necessarily compact. The necessary and sufficient 
conditions for aan are given by the following theorem: 

Thm 3.4 got A y TE at yate, 

Proof: Since f = 2°) || f || = 1, If, = h')' hè; therefore if we have 

` n 
a Cauchy sequence of elements of & its limit element, when it exists, must 
be an element of %. Take now an infinite sequence of elements of $. 
1 is an upper bound of the modulus; therefore by X%* this sequence has a 
Cauchy subsequence with a limit element. This limit element by the 
above is in 95. Hence, 


dae ) f Tika 


& 
i) 


‘Tt ïs also obvious that yimite bs ert, for in this case every infinite 
sequence of elements of §§ must have at least one of its elements repeated 
an infinite number of times. = 

Next suppose $°; consider {ha} > B || Aa! < œ, say <& Let’ 


* 


hn = È fn, iv (n). Then fr, : = 2 (n, i< t). Since every sequence ii FF 
has 1 as an upper bound of the modulus, and hence by ° has a Cauchy 


subsequence with a limit element the sequence {fn, :} has a Cauchy sub- -° 


sequence with a limit element. Take the corresponding subsequence. of 
-=l hn}. If the coefficients ‘in this sequence be denoted by letters with the 
upper subscript 1, we have a sequence whose terms begin with a power 
not less than ¢ and the coefficients of xt form a Cauchv sequence. Also 
since every non-zero element, of -has the modulus i, alter 2 "finite number, 
« of terms, the terms in. this coefficient sequence are identical. The coerficient 


` 1, 


“gequenra SRD > kus similarly a a Cauchy. subsequence. Take the, corre- ' 


sponding kd shee a of linje a. we CUucuue in this manner, and denote 
e the successive distinct subsequences of {h,} obtained inf this manner by 


CH}, {WP} o- “ {AD}, +++, we have ze 


ad SOS: ESO) (1) 
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r>0:) See rae Soa Ae ee aS ea (2) 


r this series of subsequences has a last term, say ie then its coefficient 
equences are all Cauchy sequences and it can be easily proved that {hg} 
IS aS If a Cauchy sequence, and therefore by Xf, with a limit element in X.. 
If the series of subsequences has no last term, take the subsequence of 
{hn} formed in the following manner: from each term of the infinite series , 
select the first element which does not belong to the next term in the 
sequence (such elements do exist, since the terms of the infinite series are 
distinct). By using (2), this sequence can be seen to be a Canchy sequence 
and therefore by the perfection of X, with a limit element in &,.- 
Finally, to prove ®t: )° anite, We prove this by proving directly 
the contrapositive, viz., 
soo . ) . iy Pt k ; 


For consider {fa} t; then B| fhil = 1. If this sequence has a 
n 
f fn l istinct 


= J, 


Cauchy subsequence, e* ) I (ni, na) ? Í Tas ay f <e; but by 
and the fact that f + Z co |! fi = 1, we have f E ny’ ) ' leer = Tan 


aod 








and these contradict each other when e < 1. Hence the result. 

Thus the theorem is completely proved. 

Corollary: pinee every finite field is of the type* [p4 |, where p is prime 
and ọ a positive mteger, we have: 


3 


Thre 3.8 Hope w+ ype 11), o + 


G 


3.5. Subfield RG, x) of ¥,—Since rational integral functions of 
transcendental x with cocfhcients in Ẹ form a subclass of X;, viz., the class 
of all finitely non-zero functions on & to %, with z as the functional value 
for negative values of the argument, the field of all rational functions of such 
an visa subfield of X.. Thus, 


Thin 3.0 OT ee Oa). 
Purther,7 e 
Thm 37 co or of the type  - ) , x, > R(§, x). 


Proof: The proof is partly suggested bv Hensel’s proof of the theorem 
that the field of the p-adic numbers includes proper:y the field of ordinary 
rationals.{ In analogy with Hensel we proceed to show that under the 
conditions in the hypotheses every element of R(%, x) corresponds to a 


*M,p. 220, ~ 
t Here the symbol rd reads “properly includes.” 


tH, p. 38. 


i 
L 


~ 


‘ 


Cæ 
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periedic clement of X,. A periodic element is defined thus: a 
D36 (h= P fg prie; =! j: 4s, > 0) 21> 8) f= “hos 


the smallest such 7 is called the period. 

All polvnomials are obviously periodic, the period being 1 ard the 
repeated clement z. The product of two periodic elements 1s easily. scen 
to be garter Thus it is sufficient to prove that the reciprocal of a poly- 

«nomial æ irreducible in % is a periodi¢ element. 

In case ae is of the type B”, that is, the absolute algebraic field * charac- 
teristic p, © is of the first degree inv. In case o = fz, f being a non-zero 
element of Ẹ, the reciprocal of œ is f’e +, where f is the reciprocal of f, 
and is, therefore, obviously periodic. In case y = fr + fi where none of 
f, fi ave zero, its reciprocal is fi/ + fax), where fi is the reciprocal of fi 


and f = fife. But 1/(1 (+ fox) equals: 
1 — for + fè ~ ++ pira 


and since fz is algebraic with respect to the field [0, 1, 2, ---, p -- 1: there 
existst a positive integer 2 such that fs = 1. Hence the servies is periodic. 
In case Ẹ is finite, Ẹ is a Galois Field f [p9]. If the polynomial ¢ 
irreducible in & is of degree n in a, the class of all polynomials y in æ with 
coefficients in Ẹ falls modulo œ into p”! classes of congruent polyncmials, 
and thence there exists$ a posilive integer m such that 2” = 1 (mcd. o), 
that 1S ato sav, there exists a polynomial y such that e(ajW(e) = at — 1. 
Thus: * 


Hole) = VOLRE] = Vj — Db — — via) {lt ap atm | 


and is therefore obviously periodic. 
3.6. Adjunction of Elements to ¥, algebraic te Ẹ.—We shall now prove 
a theorem required for the sequel: 


Thm 3.8. Boe) Key = XCS), 


where S denotes a system.of elements. 

Proof: We put the elements of the two fields into isomorphism in this 
manner: put the systems Ñ and S in one into correspondence with tkose in 
the other; since é is algebraic with respect to %, this correspondence will 
persist under all the field operations like additions, ete. Also since the 


* moduli of these elements in Ẹ and S are the same in both cases the iso- 


- — a æ reee 


YOLI 2 also S »p. 199. 

TS., p. 251. 

tM, p. 220. 

$ This can be proved by the usual methods of Gulois Field theory (cf, L. E. Dickson, 
“Histor y ui the Theory of Numbers,” Washington, D. C., 1919). a 


= 


+ A 


4 
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morphism so far is complete. Also both Xx and %,(S) sre extensions ù 
%(S). If we now identify the element 2 and its moduli in the two fields, 
we see that boch xs) and X.(S) are extensions of %; Now *,(S) is the 
smallest extension™ of %; containing the system S. ‘Therefore yn 5 X3(5). 
Further every mo of Xs) is of the form lisa", where -the clements s 
belong to (S), and is thus an element of X,(5). Thus the theorem is 
completely proved. 

IV. Tur Properties p, 1, P, cpt. 

4.1. A Complete Existential Theory.—In the prece ding sections we have 
defined, with reference to isiirschdék fields, the four properties p, A, P, 
and cpt. If the existence or non-existence of these properties in this order 
is denoted by positive or negative signs in that order, a given Doa 
field will have one of the 2'= 16 characters (+++), (G/-++-), 
(t+ r), e, (-—-—-—). In this section we develop a Pi Etts- 
tential theoryt of these properties, ihat is, we prove 2° propositions stating 
for each of the 2* combinations (+-++-+), ----, (———-—) of these 
properties whether there exists or does not exist a Puncher field having 
the particular combination of the properties. These propositions are 
tabi sa below: 

g 1. 41-418: 


a — o moea = mma ta = — — iea ee — - ea m i M ‘l 

















Cases p A | Pe: -l Cpe. | Consistent. 
oe can We IS ! T 
Fraprinaiann + T i -} | ao oom, 
Del aeons | + | + | + « — | + 
Doe Dawe -+ | + | — 4+. 
| oer E + a | = Ea + 
E ete? ' ai = + er | Ba 
Dae fan na EIN + — | + | — | aa 
E EE EE +. ak: : at | + a 
BF 2 aoe TA + — | — — + 
ARE E — | + ~j -+ + 
La ERE ereies i = | e A | = l a 
Pek Roasts _ “f — | 4 a 
ean oe - | he | > = | ah 
NS eee ene oe _ — + -+ + 
E ahaha T -— | — i. — + 
Lye hie te anes — — | = è Aa . es 
IE O ere eer a ee tra — | — | — = + 





s 
| 
! 
| 





Note: The + and — eniries in the last column denote the c xistenee and 
LON-existence ee v of a Kiirschak field with the character denoted 
by the entries uuder the first four columns. é 

Also in looking ine entries under p, it is necessary lo remember that t 
entries in the fina] column do not depend upon any special choice of the 


— L 


: 
boy a 186. * 


z: 
pD 
TE-A. Moore, ‘Introduction to a Form of General Analysis,” 1910, Yale University 
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ats ae entries with + sign under p we interpret as P ap ear 
= Sand those with — sign as “a RO es, 
4.2, eae 


(a) 3,7 f, il, and 15 follow from theorem 2.1, viza eee ee ee 


(b) 1 follows f from theorem 2.4, viz., MA wt») > Ot. 
(c) The following number systems in analysis with the absolute value 
„as Ieduius prove 9, 12, 13, and 16 respectively’: 


complex numbers, 
algebraic numbers, 
real numbers, 
rational numbers. 


(d) Vo prove 2: consider (X,*)(4»; this has the properties p, A, P. 
By theorem 3.4, Xw is P and — epi. Using 2.15 we sec that (Zy) ap) 
is — cyt. ` : : 

(e) To prove 5: consider Xj). This field is TA, for the equation 
47 — «= Ohas no solution. However by 3.4 it is cpt. 

(f) We get 6, an example being Xe. The proof is similar to the above. 

(9) Similarly X, where R = Ail ordinary rationals | gives us 14. 

4.3. Proof of 10: We proceed to prove that: l 


Tht 4.109 o Sub 


whexe & is the field of Hensel’s p-adic numbers. 

Take an element of G whose modulus a is > a Take an infinite 
sequence of positive distinct ordinary rationals {r,} so that they all he 
between tws pusitive rationals r, 7°. Let 7, = ily where ln, n are 
positive and = réiatively a Consider the sequence {An} where 
ha he = O(n). Then || hali = a (n) <. {Anjas This sequence 
an upper bound of whose modulus is gr(a’, a”), cannot have any Cauchy 
subsequence. 

For otherwise, 


61) $F me ?(171, Me) > Me)’ | hip lin | <e, 
but we have 














ny + m:) i Æ || Ans || E) i If bag — Feng |] = grei tn |p [| Bae LD 
and taking « < u”, we get a contradiction. 
eee the theorem, 


44. Proof of 4: Consider (Xia; Xr; is perfect by.3.8. If we now 


prove that algebraic closure is in this case obtained by the adjunction of 
an infinite number of elements, then, by 2.21 (Xe) a” and hence by 2.1 
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A 


4 
fem ao 
ae 


Se Ru. a 
= cpt. Now (Xia contains -¥,» which by theorem 3.8 cal bs. 
as obtained from X.,, by adjoining algebraic elements to [p]. The niitis t: 
of these is, however, infinite; otherwise P? would have only a finite number 
of elements. Thus (X;);)4 is infinite with respect to Xip; and so thg theoren; 
is proved. i > «. 2 E 

4.5. Proof of 8: Ostrowski in his theses* has proved the following 
theorem: i 2 


Thin 4.8 SES tate) eS) 
We use this theorem to prove 4.8. 

Consider Xj}, p > 2; let r be any one of the integers: 2, 3,---,p — 1. 
From Steinitz’s. paper,f we have 


prime, > pee \ . -\trredueible in [p1]. Ist kind 
heme ES E. oe 


(Consider a sequence of primes, {qa} such that e 


) qm > p 
“ f (2) Yn > purn šs: Oy 


~ 
1 


and the corresponding infinite system of irreducible polynomials 
= (yi + rin). . 


Consider now X (8). By theorem 3.8, Xo (S) = Xes Also S is of 
the first kind, further if Sm = (q + r| n= 1, 2, ---, m — D, Fo Sm) 
contains elements whose order is at most p%%*" mi and hence thé; poly- 
nomial y%m -+ r is irreducible in [p](Sm) since the order of its roots is 


` Gm > the highest order in [p |(S,,). Thus S is a progressive t system. We 


have further X (©) 4, since the polynomial y? + x for instance has still 


7S, p. 231, i 
tSp. 271. 


